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TRIGONOMETRY 
Trigonometry is a branch of mathematics that studies 

relationships involving lengths and angles of a triangle. It 

comes from two Greek words – trigonom (triangle) and 

metron (measure). 

There is an enormous number of the uses of trigonometry 

and trigonometric functions. For instance, the technique 

of triangulation is used in astronomy to measure the 

distance between land marks. Although it was first 

applied in spheres, it had a greater application to planes. 

Surveyors have used trigonometry for many centuries. 

Within mathematics, it is used in calculus (perhaps its 

greatest application), linear algebra, and statistics. 

Trigonometric tables were created over 2000 years ago for 

computation in astronomy.  

A student is expected to be familiar with the definitions of 

trigonometric ratios for acute angles. 

If one angle is 90° and one of the other angles is known, 

the third can be determined because the three angles of 

any triangle add up to 180°. The two acute angles 

therefore add up to 90° (complimentary angles). 

Once the angles are known, the ratios of the sides are 

determined regardless of the overall size of the triangle. If 

the length of one side is known, the other two are 

determined. These ratios are given by the following 

trigonometric functions of known angle, A; where a, b, 

and c refer to the lengths of the sides accompanying the 

figure. 

 
Sine function (sin) 

This is the ratio of the opposite side of the triangle to its 

hypotenuse. 

opposite
sin

hypotenuse

a
A

c
   

Cosine function (cos) 

This is the ratio of the adjacent side to the hypotenuse 

adjacent
cos

hypotenuse

b
A

c
   

Tangent function (tan) 

This is the ratio of the opposite to the adjacent side. 

tan

sin

cos

sin
tan

cos

a a c
A

b c b

a b

c c

A

A

A
A

A

  

   
    
   





 

The hypotenuse is the side opposite to the 90° angle. It is 

the longest side of a triangle and one of the sides adjacent 

to A. 

The term perpendicular and base are sometimes used for 

opposite and adjacent sides respectively. 

Many people find it easy to remember what sides of the 

right angle are equal to sine, cosine, or tangent by 

memorising the mnemonic SOH-CAH-TOA. 

The reciprocals of the functions are named cosecant 

(cosec), secant (sec) and cotangent (cot) 

1 Hypotenuse
cosec 

sin Opposite

c
A

A a
    

1 Hypotenuse
sec

cos Adjacent

c
A

A b
    

1 Adjacent cos
cot

tan Opposite sin

A b
A

A a
     

Consider the following triangle ABC 

 

sin
y

r
   , cos

x

r
  ; and tan

y

r
   

y = r sin θ; x = r cos θ 
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Applying the Pythagoras’ theorem to triangle ABC; 

 (rcos θ)2 + (r sin θ)2 = r2 

r2cos2 θ + r2sin2 θ = r2 

cos2 θ + sin2 θ = 1 

cos2 θ + sin2 θ = 1 …………………………. (i) 

cos2 θ + sin2 θ = 1 

Dividing equation (i) by cos2θ 
2 2

2 2 2

cos sin 1
  

cos cos cos

 

  
   

1 + tan2θ = sec2θ 

1 + tan2θ = sec2θ  …………………………….. (ii) 

1 + tan2θ = sec2θ   

Dividing Eqn (i) by sin2θ  
2 2

2 2 2

cos sin 1

sin sin sin

 

  
   

cot2θ + 1 = cosec2θ 

1 + cot2θ = cosec2θ ……………..…………….. (iii) 

1 + cot2θ = cosec2θ 

Trigonometric Ratios for general angle 

 

Angles measured from the x-axis in the anti-clockwise 

sense are termed as positive angles while those measured 

in the clockwise sense are negative angles. 

When A is in the 1st quadrant, x and y are positive. When 

A is in the 2nd quadrant, x is negative and y is positive. 

When A is in the third quadrant, x and y are all negative. 

When A is in the 4th quadrant, x is positive and y is 

negative. r is taken to be positive for all positions of the 

line OA. 

The trigonometrical ratios for angles xOA of any 

magnitude are defined precisely in the same way as for 

acute angles. 

Thus sin 𝜃 = 
y

r
, cos 𝜃 = 

x

r
 and tan 𝜃 =

y

x
 

The appropriate signs are attached to x and y according to 

the position of point A. hence for angles in which OA lies 

in the 1st quadrant; since x and y and r are positive, the 

sine, cosine, and tangent will all be positive. 

For angles in which OA lies in the 2nd quadrant, since y 

and r are positive and x negative, the sine is positive. 

Cosine and tangent are negative. 

For angles in which OA is in the 3rd quadrant, sine and 

cosine are both negative but tangent is positive. In the 4th 

quadrant, sine and tangent are negative while cosine is 

positive. This is illustrated below. 

 

Trigonometric ratios of 30°, 45°, and 60° 

Consider the equilateral triangle ABC of side x 

 

Considering triangle CAN: 

x 
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A 

60° 
B 

x 

x 
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Applying the Pythagoras’ theorem: 

 
2 2

2
( )x CN  = x2 

2
2( )

4

x
CN  = x2  

2( )CN  = x2 – 
2

4

x
  

2

CN  = 
23

4

x
 

3

2

x
CN   

Using SOH-CAH-TOA 

Opposite
sin

Hypotenuse

CN
sin

AC









 

3
2sin 60

3

2

/ 2 1
sin30

2

x

x

x

x

 



  

 

3
2

3
2

3
2

2

Adjacent
cos

Hypotenuse

3
sin 60

2

3
cos30

2

tan 60 3

x

x

x

x

x

x

 

  

  

  

 

2

3
2

tan 30

1
tan 30

3

x

x




 

Consider a right isosceles triangle with two sides of 

lengths x units. 

 
Applying the Pythagoras’ theorem on ABC: 

x2 + x2 = AC2 

2x2 = AC2 

AC = x 2  

Applying SOH-CAH-TOA 

Opposite
sin

Hypotenuse

sin 45

1
sin 45

2 2

x

AC

x

x

 

 

  

 

Adjacent
cos

Hypotenuse

1
sin 45

2 2

x

x

 

  

 

Opposite
tan

Adjacent

sin 45 1
x

x

 

  

 

Example I 

Write down the values of the following, leaving surds in 

your answers (the calculator should not be used). 

(a) cos 780° 

(b) sin 780° 

(c) tan 780° 

(d) sin 540° 

(e) cos 540° 

(f) cos 210° 

(g) sin 150° 

(h) sin(-270°) 

(i) sin 225° 

(j) sin 405° 

(k) tan(-60°) 

Solution 

(a)   cos 780. 

x 
45° B C 

A 

45° 

x 
x 

2
x  

60° A N 

C 

30° 
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 cos 780° = cos 60° 

1

2
   

sin 780° = sin 60° 

 = 
3

2
 

tan 780° = tan 60° = 3  

 

sin 540° 

 
sin 540° = sin 180° = 0° 

cos 540° = cos 180° = 0° 

cos 210°   

 

cos 210° = -cos 30° = 
3

2


 

sin 150° 

 

sin 150 = +sin 30 = 
1

2
 

sin -270° 

 

sin -270 = +sin 90° = 1 

sin 225° 

 

 sin 225° = -sin 45° = 
1

2


 

sin 405° 

 

  sin 405° = sin 45° = 
1

2
 

Trigonometric Curves 

For any angle θ, a single value of sin 𝜃 or cos 𝜃 can be 

found. The same applies to tan 𝜃 unless when 𝜃 = ±90° and 

±270° for which the values of tan 𝜃 are not defined. Thus sin 

𝜃 and cos 𝜃 are functions which are defined for all negative 

values of 𝜃. 

Tan θ is a function which is defined for all positive 

and negative values of θ except ±90° and ±270°. 

To draw the graphs of sinθ, cosθ and tanθ, we 

construct a table of values, giving ordered pairs of 

these functions and hence plot the graph. 

Example 

y = sinθ 
θ -270 -180 -90 0 90 180 270 360 450 540 

y =sinθ 1 0 -1 0 1 0 -1 0 1 0 

45° 

45° 

270° 

90° 

30° 

150° 

30° 

60° 



 171 

 

y = cosθ 

θ -180 -90 0 90 180 270 360 450 

y = cos θ 1 0 1 0 -1 0 1 0 

 

y = tanθ 

θ -270 -180 -90 0 90 180 270 360 450 

y =tanθ ∞ 0 ∞ 0 ∞ 0 ∞ 0 ∞ 

 

From the graph of sin 𝜃 and cos 𝜃, the maximum 

values of cos 𝜃 and sin 𝜃 are 1 and 1 respectively. 

The minimum value of cos 𝜃 and sin 𝜃 are -1 and -1 

respectively. 

The graphs for sin𝜃 and cos𝜃 repeat themselves at 

regular intervals of 360° while that of tan𝜃 repeat 

itself at regular interval of 180°. These intervals are 

called periods. These trigonometric functions are 

examples of periodic functions. 

Trigonometric Equations  

Trigonometric equations differ from algebraic 

equations in that they often have unlimited number 

of solutions. 

Example I 

Solve the following equations for 0≤ θ ≤ 360° 

(a) 
1

sin
2




  

(b) sec 2   

(c) tan 3    

(d) 2 1
sin

2
   

Solutions 

1
sin

2



  

The acute angle whose sine is 
1

2
 is 30°. But sinθ is 

negative in the 3rd and 4th quadrants. 

 

 For sin θ = 
1

2


 

θ = 210° 

θ = 330° 

(b)   sec θ = 2 

1
2

cos
  


1 1

cos cos
2 2

     

The acute angle whose cosine is 
1

2
 is 60° but cos θ° 

is positive in the 1st and 4th quadrants. 

-90 -180 0 90 270 450 𝜃 

y 

y = cosθ 

30° 30° 

(a) 

-270 -180 -90 90 180 270 𝜃 

y 

y= tanθ 
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For 
1

cos
2

  , θ = 60°, 300° 

(c) tan 3    

The acute angle whose tangent is 3  is 60° but 

tanθ is negative in the 2nd and 4th quadrants. 

 

  For tan 3   , θ = 120°, 300° 

(d)  sin2θ = 
1

2
 

1
sin

2
    

1
sin

2
   and sin𝜃 

1

2


 

The acute angle whose sine is 
1

2
 is 45° but 

sin𝜃 is positive in the 1st and 2nd quadrants.  

 

  For 
1

sin
2

  , θ = 45, 135 

For 
1

sin
2




  

 

For sin θ = 
1

2


 

θ° = 225°, 315° 

For sin2θ = 
1

2
, θ = 45, 135°, 225°, 315° 

Example II 

Solve the following equations for -180° ≤ θ ≤ 180°. 

(a) Sin(2θ  + 30) = 0.8 

(b) tan2 θ + tan θ = 0 

(c) sin2θ + sin θ = 0 

(d) 2sin2θ – sinθ – 1 = 0 

Solution 

(a)  sin(2θ + 30°) = 0.8 

2θ + 30° = sin−1(0.8) 

2θ + 30° = 53.1°, 126.9° 

  2θ = 23.1, 96.9 

 θ = 11.55, 48.45 

For sin(2θ + 30°) = 0.8, θ = 11.55, 48.45. 

(b)   tan2θ + tan θ = 0 

tan θ(tan θ + 1) = 0 

tan θ = 0 OR tan θ = -1 
For tan θ = 0, 

θ = tan−10 

θ = 0, -180, 180 

For tan θ = -1, the acute angle whose tangent is 1 is 

45°. But tan θ is negative in the 2nd and 4th 
quadrants. 

 
For tan θ = -1, θ = 135°, -45° 

   tan2θ + tanθ = 0 

θ = -180°, -45°, 0, 135°, 180° 

(c)  sin2 θ + sin θ = 0 

sin θ(sin θ +1) = 0 

sin θ = 0, sin θ = -1 

For sin θ = 0°, θ = 0, 180°, -180° 

For sin θ = -1,  

The acute angle whose sine is 1 is 90°. Sine is 

negative in the 3rd and 4th quadrants.  

For sin θ = -1, θ = -90 

For sin2 θ + sin θ = 0°, θ = -180°, -90°, 0°, 180° 

(d)  2sin2 θ - sin θ – 1 = 0 

45° 

135° 

45° 45° 

45° 45° 

60° 

60° 

60° 30° 

60° 

135° 



 173 

21 ( 1) 4(2)( 1)
sin

2 2

1 3
sin

4





   







 

  sinθ = 1,  sinθ = 
1

2


 

For sinθ = 1, 

θ = sin−1(1) 

θ = 90° 

For sinθ = 
1

2


, 

θ = -30°, -150° 

  θ = -30°, -150°, 90° 

Example III 

Solve the following equations from 0° to 360° inclusive. 

(a) cos 3θ = 
3

2
 

(b) tan(3θ – 45°) = 
1

2
 

(c) sec2θ = 3 

(d) 4cos2θ = 1 

(e) tan2θ = 
1

3
 

(f) sin22θ = 1 

Solutions 

(a)  cos 3θ = 
3

2
 

3θ = 1 3
cos

2


 
  
 

  

3θ = 30°, 330°, 390°, 690°, 750°, 1050° 

  θ = 10°, 110°, 130°, 230°, 250°, 350° 

(b)  tan(3θ – 45°) = 
1

2
 

3θ – 45 = 1 1
tan

2

  
 
 

 

3θ – 45 = 26.6, 206.6, 386.6, 566.6, 746.6, 926.6 

  θ = 23.9°, 83.9°, 143.9°, 203.9°, 263.9°, 323.9° 

(c)   sec 2θ = 3 

1 1
3

1
3

cos2

1
cos2

3

2 cos ( )





 







 

2θ = 70.5°, 289.5°, 430.5°, 649.5° 

  θ = 35.25°, 144.75°, 215.25°, 324.75° 

(d)   tan2θ = 
1

3
 

tan θ = 
1

3
  

tan θ = 
1

3
 or  tan θ = 

1

3
  

For tan θ = 
1

3
, θ = 30°, 210° 

For tan θ 
1

3
 , θ = 150°, 330° 

  When tan2θ = 
1

3
, θ = 30°, 150°, 210°, 230° 

(e)   sin22θ = 1 

sin2θ = ±1 

For sin2 θ = 1, 

2θ  = 90°, 450°   θ = 45°, 225° 

sin 2θ = -1, 

2θ = 270, 630   θ = 135°, 315° 

   When sin22θ = 1, 

θ = 45°, 135°, 225°, 315° 

Example IV 

Solve the following equations for values of θ  from -180° 

to 180° 

(a) tan θ = cot θ  + 3 

(b) sec θ = 2cos θ  

(c) 5sin θ +6cosec θ = 17 

(d) 3cos θ +2sec θ +7 = 0 

Solution 

(a)    tan θ = 4cot θ + 3 

tan θ = 
4

tan
 + 3 

tan2θ = 4 + 3tan θ. 

tan2θ – 3tan θ – 4 = 0 
23 ( 3) 4(1)( 4)

tan
2(1)


   

  

3 5
tan

2



  

tan θ = 4,  tan θ = -1 

When tan θ = 4, 

θ = tan-1(4) 

θ = 76°, -104° (for -180° ≤ θ ≤ 180°) 

When tan θ = -1, 

θ = tan-1(-1) = -45°, 135° (for -180° ≤ θ ≤ 180°) 

   For tan θ = 4cot θ + 3°, 

θ = -104°, -145°, 76°, 135° 
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(b)   secθ = 2cosθ 

1
2cos

cos



  

1 = 2cos2θ 

cos2θ = 1

2
 

cos θ = 
1

2
  

For cosθ = 
1

2
, θ = 45°, -45°. 

For cosθ = 
1

2


, θ = 135°, -135° 

∴   For sec θ = 2cos θ, θ = -135°, -45°, 45°, 135°. 

(c)  5sin θ + 6cosec θ = 17 

Solution 

5sinθ + 6cosecθ = 17 

6
5sin 17

sin



   

5sin2θ + 6 = 17sinθ 

5sin2θ − 17sinθ  + 6 
217 ( 17) 4(5) 6

sin
2 5

17 289 120
sin

10

17 13
sin

10







   




 





 

sinθ = 3 

sinθ = 0.4 

θ = sin-1(0.4)  = 23.6, 156.4 

θ = sin-1(3)   has no value since sinθ is 

maximum when it is 1 

(d) 3cos θ +2sec θ +7 = 0 

3cos θ + 
2

cos
 + 7 = 0 

3cos2 θ + 2 + 7cos θ = 0 

3cos2 θ + 7cos θ + 2 = 0 
27 (7) 4 3 2

cos
2 3


    




 

7 5
cos

6


 
  

cosθ = 
1

3


 

cosθ = -2 

For cosθ = -2, θ has no values because the minimum 

of cosθ is -1 

For cos θ = 
1

3


 

θ = 109.5°, -109.5°. 

Example IV 

Solve the following equations from 0° to 360° 

(a) 3 − cosθ = 2sin2θ  

(b) cos2θ + sinθ + 1 = 0 

(c) sec2θ = 3tanθ  − 1  

(d)  cosec2θ = 3 + cot θ  

(e) 3tan2θ  + 5 = 7sec θ  

Solutions 

(a)    3 − cosθ = 2sin2θ  

3 – 3cos θ = 2(1 – cos2θ) 

3 – 3cos θ = 2 – 2cos2θ 
2cos2θ – 3cosθ + 1 = 0 

23 ( 3) 4 2 1
cos

2 2


    



 

3 9 8
cos

4


 
  

cos θ = 1, OR cos θ = 
1

2
 

For cos θ = 1, 

θ = cos-1(1) 

θ = 0°, 360° 

For cos θ = 
1

2
, 

θ = cos-1(1/2) 

θ = 60°, 300° 

 For 3 – 3cosθ = 2sin2θ, θ = 0°, 60°, 300°, 360° 

(b)  cos2θ + sinθ + 1 = 0 
1 – sin2θ + sin θ + 1 = 0 
sin2θ - sin θ – 2 = 0 

sin θ  = 
21 ( 1) 4 1 2

2

    
 

1 3
sin

2



  

sin θ = 2 OR sin θ = -1 

For sin θ = 2, the value of  θ is not defined because sin θ 

is maximum at 1 

For sin θ= -1, θ  = 270° 

(c)  sec2θ = 3tan θ – 1 
sec2θ = 1 + tan2θ  

 1 + tan2θ = 3tan θ – 1 

tan2θ − 3tan θ + 2 = 0 
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23 ( 3) 4 1 2
tan

2 1


    



 

3 1
tan

2



  

tanθ = 2 OR tan θ = 1 

For tan θ = 2, 

θ = tan-1(2) = 63.4°, 243.4° 

For tan θ = 1, 

θ = tan-1(1) = 45°, 225° 

∴ For sec2θ = 3tanθ – 1, θ = 45°, 63.4°, 243.4°, 225°. 

(d)   cosec2θ = 3 + cotθ 

But cosec2θ = 1 + cot2θ 

 1 + cot2θ = 3 + cot θ 

cot2θ – cotθ – 2 = 0 
21 ( 1) 4 1 ( 2)

cot
2 1


     




 

1 3
cot

2



  

cotθ = 2 OR cotθ = -1 
1

tan
2

   OR  tan  = -1 

For tanθ = 
1

2
, θ = tan-1(

1

2
) 

 θ = 26.6°, 206.6° 

For tanθ = -1, θ = 135°, 315° 

 For cosec2θ = 3 + cotθ,    
θ = 26.6°, 135°, 206.6°, 315° 

 

(e) 3tan2θ + 5 = 7secθ  

3(sec2θ – 1) + 5 = 7secθ 
3sec2θ – 3 + 5 = 7secθ 

3sec2θ – 7secθ + 2 = 0 
27 ( 7) 4 3 2

sec
3 2

7 5
sec

6





    







 

secθ = 2 OR secθ = 
1

3
 

 cosθ = 1

2
   OR cosθ = 3 

For cosθ = 1

2
, θ = 60°, 300° 

For cosθ = 3, θ is not defined because cosθ is 

maximum at 1. 

(f)  2cot2θ + 8 = 7cosecθ 
1 + cot2θ = cosec2θ 

cot2θ = cosec2θ – 1 

2(cosec2θ – 1) + 8 = 7cosecθ 

2cosec2θ – 2 + 8 = 7cosecθ 

2cosec2θ – 7cosecθ + 6 = 0 

cosecθ = 
27 ( 2) 4 2 2

2 2

    


 

cosecθ = 
7 5

4


 

cosecθ  = 3, OR  cosecθ = 1

2
  

 sinθ = 
1

3
, OR  sinθ = 2 

For sinθ = 
1

3
, θ = 19.5, 160.5 

For sinθ = 2, θ = sin-1(2)  

The values of θ are not defined. 

Example I (UNEB Questions) 

Find all the values of θ, 00 ≤ θ ≤ 3600, which satisfy the 

equation  

sin2 θ – sin 2θ – 3 cos2 θ = 0.  

Solution 

a)  sin2 θ − 2 sin θ cos θ − 3cos2 θ = 0 

Dividing through by cos2 θ, 

tan2 θ − 2tan θ − 3 = 0 

tan2 θ − 3tan θ  + tan θ − 3 = 0 

tan θ (tan θ − 3) + 1(tan θ − 3) = 0 

(tan θ − 3)(tan θ + 1) = 0 

Either  tanθ − 3 = 0 

tan θ = 3 

θ = tan-1(3) 

θ = 71.60, 251.60 

Or tanθ + 1 = 0 

 tanθ = -1 

θ = tan-1(-1) 

θ = 1350, 3150 

Example II (UNEB Question) 

Solve cos θ + sin 2θ = 0 for 00 ≤ θ ≤ 3600. 

cos θ + sin 2θ = 0 

cos θ + 2sin θ cos θ = 0 

cos θ (1 + 2sin θ) = 0 

Either  cos θ = 0 

 θ = cos-1(0) 

 θ = 900,  2700 

Or  1 + 2 sin θ = 0 

2sin θ = -1 
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sin θ = 
1

2
  

θ = sin-1(
1

2
 )  

θ = 2100, 3300 

For 00 ≤ θ ≤ 3600, θ = 900, 2100, 2700, 3300 

Example III (UNEB Question) 

Solve cot2𝜃  = 5(cosec 𝜃  + 1) for 0° ≤ 𝜃  ≤ 360° 

Solution 
(a) cot2 θ = 5(cosec θ + 1) 

But cot2θ = cosec2θ – 1  

cosec2 θ − 1 = 5(cosec θ + 1) 

cosec2 θ − 1 = 5 cosec θ + 5 

cosec2 θ − 5 cosec θ − 6 = 0 

cosec2 θ − 6 cosec θ  + cosec θ − 6 = 0 

cosec θ(cosec θ − 6) + 1(cosec θ − 6) = 0 

cosec θ − 6) (cosec θ + 1) = 0 

Either cosec θ = 6 

1
6

sin

1
sin

6

9.6 , 170.4











  

 

Or cosec θ + 1 = 0 

1
1

sin

270





 

 

 

Hence θ = 9.6°, 170.4° and 270° 

Example IV (UNEB Question) 

Solve 2sin 2x = 3cos x, for –1800   x    180°.  

Solution 
 2 sin 2x = 3 cos x 

2 sin 2x - 3 cos x = 0 

But sin 2x = 2sinxcosx 

4 sin x cos x – 3cos x = 0 

cos x (4sin x – 3) = 0 

cos x = 0 

x = cos–1(0)  

x = 900, -90 

4 sin x – 3 = 0 

sin x = 
4

3
 

x = 








4

3
sin 1

 

x = 48.6°, 131.4° 

  x = (–90°, 48.6°, 90°, 131.4°) are the solutions to the 

equation 2sin 2x = 3cos x 

 

Example V (UNEB Question) 

Solve the equation cos x + cos 2x = 1 for values of x from 

00 to 3600 inclusive 

Solution 

cosx + cos2x = 1 

But cos2x = 2cos2 x – 1  

By substitution, we have 

cosx + 2cos2x – 1 = 1 

2cos2x + cosx – 2 = 0 
21 (1) 4 2 ( 2)

2 2
x

     



 

2

1 1 16
cos

4

1 17

4

x
  



 


 

Taking cosx =
1 17

4

 
 

x = 38.7° , 321.3° 

Taking 
1 17

cos
4

x
 

  

cosx = -1.280776406  

(The values of x are not defined because x is maximum at 

1) 

Hence x = 38.70, 321.30 

Example VI (UNEB Question) 

Solve 7tanθ + cot θ = 5secθ for 0° ≤ θ ≤ 180°. 

Solution 

(a) 7 tan θ + cot θ = 5 sec θ 

      
sin cos 5

7
cos sin cos

 

  
   

Multiplying through by cosθ sinθ 

7sin2θ + cos2θ = 5sinθ 

7 sin2 θ + 1 − sin2 θ = 5 sin θ 

6 sin2 θ − 5 sin θ + 1 = 0 

6sin2 θ − 3 sin θ − 2 sin θ + 1 = 0  

3 sin θ (2 sin θ − 1) −1 (2 sin θ − 1) = 0  

(2sin θ − 1)(3 sin θ − 1) = 0 

Either  2 sin θ = 1 

1

1
sin

2

1
sin

2



 



 
  

 

 

θ = 300, 1500 

Or  3 sin θ − 1 = 0 

1

1
sin

3

1
sin

3



 



 
  

 
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θ = 19.50, 160.50 

 19.50, 300, 1500, 160.50 are the solutions to the 

equation  

 

Example VII (UNEB Question) 

Solve the equation 4cosx – 2cos2x = 3 for 00 ≤ x ≤ π. 

Solution 
4 cos x − 2(2 cos2 x − 1) = 3 

4 cos x − 4 cos2 x + 2 = 3 

4 cos x − 4 cos2 x − 1 = 0 

4 cos2 x − 4 cos x + 1 = 0 

4 cos2 x − 2 cos x − 2 cos x + 1 = 0 

2 cos x (2 cos x − 1) − 1(2 cos x − 1) = 0 

(2 cos x − 1)(2 cos x − 1) = 0 

⟹ 2 cos x − 1 =0 

2cos x = 1 

1
cos

2

60 ,300

x

x



  

 

x = 
3


, 

3

3


. 

Elimination of 𝜃 from a set of equations 

Example 

Eliminate 𝜃 from the following equations: 

(i) x = a cosθ, y = b sinθ 

(ii) x =a cotθ, y = b secθ 

(iii) x = a tanθ, y = b tanθ 

(iv) x = 1 – sinθ, y = 1 + cosθ 

(v) x = sinθ + tanθ, y = tanθ – sinθ 

(vi) x cosθ + y sinθ = a, x sinθ – y cosθ = b 

Solution 

(i)  x = a cosθ, y = b sinθ 

cos
x

a
 , sin

y

b
  

sin2θ + cos2θ = 1 
2 2

2 2

x y

a b
  = 1 

(ii)  x = a cotθ, y = b cosecθ 

cot
x

a
 , = 

y

b
 cosecθ 

1 + cot2θ = cosec2θ 
2 2

1
x y

a b

   
    
   

 

1 + 
2 2

2 2

x y

a b
  

(iii)   x = a tanθ, y = b cosθ 

tan
x

a
 , cos

y

b
  sec

b

y
   

1 + tan2θ = sec2θ 

1 + 

2
x

a

 
 
 

 = 
2

2

b

y
 

1 + 
2

2

x

a
 = 

2

2

b

y
 

(iv)  x = 1 – sinθ, y = 1 + cosθ 

sinθ = 1 – x , y – 1 = cosθ 

sin2θ + cos2θ = 1 

(1 – x)2 + (y – 1)2 = 1 

  (x – 1)2 + (y – 1)2 = 1 

(v)  x = sinθ + tan θ …………………… (i) 

y = tanθ – sinθ ………………..…… (ii) 

Eqn (i) + Eqn (ii); 

 x + y = 2tanθ 

tanθ = 
2

x y
 

Eqn (i) − Eqn (ii); 

x – y = 2sinθ 

sin
2

x y



  

From tan
2

x y



  

 cotθ = 
2

x y
 

From sin
2

x y



  

 cosecθ = 
2

x y
 

1 + cot2θ = cosec2θ 

1 + 

2 2

2 2

x y x y

   
   

    
 

1 + 
2 2

4 4

( ) ( )x y x y


 
 

 (x2 – y2)2 = 16xy 

(vi)    x cosθ + y sinθ = a …………………..(i) 

x sinθ – y cosθ = b ………………….. (ii) 

From Eqn (i); 
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cosθ = 
sina y

x


 …………….. (iii) 

Substituting Eqn (iii) in Eqn (ii); 

sin
sin

a y
x y

x




 
  

 
 = b 

 x2sinθ – ay + y2sinθ = xb 

(x2 + y2)sinθ = xb + ay 

sinθ = 
2 2

bx ay

x y




 ……………………. (iv) 

Substitute Eqn (iv) in Eqn (iii) 

 cosθ =  
2 2( )

bx ay

x y
a y

x






 

cosθ = 
2 2 2

2 2( )

ax ay bxy ay

x x y

  


 

cosθ = 
2

2 2( )

ax bxy

x x y




 

cosθ = 
2 2

ax by

x y




 

sin2θ + cos2θ = 1 
2 2

2 2 2 2 2 2

( ) ( )

( ) ( )

bx ay ax by

x y x y

 


 
 = 1 

(bx + ay)2 + (ax – by)2 = (x2 + y2)2 

b2x2 + 2abxy + a2y2 + a2x2 – 2abxy + b2y2 

= (x2 + y2)2 

(a2 + b2)x2 + (a2 + b2)y2 = (x2 + y2)2 

(x2 + y2)(a2 + b2) = (x2 + y2)2 

a2 + b2 = x2 + y2 

 

Proving Trigonometric Identities 
(i) secθ + cosecθ cotθ = secθ cosec2θ 

(ii) sin2θ(1 + sec2θ) = sec2θ – cos2θ 

(iii) 
1 cos 1

sin cos cotec



  





 

(iv) 
tan cot 1

sec cosec sin cos

 

   




 
 

(v) 2 cosec
sec

cosec sin




 



 

(vi) 
1 sin

sec tan
cos


 




   

(vii) 21 sin
(sec tan )

1 sin


 




 


 

(viii) 
cot tan

cot tan
cot tan

 
 

 





 

Solution 

(a)  secθ + cosecθ cotθ  

2

1 1 cos

cos sin sin

1 cos

cos sin



  



 

 
   

 

 

 

2 2

2 2

2 2

sin cos

sin cos

1

sin cos

 

 

 






 

2

1 1

cos sin

sec cosec

 

 

 



 

(b)  sin2θ(1 + sec2θ)  
2 2 2

2
2

2

sin sin sec

sin
sin

cos

  






 

 
 

= sin2θ + tan2θ 

= sin2θ + sec2θ – 1 

= 1 – cos2θ + sec2θ – 1 

= sec2θ – cos2θ 

(c)  
1 cos

sin






 

2

1 cos 1 cos

sin 1 cos

1 cos

sin sin cos

 

 



  

 
 








 

2

2

2 2

2

sin

sin

sin sin cos

sin sin

sin

sin sin cos

1

cosec cot





  

 



  

 










 

(d)  
tan cot

sec cosec

 

 




 

sin cos
cos sin

1 1
cos sin

 
 

 





 

= 

2 2sin cos
sin cos

sin cos
sin cos

 
 

 
 




1

sin cos 



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(e)  
2

2

1
sec

cos



  

2

2

1
sec

1 sin






 

2

1
sin

sin1
sin sin




 


  

cosec

cosec sin



 



 

(f)  
1 sin

sec tan
cos


 




   

2

1 sin (1 sin )cos

cos cos cos

cos sin cos

cos

  

  

  



 







 

2 2

cos sin cos

cos cos

1 sin

cos cos

sec tan

  

 



 

 

 

 

 

 

(g)  
1 sin (1 sin )

1 sin (1 sin )

 

 

 

 
 

2

2

(1 sin )

1 sin









 

2

2

2

2

(1 sin )

cos

1 2sin sin

cos





 






 


 

2

2 2 2

2 2

2

1 2sin sin

cos cos cos

sec 2 tan sec tan

(sec tan )

 

  

   

 

  

  

 

 

(h)  
cot tan

cot tan

 

 




 

sincos
sin cos

cos sin
sin cos


 

 
 




  

cos cos sin sin

sin cos

cos cos sin sin

cos sin

   

 

   

 




  

cos sin

cos sin

cos sin

sin cos

cot tan

 

 

 

 

 



 



 

 

 

Formulae for sin(A ± B), cos(A ± B), 

and tan(A ± B) 
sin(A + B) = sinAcosB + cosAsinB 

sin(A – B) = sinAcosB – cosAsinB 

cos(A + B) = cosAcosB – sinAsinB 

cos(A – B) = cosAcosB + sinAsinB 

tan(A + B) = 
tan tan

1 tan tan

A B

A B



 
 

tan(A – B) = 
tan tan

1 tan tan

A B

A B



 
 

Examples 

Find the values of the following: 

(a) cos(45° – 30°) 

(b) cos 105° 

(c) cos 75° 

(d) sin(60° + 45°) 

(e) sin 15° 

Solution 

(a)   cos(45° – 35°) 

= cos45° cos30° + sin45°sin30° 

1 3 1 1

2 22 2

3 1

2 2 2 2

1 3

2 2

(1 3)2 2

(2 2)(2 2)

2 2 2 6 2 6

8 4

   

 







 
 

 

(b)   sin(30° +45°) 

= sin30 cos45 + cos30 sin 45 

1 1 3 1

2 22 2

 
   

 
 



 180 

1 3

2 2 2 2

3 1

2 2

2 2( 3 1) 6 2

4 2

 




 
 

 

(c)   cos 105° 

= cos(60° + 45°) 

= cos60 cos45 – sin60 sin45 

1 1 3 1

2 22 2

1 3

2 2 2 2

   

 

 

3 1 (1 3) 2

2 2 2 2 2

2 6

4

 
 






 

(d)   cos 75° 

= cos(30° + 45°) 

= cos30° cos45° – sin30° sin45° 

3 1 1 1

2 22 2

3 1

2 2 2 2

   

 

 

3 1 ( 3 1)2 2

2 2 2 2 2 2

6 2

4

 
 






 

 

 (f)   sin(60° + 45°) 

= sin60 cos45 + cos60 sin45 

3 1 1 1

2 22 2

3 1

2 2 2 2

3 1

2 2

( 3 1)2 2

2 2 2 2

2 2( 3 1) 6 2

8 4

   

 









 
 

 

 (f)   sin 15° 

= sin(45 – 30) 

= sin45 cos30 – cos45 sin30 

1 3 1 1

2 22 2

3 1

2 2 2 2

2 3 1

2 2

( 3 1)2 2 6 2

8 4

   

 




 
 

 

Example II 

If sin A = 
3

5
 and sinB = 

5

13
, where A and B are acute 

angles, find the values of the following: 

(a) sin(A + B) 

(b) cos(A + B) 

(c) cot(A + B) 

Solution 

 

x2 + 32 = 52 

x2 + 9 = 25 

x2 = 16 

x = 4 

p2 + 52 = 132 

p2 + 25 = 169 

p2 = 144 

p = 12 

  sin A = 
3

5
; cos A = 

4

5
; tan A = 

3

4
 

sin B = 
5

13
; cos B = 

12

13
; tan B = 

5

12
 

sin(A + B) = sinA cosB + cosA sinB 

= 
3 12 4 5

5 13 5 13
    

= 
36 20

65 65
  

= 
56

65
 

(b)   cos(A + B) = cosA cosB – sinA sinB 

p  

5 13 

B 

x  

3 5 

A 
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= 
4 12 3 5

5 13 5 13
    

= 
48 15

65 65
  

= 
33

65
 

(c)   cot(A + B) = 
1

tan( )A B
 

tan(A + B) = 
tan tan

1 tan tan

A B

A B




 

1 tan tan
cot( )

tan tan

A B
A B

A B


  


 

= 
3 5
4 12

3 5
4 12

1 


 

= 
15 33

1648

7 7
6 6

1
  

= 
33 6

16 7
  

= 
99

56
 

Example III 

If sinA = 
4

5
, cosB = 

12

13
,where A is obtuse and B is acute, 

find the values of: 

(a) sin(A – B) 

(b) tan(A – B) 

(c) tan(A + B) 

Solutions 

  

x2 + 42 = 52 

x2 + 16 = 25 

x2 = 9 

x = 3 

p2 + 122 = 132 

p2 + 144 = 169 

p2 = 25 

p = 5 

A is obtuse 

 sin A = 
4

5
; cosA = 

3

5


; tanA = 

4

3


 

B is acute 

  sinB = 
5

13
; cosB = 

12

13
; tanB = 

5

12
 

Sin(A – B) = sinA cosB – cosA sinB 

= 
4 12 3 5

5 13 5 13


    

= 
48 15

65 65
  

= 
63

65
 

(b)   tan(A – B) = 
tan tan

1 tan tan

A B

A B




 

= 
54

3 12

54
3 12

1







 
 

= 
7

4

4
9



 = 
63

16


 

(c)  tan(A + B) = 
tan tan

1 tan tan

A B

A B




 

54
3 12

54
3 12

1








 
 

= 
11

12

20
36

1




 

= 
11

12

56
36

33

56

 
  

Example III 

If cosA = 
3

5
 and tanB = 

12

5
; where A and B are reflex 

angles. Find the values of: 

(a) sin(A – B) 

(b) tan(A – B) 

(c) cos(A + B) 

Solutions 

   

A and B are reflex 

3
cos

5
A  ;  

4
sin

5
A


 ; tan A = 

4

3


 

cos B = 
5

13


,   sin B = 

12

13


; tan B = 

12

5
 

(a) sin(A – B) = sin A cos B – cos A sin B 

= 
4 5 3 12

5 13 5 13

  
    

12 

5 

13 

B 

3 

4 5 

A 
5 13 

B 
p x 

4 
5 

A 
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= 
20 36

65 65
  

= 
56

65
 

(b) tan(A – B) = 
tan tan

1 tan tan

A B

A B




 

= 
4 12

3 5

4 12
3 5

1







 
 

= 
56

15

11
5

56

33




  

(c) cos(A + B) = cos A cos B – sin A sinB 

3 5 4 12

5 13 5 13

15 48

65 65

63

65

  
   


 




 

Example IV 

From the following, find the values of tan x 
(a) sin(x + 45°) = 2cos(x + 45°) 
(b) 2sin(x – 45°) = cos(x + 45°) 

(c) tan(x – A) = 3
2

, where tan A = 2 

(d) sin(x + 30°) = cos(x + 30°) 

Solution 

(a)    sin(x + 45°) = 2cos(x + 45°) 

sinx cos45°+cosx sin45° = 2(cosx cos45°–sinx sin45°) 

1 1 1 1
sin cos 2(cos sin )

2 2 2 2
x x x x       

2 2

2 2

2 2
sin cos 2( cos sin )

2 2
x x x x    

2 2
sin cos 2 cos 2 sin

2 2
x x x x    

 2

2

2
2 sin 2 cos cos

2

3 2 2
sin cos

2 2

x x x

x x

  



 

3sin x = cos x 

3sin cos

cos cos

x x

x x
  

3 tan x = 1 

tan x = 
1

3
 

(b)    2sin(x – 45°) = cos(x + 45°) 

2(sinx cos45 – cosxsin45) = cosx cos45 – sinxsin45 

 2 2 2 2

2 2 2 2
2 sin cos (  ( ) ) ) cos (   si ( )nx x x x    

2 sin x − 2 cos x = 2

2
cos x − 2

2
sin x 

2 sin x + 2

2
sin x = 2 cos x + 2

2
cos x 

3 2

2
sin x = 3 2

2
cos x 

tan x = 1 

(c)   tan(x – A) = 
3

2
, tan A = 2 

tan tan 3

1 tan tan 2

x A

x A





 

 
tan 2 3

1 2 tan 2

x

x





 

2(tan x – 2) = 3(1 + 2tan x) 

2tan x – 4 = 3 + 6tan x 

4tan x = -7 

tan x = 
7

4


 

(d)   sin(x + 30) = cos(x + 30) 
sin x cos 30 + cos x sin 30 = cos x cos 30 – sin x sin 30 

3

2

sin x + 1

2
cos x = 3

2

cos x – 1

2
sin x 

3

2

sin x + 1

2
sin x = 3

2

cos x – 1

2
cos x 

sin x ( 3 1

2

 ) = cos x( 3 1

2

 ) 

3 1

2

3 1

2

sin

cos

x

x




  

tan x = 
3 1

1 3




 

tan x = 
( 3 1)(1 3)

( 3 1)(1 3)

 

 
 

tan x = 
3 3 1 3

2

  


 

tan x = 2 – 3  

Example V 

Solve the following equations for 0° ≤ θ ≤ 360° 

(a) 2sin x = cos(x + 60°) 

(b) cos(x + 45°) = cos x 

(c) sin(x – 30°) = 
1

2
cos x 

(d) 3sin(x + 10°) = 4cos(x – 10°) 

Solutions 

(a)     2sin x = cos(x + 60°) 

2sin x = cos x cos 60° − sin x sin 60° 
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2sin x = 1

2
cos x – 3

2

sin x 

2sin x + 3

2

sin x = 1

2
cos x 

(4 + 3) sin x = cos x 

tan x = 
1

4 3
 

x = 9.9°, 189.9° 

(b)     cos(x + 45°) = cos x 

cos x cos 45° – sin x sin 45° = cos x 

2

2
cos x − 2

2
sin x = cos x 

2 2

2 2

2 2

2 2

cos cos cos sin

( 1)cos sin

x x x x

x x

  

 
 

2 2

2
( ) cos x = 2

2
sin x 

2 2 sin

cos2

x

x


  

2 2
tan

2
x


  

x = 67.5°, 247.5° 

(c)  sin(x + 30) = 
1

2
cos x 

sin x cos 30 – cos x sin 30 = 1

2
cos x 

3

2
sin x - 1

2
cos x = 1

2
cos x 

3

2
sin x = cos x 

sin 2

cos 3

x

x
  

tan x = 
2

3
 

x = 49.1°, 229.1° 

(d)   2sin(x + 10°) = 4cos(x – 10°)  

2(sin x cos10 − cosx sin10)  

= 4(cosx cos10° + sinx sin 10°) 

2sinxcos10–2cos x sin10=4cos x cos10+4sinxsin10 

2sin x cos 10 – 4sin x sin 10 

= 4cos x cos 10 + 2cos x sin 10 

sin x(2cos 10 – 4sin 10) = cos x(4cos 10 + 2 sin10) 

sin 4cos10 2sin10

cos 2cos10 4sin10

x

x





 

4cos10 2sin10
tan

2cos10 4sin10
x





 

x = 73.4°, x = 253.4° 

Example VI 

If tan(x + 45°) = 2, find the value of tan x 

Solution 

tan(x + 45°)  = 2. 

tan tan 45
2

1 tan tan 45

x

x









 

tan 1

1 tan

x

x




 = 2 

tan x + 1 = 2(1 – tan x) 

tan x + 1 = 2 – 2tan x 

3tan x = 1 

tan x = 
1

3
 

Example VII 

If tan(A + B) = 
1

7
 and tan A = 3, find the value of tan B. 

tan(A + B) = 
1

7
 

tan tan 1

1 tan tan 7

A B

A B





 

tan A = 3 

3 tan 1

1 3tan 7

B

B





 

7(3 + tan B) = 1 – 3tan B 

21 + 7tan B = 1 – 3tan B 

10tan B = -20 

tan B = -2 

Example VIII 

Express the following as single trigonometric ratios. 

(a) 
1

2
cos x – 3

2
sin x 

(b) 
3 tan

1 3 tan

x

x




 

(c) 
1

2
sin x + 

1

2
cos x 

(d) 
1

cos 24cos15 sin 24sin15
 

(e) 
1

2
cos 75 + 3

2
sin 75 

(f) 
1 tan15

1 tan15




 

Solutions 

(a)     
1

2
cos x – 3

2
sin x  

= cos60 cos x – sin 60 sin x 

cos(60 + x) 
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1

2
 cos x – 3

2
sin x = cos(60 + x) 

(b)   
3 tan

1 3 tan

x

x




 

= 
tan 60 tan

1 tan 60 tan

x

x




 

= tan(60 + x) 

(c)  
1

2
sin x + 

1

2
cos x   

= cos45 sin x + sin45 cos x 

= cos(45 – x) 

(d)   
1

cos 24cos15 sin 24sin15
 

1

cos(24 15)

1

cos39






 

= sec 39° 

(e)   
1

2
cos 75 + 3

2
sin 75 

cos 60° cos 75° + sin 60° sin 75° 

cos 75° cos 60° + sin 75° sin 60° 

cos(75° – 60°) 

cos 15° 

(f)   
1 tan15

1 tan15




= 

tan 45 tan15

1 tan 45tan15




 

= tan(45 – 15) 

= tan(30) 

Example IX 

Prove the following identities: 

(i) sin(A + B) + sin(A – B) = 2sin A cos B 

(ii) cos(A + B) – cos(A – B) = -2sin A sin B 

(iii) tan A + tan B = 
sin( )

cos cos

A B

A B


 

(iv) tan(A + B + C) = tan tan tan tan tan tan

1 tan tan tan tan tan tan

A B C A B C

B C A C A B

  

  
 

Hence prove that if A, B, and C are angles of a triangle, 

then tan A + tan B + tan C = tan A tan B tan C 

Solution 

sin (A + B) + sin(A – B) 

sin A cos B + cos A sin B + sin A cosB – cosA sinB  

= 2sin A cos B 

 sin(A + B) + sin(A – B) = 2sin A cos B 

(ii)         cos(A + B) – cos(A – B) 
cos A cos B – sin A sin B – (cos A cos B + sin A sin B) 

= -2sin A sin B 

  cos(A + B) – cos(A – B) = -2sin A sin B 

(iii)   tan A + tan B 

= 
sin sin

cos cos

A B

A B
  

= 
sin cos cos sin

cos cos

A B A B

A B


 

= 
sin( )

cos cos

A B

A B


 

  tan A + tan B = 
sin( )

cos cos

A B

A B


 

(iv)   tan(A + B + C) 

Let B + C = D 

tan(A + D) = 
tan tan

1 tan tan

A D

A D




 

= 
tan tan( )

1 tan tan( )

A B C

A B C

 

 
 

= 
tan tan

1 tan tan

tan tan
1 tan tan

tan

1 tan ( )

B C
B C

B C
B C

A

A










 

= 

tan tan tan tan tan tan
1 tan tan

1 tan tan tan tan tan tan
1 tan tan

A A B C B C
B C

B C A B A C
B C

  


   


 

tan tan tan tan tan tan

1 tan tan tan tan tan tan

A B C A B C

B C A C A B

  


  
 

Since A, B, and C are angles of a triangle, then  

A + B + C = 180° 

tan(A + B + C) = tan 180° 

tan(A + B + C) = 0 

tan tan tan tan tan tan
0

1 tan tan tan tan tan tan

A B C A B C

B C A C A B

  
 

  
 

tan A + tan B + tan C – tan A tan B tan C = 0 

tan A + tan B + tan C = tan A tan B tan C. 

Example (UNEB Question) 

Without using tables or calculator, evaluate tan 15° 

Solution 

tan 15° = tan(45° – 30°) 

tan 45 tan 30

1 tan 45tan 30





 

= 

1

3

1

3

1

1




 

3 1

3 1





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= 
( 3 1)(1 3)

( 3 1)(1 3)

 

 
 

= 
3 3 1 3

1 3

  


 

=
2 3 4

2 3
2


 


 

 

Example (UNEB Question)  

The acute angles A and B are such that cosA = ½, sin B = 

1/3. Show without the use of tables or calculator, show that 

5

2839
)tan(


 BA  

Solution 

 
1 8

tan
88

2 2 2

8 4

3
tan

2

B

B

 

 



 

From compound angle formula, 

2

4

2
4

4 3 2

4

4 3 2

4

tan tan
tan( )

1 tan tan

3

1 ( 3 )

A B
A B

A B



 


 






 



 

4 3 2 4

4 4 6


 


 

                    
 

  
  

4 3 2

4 6

4 3 2 4 6

4 6 4 6

16 3 4 18 4 2 12

16 6

16 3 4 3 2 4 2 2 3

10

18 3 16 2

10

9 3 8 2

5






 


 

  




   








 

                  

 
 

  
  

4 3 2

4 6

4 3 2 4 6

4 6 4 6

16 3 4 18 4 2 12

16 6

16 3 4 3 2 4 2 2 3

10

18 3 16 2

10

9 3 8 2

5






 


 

  




   








 

Double angle & Triple angle formulae  

By writing A = B in the additional formulae for sine, 

cosine, and tangent, we obtain the double angle formula 

for each of them. 

sin(A + B) = sin A cos B + cos A cos B 

  sin 2A = sin(A + A) 

= sin A cos A + cos A sin A 

= 2sin A cos A 

sin 2A = 2sin A cos A 

cos(A + B) = cos A cos B – sin A sin B 

cos(A + A) = cos A cos A – sin A sin A. 

= cos2A – sin2A 

But cos2A  = 1 – sin2A 

 cos 2A  = 1 – sin2A – sin2A 

= 1 – 2sin2A 

But when sin2A = 1 – cos2A 

cos2A = cos2A – sin2A 

= cos2A – (1 – cos2A) 

= 2cos2A – 1 

cos 2A = 2cos2A – 1 OR 

 cos 2A = 1 – 2sin2A 

tan(A + B) = 
tan tan

1 tan tan

A B

A B




; where A = B 

tan(A + A) = 
tan tan

1 tan tan

A A

A A




 

= 
2

2 tan

1 tan

A

A
 

2

2 tan
tan 2

1 tan

A
A

A



 

sin 3A = sin(A + 2A) 
= sin A cos 2A + cos A sin 2A 

= sin A(1 – 2sin2A) + cos A(2sin A cos A) 

= sin A – 2sin3A + 2cos2A sinA 

= sin A – 2sin3A + 2(1 – sin2A)sin A 

= sin A – 2sin3A + 2sin A – 2sin3A 

= 3sin A – 4sin3 A 

A B 

C 

3 

8  

 1 

B 

A B 

C 

2 

1 

3  

A 
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sin 3A = 3sin A – 4sin3A 

cos 3A = cos(2A + A) 

= cos2A cos A – sin 2A sin A 

= (2cos2A – 1)cos A – (2sin A cos A)sin A 

= 2cos3A – cos A – 2sin2A cosA 

= 2cos3A – cos A – 2(1 – cos2A)cosA 

= 2cos3A – cos A – 2cos A + 2cos3A 

= 4cos3A – 3cos A 

  cos 3A = 4cos3A – 3cos A 

tan 3A = tan(A + 2A) 

= 
tan tan 2

1 tan tan 2

A A

A A




 

= 
 

2

2

2tan

1 tan

2tan

1 tan

tan

1 tan

A

A

A

A

A

A








 

= 
 

2

2

2tan

1 tan

2tan

1 tan

tan

1 tan

A

A

A

A

A

A








 

= 

3

2

2 2

2

tan tan 2 tan

1 tan

1 tan 2tan

1 tan

A A A

A

A A

A

 



 



 

= 
3

2

3tan tan

1 3tan

A A

A




 

3

2

3tan tan
tan3

1 3tan

A A
A

A


 


 

 

Example I 

Simplify the following expressions 

(i) 2sin 17 cos 17 

(ii) 
2

2 tan 30

1 tan 30



 
 

(iii) 2cos242 – 1 

(iv) 1 1
2 2

2sin cos   

(v) 1 – 2sin2 1
2

22   

(vi) 
1
2

2

2

2tan

1 tan 




 

(vii) 1 – 2sin23θ 

(viii) 
21 tan 20

tan 20


 

(ix) sec θ cosec θ 

(x) 2sin 2A cos 2A 

Solutions 

(i)     sin 2(17°) = 2sin 17° cos 17° 

sin 34° = 2sin 17° cos 17° 

  2sin 17 cos 17 = sin 34 

(ii)  tan(30° + 30°) = 
tan 30 tan 30

1 tan 30 tan 30

  

  
 

tan 60° = 
2

2 tan 30

1 tan 30



 
 

2

2 tan 30

1 tan 30



 
 = tan 60°  

(iii)    2cos242° – 1 

cos 2θ = 2cos2θ – 1 

cos 2(42°) = 2cos242° – 1 

cos 84° = 2cos242° – 1 

2cos242° – 1 = cos 84° 

(iv)   2sin 1
2

𝛉 cos 1
2

𝛉 

sin 2θ = 2sin θ cos θ 

sin 2 1
2

( )  = 2sin 1
2
 cos 1

2
  

sin θ = 2sin 1
2
  cos 1

2
  

 sin θ = 2sin 1
2
 cos 1

2
  

2sin 1
2
 cos 1

2
  = sin θ 

(v)  1 – 2sin222½° 

cos 2A = 1 – 2sin2A 

cos 2(22½) = 1 – 2sin222½  

cos 45 = 1 – 2sin2 22½ 

1 – 2sin2 22½ = cos 45 

(vi)   
1 1 1
2 2 2

2 1 1 1
2 2 2

2tan tan tan

1 2tan 1 tan tan

  

  




 
 

= tan 1 1
2 2

( )    

= tan θ 

(vii)  1 – 2sin2θ 

cos2(3θ) = 1 – 2sin2 3θ 

cos 6θ = 1 – 2sin23θ 

1 – 2sin23θ = cos 6θ 

(viii)  
21 tan 20

tan 20


 

tan 40 = tan(20 + 20) 

2

2 tan 20

1 tan 20



 

21 1 tan 20

tan 40 2tan 20


  

22 1 tan 20

tan 40 tan 20


  
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2

2

1 tan 20
2cot 40

tan 20

1 tan 20
2cot 40

tan 20







 

(ix)   
1 1

sec cosec
cos sin

 
 

   

1

cos sin 
  

But sin 2θ = 2sinθ cosθ 

1

2
sin 2θ = sin θ cos θ 

1
2

1
sec cosec

sin 2

2
sec cosec

sin 2

sec cosec 2cosec 2

 


 


  







 

(x)  2sin 2A cos 2A 

sin 4A = sin2(2A) 

 = 2sin 2A cos2A 

 2sin 2A cos 2A = sin 4A 

Example II 
Evaluate the following without using tables or calculator: 

(a) 2sin 15° cos 15° 

(b) 2cos275° – 1 

(c) cos2 22½° - sin2 22 ½° 

(d) 
2

2

1 2cos 25

1 2sin 65




 

(e) 
1
2

2 1
2

2tan 22

1 tan 22
 

(f) 2 1
2

1 2sin 67  

Solution 

(a)   2sin 15° cos 15° = sin 2(15°) 

 = sin 30° 

 = 
1

2
 

(b)   2cos275° – 1 = cos 150° 

= -cos 30° 

= 
3

2


 

(c)    cos2 22½° - sin2 22 ½° 
= cos(22 1

2
° + 22 1

2
)  

= cos 45 

= 
2

2
 

(d)   
2 2

2 2

1 2cos 25 1(2cos 25 1)

1 2sin 65 1 2sin 65

  


 
 

1(cos50 )

cos130

1(cos50 )
1

cos50

 




 
 

 

 

(e)   

1
2 1 1

2 22 1
2

2tan 22
tan(22 22 )

1 tan 22

tan 45 1

   


 

 

1
2

2 1
2

2tan 22
tan 45 1

1 tan 22
  


 

(f)   
2 1

2
1 2sin 67 = cos 135° 

= -cos 45° 

= 
2

2


 

Example III 

Solve the following equations from 0 ≤ θ ≤ 360° 

(a) cos 2θ + cos θ + 1 = 0 

(b) sin 2θ cos 𝛉 + sin2𝛉 = 1 

(c) 2sin θ(5cos 2θ + 1) = 3 sin 2θ 

(d) 3cot 2θ + cot θ = 1 

(e) 4tan θ tan 2θ = 1 

Solution 

(a)   cos 2θ + cos θ + 1 = 0 
2

2

2cos 1 cos 1 0

2cos cos 0

cos (2cos 1) 0

1
cos 0, cos

2

For cos 0, 90 , 270

 

 

 

 

 

   

 

 


 

   

 

For 
1

cos ,
2

 


 = 120°, 240° 

 The solutions to the equation  

cos 2θ + cos θ + 1 = 0 are 90°, 120°, 240° and 270°. 

(b)  sin 2θ cos 𝛉 + sin2𝛉 = 1 
2

2 2

2 2

3 2

(2sin cos )cos sin 1

2cos sin sin 1

2(1 sin )sin sin 1

2sin 2sin sin 1

   

  

  

  

 

 

  

  
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3 22sin sin 2sin 1 0

sin 1, sin 1

1
sin

2

  

 



   

  



 

For sin 1  , θ = 90° 

For sin 1   , θ = 270° 

For 
1

sin
2

  , θ = 30°, 150° 

 30°, 90°, 150°, 270° are the solutions to the 

equation sin 2θ cos 𝛉 + sin2𝛉 = 1 

(c)   2sin θ(5cos 2θ + 1) = 3 sin 2θ  
2

2

2

2

2sin [5(2cos 1) 1] 3 2sin cos

2sin (10cos 5 1) 6sin cos

20cos sin 8sin 6sin cos

20cos sin 8sin 6sin cos 0

   

   

    

    

   

  

 

  

 

22sin [10cos 3cos 4] 0

1
sin 0, cos 0.8, cos

2

  

  

  


  

 

For sin 𝜃 = 0, 𝜃 = 0°, 180°, 360° 

For cos 𝜃 = 
1

2


, 𝜃 = 120°, 240° 

For cos 𝜃 = 0.8, 𝜃 = 36.9°, 323.1° 

 0, 36.9, 120, 180, 240, 323.1, 360 are the 

solutions to the equation  

2sin θ(5cos 2θ + 1) = 3 sin 2θ 

(d)   3cot 2θ + cot θ = 1 

2

3 1
1

tan 2 tan

2 tan
tan 2

1 tan

 






 




 

21 tan 1
3 1

2tan tan



 

 
   

 
 

2

2

3 3tan 2 2 tan

3tan 2 tan 5 0

5
tan 1, tan

3

 

 

 

  

  


 

 

For tanθ = 1, θ = 45°, 225° 

For tanθ = 
5

3


, θ = 121°, 301°. 

(e)  4tan θ tan 2θ = 1 

2

2tan
4tan 1

1 tan






 
 

 
 

2

2

8tan
1

1 tan







 

2 2

2

8tan 1 tan

9 tan 1

1
tan

3

 





 



 

 

When 
1

tan
3

  , θ = 18.4°, 198.4° 

When 
1

tan
3




 , θ =  161.6°, 341.6° 

t-formula 
If t = 

2
tan x , 

2

2
sin

1

t
x

t



, 

2

2

1
cos

1

t
x

t





 

And if t = tan x 

2

2
sin 2

1

t
x

t



, 

2

2

1
cos2

1

t
x

t





 

Proof 

If t = 
2

tan x , 

 2 2

2 2 2 2

2 2

sin sin

sin cos cos sin

2sin cos

x x

x x x x

x x

x  

 



 

2 2

2 2

2 2

2 2

2sin cos
sin

1

2sin cos
sin

sin cos

x x

x x

x x

x

x






 

Dividing through by 2

2
cos x  

sin x 

2 2

2

2

2 2

2 2

2 2

2 2

2sin cos

cos

sin cos

cos cos

x x

x

x x

x x
  

2

2

2

2

2 tan
sin

tan 1

2

1

x

x
x

t

t







 

2

2
sin

1

t
x

t



 



 189 

2 2

2 2

2 2

2 2

2 2

cos cos( )

cos sin

cos sin
cos

1

x x

x x

x x

x

x

 

 


 

 

2 2

2 2

2 2

2 2

cos sin
cos

sin cos

x x

x x
x





 

Dividing through by 2

2
cos x  

2 2
2 2

2 2
2 2

2 2
2 2

2 2
2 2

cos sin

cos cos

sin cos

cos cos

cos

x x

x x

x x

x x

x 




 

2

2

2

2

2

2

1 tan
cos

tan 1

1
cos

1

x

x
x

t
x

t











 

For t = tan x 

2 2

2sin cos
sin 2

1

2sin cos

sin cos

x x
x

x x

x x






 

Dividing through by 2cos x  

2

2 2

2 2

2sin cos

cos

sin cos

cos cos

2

2

sin 2

2 tan
sin 2

tan 1

2
sin 2

1

x x

x

x x

x x

x

x
x

x

t
x

t










 

2cos2 2cos 1x x   

2

2

2

2

2

2
1

sec

2 sec

sec

2 (1 tan )

sec

x

x

x

x

x

 




 


 

2

2

2

2

1 tan
cos 2

1 tan

1
cos 2

1

x
x

x

t
x

t











 

Note: The t-formula is used to solve equations of the form 

cos sina b c    

Example I 

Solve the following equations for 0 ≤ θ ≤ 360° 

(a) 2cos 3sin 2 0     

(b) 3cos 4sin 1 0     

(c) 3cos 4sin 2    

(d) 4cos sin 15cos2 10     

Solution 

(a)   2cos 3sin 2    
2

2

1
cos

1

t

t






,  

2

2
sin

1

t

t
 


, for 

2
tant   

2

2 2

1 2
2 3 2

1 1

t t

t t

   
    

   
 

2(1 – t2) + 3(2t) = 2(1 + t2) 

2 – 2t2 + 6t = 2 + 2t2 

4t2 – 6t = 0 

2t(2t – 3) = 0 

t = 0 

2
tan  = 0 and 

2

3
tan

2

   

For 
2

tan 0  , 
1tan (0)

2

   

2


= 0°, 180°, … 

θ = 0, 360. 

For 
2

3
tan

2

  , 
2


= 56.3° 

θ = 112.6° 

 0°, 112.6°, and 360° are solutions to the equation 

2cos 3sin 2 0     

(b)   3cos 4sin 1 0     
2

2 2

1 2
3 4 1 0

1 1

t t

t t

   
     

   
 

3 – 3t2 – 8t + 1 + t2 = 0 

-2t2 – 8t + 4 = 0 

t2 + 4t – 2 = 0 
24 (4) 4 1 ( 2)

2 1

4 16 8

2

t

t

     




  


 

2 6t     

2

2

tan 2 6

tan 2 6





  

  
 

For t = 2 6  , 
2

tan 2 6     

2


= 102.7, 282.7 

θ = 205.4° 
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When t = 
2

tan 2 6     

2


= tan-1(-2 + 6 ) 

2


= 24.2° 

θ = 48.4° 

 θ = 48.4° and 205.4° are the solutions to the equation 

(c)   3cos 4sin 2    
2

2 2

1 2
3 4 2

1 1

t t

t t

   
    

   
 

3 – 3t2 + 8t = 2(1 + t2) 

3 – 3t2 + 8t = 2 + 2t2 

5t2 – 8t – 1 = 0 
28 ( 8) 4 5 ( 1)

2 5

8 64 20

10

8 84

10

t

t

t

     




 





 

t = -0.11652 

t = 1.71652 

For t = -0.11652, 
2

tan  = -0.11652 

2


= 173.4   θ = 346.7° 

tan
2


= 1.71652 

2


= 59.8°  θ = 119.6° 

 119.6° and 346.7° are solutions to the above equation. 

(d)   4cos θ sin θ + 15 cos2θ = 10 

2 × 2sinθ cos θ + 15cos 2θ = 10 

2sin 2θ + 15cos 2θ = 10 

2sin 2θ + 15cos 2θ = 0 

Let t = tan θ 

2

2
sin

1

t

t
 


 and 

2

2

1
cos

1

t

t






 

2

2 2

2 1
2 15 10

1 1

t t

t t

  
   

    
 

4t + 15 – 15t2 = 10 + 10t2 

25t2 – 4t – 5 = 0 
24 ( 4) 4 25 ( 5)

2 25
t

     



 

t = 0.5343 

t = -0.3743 

For t = 0.5343 

tan θ = 0.5343 

θ = 28.1° 

θ = 208.1° 

For t = -0.3743, tan θ = -0.3743 

θ = tan-1(0.3743) 

θ = 159.5°,  200.5° 

 28.1°, 208.1°, 159.5° and 200.5° are the solutions 

to the above equation 

 

The R- Formula 
The R-formula is used to solve equations of the form 

cos sin .a b c    

Rcos(θ ± α) = c

Rsin(θ ± α) = c
 

Where R = 
2 2a b  and  1tan a

b
   

Example I 

Solve the equation 3cosθ + 4sinθ = 2 for 0 ≤ θ ≤ 360° 

Solution 

cos( ) 2R     

(cos cos sin sin ) 2

cos cos sin sin 2

R

R R

   

   

 

 
 

By comparison 
cos cos 3cos

sin sin 4sin

R

R

  

  




 

cos 3R    ……………………….. (i) 

sin 4R    ……………………….. (ii) 

Eqn (ii) ÷ Eqn (1); 

4
tan

3
   

1 4
tan

3

53.1





  
  

 

 

 

2 2 2 2 2 2

2 2 2

cos sin 3 4

(cos sin ) 25

5

R R

R

R

 

 

  

 



 

cos( ) 2R     

1

5cos( 53.1) 2

2
53.1 cos

5



 

 

 
   

 

 

θ – 53.1° = 66.4°, 293.6° 

θ – 119.5°, 346.7° 

Alternatively 
3cos θ + 4sin θ = 2 
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Rcos(θ – α) = 2 

2 2

2 2(3) 4

5

R a b 

 



 

1

1

tan

4
tan

3

b

a








 
  

 

 
  

 

 

α = 53.1 

5cos(θ – 53.1) = 2 

cos(θ – 53.1°) = 
2

5
 

θ – 53.1° = 66.4°, 293.6° 

θ = 119.5°, 346.7° 

Example II 

sin θ + 3 cosθ = 1 for 0 ≤ θ ≤ 360 

Solution 

sin( ) 1R     

2 2(1) ( 3) 2R     

1 3
tan 60

1
 

 
    

 
 

R sin(θ + α) = 1 

2sin(θ + 60°) = 1 

sin(θ + 60°) = 
1

2
 

θ  + 60° = sin(½) 

θ  + 60° = 30, 150° 

θ  = -30, 90° 

  θ  = 90°, and 330°. 

Example III 

cos θ – 7sin θ = 2 for 0° ≤ θ ≤ 360° 

Solution 
cos θ – 7sin θ = 2 

cos( ) 2R     

2 21 ( 7) 50R      

1 7
tan 81.9

1
   
    

 
 

50 cos( 81.9 ) 2

2
cos( 81.9 )

50





  

  
 

θ + 81. 9° = 73.6°, 286.4° 

θ = -8.3°, 204.5° 

  θ = 204.5°, 351.7° 

Example IV 

Solve: 5sinθ – 12cosθ = 6 

Solution 

Rsin(θ – α) = 6 

2 25 12 13R     

1 12
tan

5

67.4





  
  

 

 

 

13sin(θ – 67.4) = 6 

sin(θ – 67.4) = 
6

13
 

θ – 67.4° = 27.5°, 152.5° 

θ = 94.9°, 219.9° 

Example V 

Solve cosθ + sinθ = secθ for 0 ≤ θ ≤ 360° 

Solution 

2

1
cos sin

cos

cos sin cos 1..............................(i)

 


  

 

 

 

But cos 2θ = 2cos2θ – 1 

2 1
cos (1 cos 2 )

2
     

Subsituting for cos2θ and sin θ cos θ in Eqn (i); 

sin 2θ = 2sinθ cosθ 

sinθ cos θ =
1

2
sin2θ 

1 1
(1 cos 2 ) sin 2 1

2 2

1 1 1
cos 2 sin 2

2 2 2

 

 

  

 

 

cos 2θ + sin 2θ = 1 

Rcos(2θ – α) = 1 

2 21 1 2R     

1 1
tan 45

1
   
   

 
 

1

2 cos(2 45 ) 1

1
cos(2 45 )

2

1
2 45 cos

2

2 45 45 , 315 , 405











  

  

 
    

 

     

 

θ = 45°, 180°, 225° 

Example VI 

Solve the equation 4cosθ sinθ + 15cos 2θ = 10 

Solution 

4cosθ sinθ + 15cos 2θ = 10 
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2(2sinθ cosθ) + 15cos2θ = 10 

2sin2θ +15cos2θ = 10 

R sin(2θ + α) = 10 
2 22 15

229

R  


 

229 sin(2θ + α) = 10 

1 15
tan 82.4

2
   
   

 
 

229 sin(2θ + 82.4°) = 10 

sin(2θ + 82.4°) = 
10

229
 

2θ + 82.4° = 1 10

229

sin  
 
 

 

2θ  + 82.4° = 41.4°, 138.6°, 401.4°, 498.4° 

  θ  = 339.5°, 28.1°, 159.5°, 208° 

Example VII 

Show that 3cosθ + 2sinθ can be written as 13 cos(θ – α). 

Hence find the minimum and maximum values of the 

function, giving the corresponding values of θ from -180° 

to 180° 

Solution 

3cosθ + 2sinθ 

Rcos(θ – α) 
2 2R a b   

2 23 2 13R     

1 2
tan 33.7

3
   
   

 
 

 3cosθ + 2sinθ = R cos(θ – α) 

13 cos( 33.7)   

Let y 13 cos( 33.7)   

For the maximum value of y, cos( 33.7) 1    

max 13y   

And for minimum value of y, cos( 33.7)  = -1 

min 13y    

For ymax cos(θ – 33.7°) = 1, 

 θ – 33.7° = cos-1(1) 

θ – 33.7° = 0, 360°. 

θ = 33.7° 

For ymin  cos(θ – 33.7°) = -1, 

θ – 33.7° = 180°. 

θ = 213.7° 

Example VII 

Find the maximum and minimum values of the following 

expressions, stating the value of θ for which they occur 

(from 0° to 360°) 

(a) 8cosθ – 15sinθ 

(b) 4sinθ – 3cosθ 

(c) sinθ – 6cosθ 

(d) cos(θ + 60) – cosθ  

Solution 

(a)   8cosθ – 15sinθ 

R cos(θ – α) 

2 28 15 17R     

1 15
tan 61.9

8
   
   

 
 

17cos(θ – 61.9°) 

Let y = 17cos(θ – 61.9°) 

For ymax, cos(θ – 61.9°) = 1 

 ymax = 17 

θ – 61.9° = cos-1(1) 

θ – 61.9° = 0, 360° 

θ = 61.9°  

For ymin, cos(θ – 61.9) = -1 

 ymin = -17 

θ – 61.9° = cos-1(-1) 

θ – 61.9° = 180° 

θ = 241.9° 

 (b)   4sinθ – 3cosθ 

2 24 3 5R     

R sin(θ – α) 

5 sin(θ – α) 

1 3
tan 36.9

4
   
   

 
 

5 sin(θ – 36.9°) 

Let y = 5 sin(θ – 36.9°) 

ymin = -5 

ymax = 5 

For ymin,  sin(θ – 36.9°) = -1 

θ – 36.9° = 270° 

θ = 306.9° 

For ymax,  sin(θ – 36.9°) = 1 

θ – 36.9° = 90° 

θ = 126.9° 

 (c)    sinθ – 6cosθ 

2 21 ( 6) 37R      

37 sin(θ – α) 

1 6
tan 80.5

1
   
   

 
 

y = 37 sin(θ – 80.1) 

ymax = 37  and it occurs when sin(θ – 80.1) = 1 

θ – 80.1° = 90° 
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θ = 170.5° 

ymin = 37  and it occurs when  

sin(θ – 80.1) = -1 

θ – 80.1° = 270° 

θ = 350.5° 

(d)  cos(θ + 60) – cosθ 

= cosθ cos 60 – sinθ sin60 – cosθ 

= 1

2
cosθ - sinθ 3

2
 − cosθ  

= 
1 3

cos sin
2 2

 


  

y =
1 3

cos sin
2 2

 
 

  
 

 

y =  cos( )R     

2 2
1 3

1
2 2

R
   

     
   

 

y =  cos( )    

 1tan 3 60     

y = -[cos(θ – 60)] 

ymin occurs when cos(θ – 60) = 1 

θ – 60° = 0, 360 

θ = 60°  
ymax = 1 and occurs when cos(θ - 60°) = -1 

θ – 60° = cos-1(-1) 

θ = 240°  

Example VIII (UNEB Question) 

Solve 2sin3cos    for 0 ≤ θ ≤ π 

Solution 

2sin3cos    

R cos(θ – α) = 2 

2 21 ( 3) 2R     

2 cos(θ – α) = 2 

 1 3

1
tan 60     

2 cos(θ – 60°) = 2 

cos(θ – 60°) = 1 

θ – 60° = cos-1(1) 

θ – 60° = 0 

θ = 60° 

3


   

Since 180 = π radians, 
60

180 3

 
    

Example IX (UNEB Question) 

(a) Express 4cosθ – 5sinθ in the form R cos (θ + β), where R 

is a constant and β an acute angle. 

Determine the maximum value of the expression and 

the value of θ for which it occurs 

(b) Solve the equation 4 cos θ – 5 sin θ = 2.2,  

for 00 < θ <3600.  

Solution 

4cosθ – 5sinθ 

Rcos(θ + β) 

β =  1 5
4

tan 51.3    

2 24 5 41R     

41 cos(θ + 51.3°) 

Let y = 41 cos(θ + 51.3°) 

ymax = 41 and it occurs when cos(θ + 51.3°) = 1 

θ + 51.3° = 0 

θ = -51.3° 

  θ = 308.7° (00 < θ <3600) 

4cosθ – 5sinθ = 2.2 

  41 cos(θ + 51.3°) = 2.2 

cos(θ + 51.3°) = 2.2

41
 

θ + 51.3° = 69.9°, 290.1° 

θ = 18.6°, 238.8° 

Example XI (UNEB Question) 

Express y = 8cosx + 6sin x in the form R cos (x –  ) 

where R is positive and  is acute . Hence find the 

maximum and minimum values of  
1

8cos 6sin 15x x 
 

Solution 

8cosx + 6sin x = Rcos(x – α) 

8cosx + 6sin x = R cos x cos α + R sin x sin α 

By comparison 

Rcos α = 8 …............………………… (i) 

Rsin α = 6……………............……….(ii) 

Eqn (i)2 + Eqn (ii)2; 

R2 = 82 + 62 = 100 

R = 10 

Eqn (ii)   Eqn (i) 

0

6
tan

8

36.87









 

Hence 8cosx + 6sinx = 10cos(x − 36.870) 

 

1 1

8cos 6sin 5 10cos 36.87 15
Now

x x x


   
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Note: For y to be maximum, the denominator must be 

minimum and for y to be minimum, the 

denominator must be maximum. 

Let 
 

1

10cos 36.87 15
m

x


 
 

 
max

1

10 15

1 1
0.2

10 15 5

1
M 

 

  
 


 

min

1

10 1 15

1
0.04

25

M 
 

 

 

The maximum and minimum values of 
 

1

8cos sin 15x x 
 

are 0.2 and 0.04 respectively. 

Factor Formula 

1. sin P + sin Q = 
2 2

2sin( )cos( )
P Q P Q 

 

2. sin P − sin Q = 
2 2

2cos( )sin( )
P Q P Q 

 

3. cos P + cos Q = 
2 2

2cos( )cos( )
P Q P Q 

 

4. cos P – cos Q = -
2 2

2sin( )sin( )
P Q P Q 

 

 

Application of the factor formula 

Example 1 

Express the following in factors: 

(a) sin 7θ + sin 5θ 

(b) sin 4x – sin 2x 

(c) cos 7x + cos 5x 

(d) cos 3A – cos 5A 

(e) sin(x + 30) + sin(x – 30) 

(f) cos(x + 30) – cos(x – 30) 

(g) cos 3
2

x – cos 
2
x  

(h) 
1

2
 + cos 2θ 

(i) 1 + sin 2x 

(j) Sin 2(x + 40) + sin 2(x – 40) 

Solution 

(a)  sin 7θ + sin 5θ 

From sin P + sin Q = 2sin (
2

P Q
)cos (

2

P Q
) 

sin 7θ + sin 5θ  = 2sin ( 7 5
2

  )cos 7 5
2

   

= 2 sin 6θ cos θ 

(b)  sin 4x – sin 2x 

From sin P – sin Q = 2cos 
2

P Q
 sin 

2

P Q
 

sin 4x – sin 2x = 2cos 4 2
2

x x sin 4 2
2

x x  

sin 4x – sin 2x = 2cos 3x sin x 

(c)  cos 7x + cos 5x 

From cos P + cos Q = 2cos 
2

( )
P Q

cos
2

( )
P Q

 

 Cos 7x + cos 5x = 2cos 7 5
2

( )x x cos 7 5
2

( )x x  

 = 2cos 6x cos x 

(d)  cos 3A – cos 5A 

From cos P – cos Q = -2sin
2

P Q
sin

2

P Q
 

cos 3A – cos 5A = -2 sin 3 5
2

( )A A  sin 3 5
2

( )A A  

 = -2 sin 4A sin (−A) 

 = 2 sin 4A sin A 

(e)  sin(x + 30) + sin(x – 30) 

= -2sin
( 30) ( 30)

2
( )

x x  
cos

( 30) ( 30)

2
( )

x x  
 

= -2 sin x cos 30 

(f)  cos(x + 30) – cos(x – 30) 

= 2sin
( 30) ( 30)

2
( )

x x  
sin

( 30) ( 30)

2
( )

x x  
 

= 2sinx sin30 

(g)   cos 3
2

( )x  - cos 
2
x  = −2sin

3
2 2

2

x x 
 
 

 sin 
3
2 2

2

x x 
 
 

 

= 2sin x sin 
2
x  

(h)  
1

2
 + cos 2θ 

cos 60 + cos 2θ 

= 2cos 60 2
2
 cos 60 2

2
  

= 2cos(30 + θ) cos(30 – θ) 

 (i)   1 + sin 2x 

sin 90 + sin 2x 

2sin 90 2
2

x cos 90 2
2

x  

= 2sin(45 + x)cos(45 – x) 

(j)  sin2(x + 40) + sin2(x – 40) 

= 2sin
2( 40) 2( 40)

2

x x  
cos

2( 40) 2( 40)

2

x x  
 

= 2sin 2x cos 80 

 

Example II 

Solve the following equations from x = 0° to 360° 

inclusive. 

(a) cos x + cos 5x = 0 

(b) sin 3x – sin x = 0 

(c) sin (x + 10) + sin x = 0 

(d) cos(2x + 10) + cos(2x – 10) = 0 

(e) cos(x + 20) – cos(x – 70) = 0 

 

Solution 

(a)  cos x + cos 5x = 0 

2cos 5
2

x x cos 5
2

x x  = 0 

2cos 3x cos−2x = 0 

2cos 3x cos 2x = 0 
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cos 3x cos 2x = 0 

   cos 2x = 0 OR 

cos 3x = 0 

For cos 2x = 0; 

2x = cos−1(0) 

2x = 90°, 270°, 450°, 630°, 810° 

   x = 45°, 135°, 225°, 315°. 

For  cos 3x = 0; 

3x = cos−1(0) 

3x = 90°, 270°, 450°, 630°, 810°, 990°, 1170° 

x = 30°, 90°, 150°, 210°, 270°, 330°. 

∴   The solutions to the equation cosx + cos 5x = 0 

are 30°, 45°, 90°, 135°, 150°, 210°, 225°, 270°, 

315°, 330°. 

 

(b) sin 3x – sin x = 0 

2cos 3
2

x x sin 3
2

x x  = 0 

2cos2x sin x = 0 

cos2x sin x = 0 

 2x = cos−1(0) 

2x = 90°, 270°, 450°, 630°, 810°, 990° 

 x = 45°, 135°, 225°, 315° 

And for sin x = 0; 

 x = sin−1(0) 

 x = 0, 180°, 360° 

  The solutions to the equation sin 3x – sin x = 0 

are 0, 45, 135, 180, 225, 315, 360. 

(c)    sin(x + 10) + sin x = 0 

2sin 10
2

( )x x  cos 10
2

( )x x   = 0 

2sin(x + 5) (cos 5) = 0 

sin (x + 5) = 0 

x + 5 = sin−10) 

x + 5 = 0, 180°, 360° 

x = 355°, 175°. 

 x = 175°, 335° are solutions to the equation  

sin(x + 10) + sin x = 0 

 

(d) cos(2x + 10) + cos(2x – 10) = 0 
(2 10) (2 10) (2 10) (2 10)

2 2
2cos( )cos( )

x x x x     
 

2cos 2x cos 10 = 0 

cos 2x = 0 

2x = cos−1(0) 

2x = 90°, 270°, 450°, 630°. 

x = 45°, 135°, 225°, 315° 

 The solutions to the equation cos(2x + 20) + 

cos(2x – 10) = 0 are x = 45°, 135°, 225° and 315° 

 

(f)  cos(x + 20) – cos(x – 70) = 0 

−2sin
( 20) ( 70)

2

x x  
sin

( 20) ( 70)

2

x x  
 = 0 

−2sin(x – 25)sin 45 = 0 

sin(x – 25) = 0 

x – 25 = sin−1(0) 

x – 25 = 0, 180°, 360° 

x = 25, 205°, 385° 

 

Example II 

Prove the following identities: 

(a)  
2

cos cos
cot

sin sin

B C
B C

B C







 

(b)  
2

cos cos
tan

sin sin

B C
B C

B C




 


 

(c)  
2 2

sin sin
cot tan

sin sin

B C B C
B C

B C

 





 

(d)  
2

sin sin
tan

cos cos

B C
B C

B C







 

Solution 

(a) 
cos cos

sin sin

B C

B C




 

)

2 2

)

2 2

2cos( )cos( )

2cos( )sin( )

B CB C

B CB C




  

2

2

2

cos

sin

cot( )

B C

B C

B C











 

(b)  
cos cos

sin sin

B C

B C




 

2 2

2 2

2

2

2

2

2sin sin

2sin cos

sin

cos

tan( )

cos cos
tan( )

sin sin

B C B C

B C B C

B C

B C

B C

B C
B C

B C

 

 















 


  



 

(c)  
sin sin

sin sin

B C

B C




 

2 2

2 2

2 2

2 2

2 2

2cos( )sin( )sin sin

sin sin 2sin( )cos( )

cos( ) sin( )

sin( ) cos( )

cot( ) tan( )

B C B C

B C B C

B C B C

B C B C

B C B C

B C

B C

 

 

 

 

 






 



 

(d)  
sin sin

cos cos

B C

B C




 

2 2

2 2

2

2sin cos

2cos cos

tan

B C B C

B C B C

B C

 

 







 

2

sin sin
tan

cos cos

B C
B C

B C




 

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Example IV 

Prove the following 

(a) sin x + sin 2x + sin 3x = sin 2x(2cosx + 1) 

(b) cos x + sin 2x – cos 3x = sin 2x(2sinx + 1) 

(c) cosθ – 2cos 3θ + cos 5θ = 2sinθ (sin 2θ – sin 4θ) 

(d) sin x – sin(x + 60) + sin(x + 120) = 0 

(e) 1 + 2cos 2θ + cos 4θ = 4cos2θ cos 2θ 

 

Solutions 
(a)   sin x + sin 2x + sin 3x  

= sin x + sin 3x + sin 2x 

= 2sin 3
2

x x cos 3
2

x x  + sin 2x 

= 2sin 2x cos(−x) + sin 2x 

= 2sin 2x cos x + sin 2x 

= sin 2x(2cos x + 1) 

  sin x + sin 2x + sin 3x = sin 2x(2cos x + 1) 

 

(b)  cos x + sin 2x – cos 3x  

= cos x – cos 3x + sin 2x 

= −2sin 3
2

x x sin 3
2

x x  + sin 2x 

= −2sin 2x sin(-x) + sin 2x 

= 2sin 2x sin x + sin 2x 

= sin 2x[2sin x + 1] 

  cos x + sin 2x – cos 3x = sin 2x[2sin x + 1] 

 

(c) cosθ − 2cos 3θ + cos 5θ  

= cos θ − cos3θ + cos 5θ − cos 3θ 

= −2sin 2θ sin(-θ) + −2sin 4θ sin θ 

= 2sin 2θ sin θ – 2sin 4θ sinθ 

= 2sin θ (sin 2θ – sin4θ) 

  cosθ − 2cos 3θ + cos 5θ =  2sin θ (sin 2θ – sin4θ) 

 

(d) sin x – sin(x + 60) + sin(x + 120) 

= sin x + sin(x + 120) – sin(x + 60) 

= 2sin(x + 60)cos -60 – sin(x + 60) 

= sin(x + 60) – sin(x + 60) 

= 0 

  sin x – sin(x + 60) + sin(x + 120) = 0 

 

(e)  1 + 2cos 2θ + cos 4θ 

Since cos 4θ  = cos22θ  − 1,  

  1 + 2cos 2θ + 2cos22θ – 1 

= 2cos 2θ + 2cos22θ  

= 2cos2θ [1 + cos 2θ] 

= 2cos 2θ [1 + 2cos2θ – 1] 

= 4 cos2θ cos 2θ  

   1 + 2cos 2θ + cos 4θ = 4 cos2θ cos 2θ  

 

Example V 

Solve the following equations for values of θ from 0° to 

180° inclusive 

(a) cos θ + cos 3θ  + cos 5θ = 0 
(b) sin θ  − 2sin 2θ + sin 3θ  = 0 
(c) sin θ + cos 2θ  − sin 3θ  = 0 
(d) sin 2θ  + sin 4θ + sin 6θ = 0 

(e) cos 1
2

θ + 2cos 3
2

θ + cos 5
2

θ = 0 

Solution 

(a)  cos θ + cos 3θ  + cos 5θ = 0 
cos θ + cos 5θ  + cos 3θ = 0 

2cos3 θ cos−2 θ  + cos3θ  = 0 

cos 3 θ(2cos2 θ  + 1] = 0 

Either cos 3θ  = 0 OR 

cos 2θ  = −
1

2
 

For cos 3θ = 0; 

3θ = cos−1(0) 

3θ = 90°, 270°, 450°, 630°, 810°, 990° 

  θ = 30°, 90°, 150°, 210°, 270, 330° 

   θ = 30°, 90°, 150° (for 0° ≤ θ ≤ 180°) 

For cos 2θ = −
1

2
; 

2θ = cos−1( 1
2
 ) 

2θ = 120°, 240°. 

θ = 60°, 120° 

 30°, 60°, 90°, 120°, 150° are the solutions to 

the equation cos 3θ + cos 3θ + cos 5θ = 0 

(b)  sin θ  − 2sin 2θ + sin 3θ  = 0 

sin θ + sin 3θ – 2sin 2θ = 0 

2sin 2θ cos(-θ) – 2sin 2θ = 0 

2sin 2θ cos θ – 2sin 2θ = 0 

2sin 2θ (cos θ – 1) = 0 

Either sin 2θ = 0 OR   cos θ = 1 

For sin  2θ = 0; 

2θ = sin−10 

2θ = 0°, 180°, 360° 

  θ = 0°, 90°, 180° 

(c)  sin θ + cos 2θ  − sin 3θ  = 0 

sin θ – sin 3θ + cos 2θ = 0 

2cos 2θ sin -θ + cos 2θ = 0 

cos 2θ(-2sin θ + 1) = 0 

cos 2θ = 0 OR sinθ = 
1

2
 

For cos 2θ = 0 

2θ = cos-10 

2θ = 90°, 270°, 450° 

 = 45°, 135° 

For sin θ = 
1

2
; 

θ = sin-1( 1
2

) 
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θ = 30°, 150° 
  30°, 45°, 135°, 150° are the solutions to the 

equation sin θ + cos 2θ  − sin 3θ  = 0 

(d)  sin 2θ  + sin 4θ + sin 6θ = 0 

(sin 2θ + sin 6θ) + sin 4θ = 0 

2sin 4θ cos -2θ + sin 4θ = 0 

2sin 4θ cos 2θ + sin 4θ = 0 

sin 4θ (2cos 2θ + 1) = 0 

For sin 4θ = 0; 

4θ = sin-10 

4θ = 0, 180, 360, 540, 720 

 = 0, 45, 90, 135, 180 

For 2cos 2θ + 1 = 0 

cos 2 θ = 
1

2
  

2θ = 120°, 240° 

θ = 60°, 120° 
   0°, 45°, 60°, 90°, 120°, 135°, 180° are the solutions 

to the equation sin 2θ  + sin 4θ + sin 6θ = 0 

(e)  cos 1
2

θ + 2cos 3
2

θ + cos 5
2

θ = 0 

cos 1
2

θ + cos 5
2

θ + 2cos 3
2

θ  = 0 

2cos 6
2
 cos(-θ) + 2cos 3

2
  = 0 

2cos 3
2
 (cos θ + 1) = 0 

cos 3
2
  = 0 

3

2


 = cos-1(0) 

3

2


 = 90, 270, 450 

    θ = 60, 180 

For (cosθ + 1) = 0; 

cos θ = −1 

θ = cos-1(−1) 

θ = 180 

  60, 180 are the solutions to the equation  

cos 1
2

θ + 2cos 3
2

θ + cos 5
2

θ = 0 

Example V 

Prove the following identities if A, B and C are taken to 

be angles of a triangle. 

(a) sin A + sin(B – C) = 2sin B cos C 

(b) cos A – cos (B – C) = -2cos B cos C 

(c) sin A + sin B + sin C = 4cos
2
A cos

2
B cos

2
C  

(d) sin 2A + sin 2B + sin 2C = 4sin A sin B sin C 

(e)  cos A + cos B + cos C – 1  

=
2 2 2

4sin sin sin CA B  

Solutions 

Sin A + sin(B – C) 

= 2sin
2

A B C  cos
( )

2

A B C 
 

= 2sin
2

A B C  cos
2

A C B   

But A + B + C = 180 

A + B + C – 2C = 180 – 2C 

A + B – C = 180 – 2C 

2

A B C 
 = 90 – C 

 sin
2

A B C   = sin(90 – C) 

= sin 90 cos C – cos 90 sin C 

= cos C 

A + B + C = 180 

A + C + B – 2B = 180 – 2B 

A + C – B = 180 – 2B 

cos
2

A C B   = cos 180 2
2

B  

cos
2

A C B   = cos(90 – B) 

 = cos 90 cos B + sin90 sin B 

 = sin B 

  sin A + sin(B – C) = 2sin B cos C 

(c) sin A + sin B + sin C 

= sin
2

A B cos
2

A B  + sin C 

= 2sin
2

A B cos
2

A B  + 2sin
2
C cos

2
C  

 But A + B + C = 180 

C = 180 – (A + B) 

2

C
 = sin (90 - 

2
A B ) 

sin 
2
C  = sin 90 cos

2
A B  - cos 90 sin

2
A B  

= cos
2

A B  

cos 
2
C  = cos(90 - 

2
A B ) 

cos
2
C  = cos 90 cos

2
A B  + sin 90 sin

2
A B  

= sin
2

A B  

 2cos
2
C cos

2
A B  + 2cos

2
A B cos

2
C   

= 2cos
2
C cos

2
A B +2cos

2
A B cos

2
C  

=  2 2 2
2cos cos cosC A B A B   

= 2cos
2
C [2cos

2
A cos

2
B ] 

= 4cos
2
A cos

2
B cos

2
C . 

sin A + sin B + sin C = 4cos
2
A cos

2
B cos

2
C . 

(d)   sin 2A + sin 2B + sin 2C. 

= 2sin(A + B) cos(A – B) + 2sin C cos C 

But A + B + C = 180 

C = 180 – (A + B) 
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 sin C = sin[180 – (A + B)] 

sin C = sin 180 cos (A + B) – cos 180 sin(A + B) 

sin C = sin(A + B) 

cos C = cos(180 – (A+B)) 

cos C = cos 180 cos(A + B) + sin 180 sin(A + B) 

= −cos(A + B) 

 2sin(A + B)cos(A – B) + 2sin C cos C  

= 2sin C cos (A – B) + 2sin C(-cos(A+B)) 

= 2sin C[cos(A – B) – cos(A + B)] 

= 2sin C[-2sin A sin –B] 

= 4sinA sin B sin C 

  sin 2A + sin 2B + sin 2C = 4sin A sin B sin C 

(e)  cos A + cos B + cos C − 1 

cos C = 2cos2
2
C  - 1  

cos C = 1 – 2sin2
2
C  

 2sin2
2
C  = 1 – cos C 

cos A + cos B + cos C – 1 = cos A + cos B – 2sin2
2
C  

= 2cos
2

A B cos
2

A B  − 2sin2
2
C  

A + B + C = 180 

2
C  = 90 – 

2
A B  

sin
2
C  = sin (90 – 

2
A B ) 

sin
2
C  = sin 90 cos

2
A B  - cos 90 sin

2
A B  

 sin
2
C  = cos

2
A B  

 2cos
2

A B cos
2

A B  - 2sin
2
C sin

2
C  

= 2cos
2

A B cos
2

A B  - 2sin
2
C cos

2
A B  

= 2sin
2
C cos

2
A B  - 2 sin

2
C cos

2
A B  

= 2sin
2
C [cos

2
A B  - cos

2
A B ] 

= 2sin
2
C [-2sin

2
A sin

2
B ] 

= 2sin
2
C [2sin

2
A sin

2
B ] 

= 4sin
2
A sin

2
B sin

2
C  

  cos A + cos B + cos C – 1 = 4sin
2
A sin

2
B sin

2
C  

Example VI  (UNEB 2007) 

Show that 
2sin 2sin 2 sin 3

tan
sin 2sin 2 sin 3 2

   

  

 
 

 
  

Solution 

 
sin 2sin 2 sin3

sin 2sin 2 sin3

  

  

 

 
 

3 sin 2sin 2

sin 3 sin 2sin 2

Sin   

  

 


 
 

3 3
2sin cos 2sin 2

2 2

3 3
2sin cos 2sin 2

2 2

   


   


    
   

   


    
   

   

2sin 2 cos 2sin 2

2sin 2 cos 2sin 2

  

  





 

 

 

2sin 2 cos 1

2sin 2 cos 1

 

 





 

cos 1 (1 cos )

cos 1 1 cos

 



  
  

 
 

But 2

2
cos 1 2sin     

 2

2
cos 2sin 1    

  
2

2

2

2

(1 (1 2sin ))(1 cos )

1 cos 1 2sin









   
 

 
 

2

2

2

2

2sin

2cos






  

2

2
tan    

 

Example VII (UNEB Question) 

Show that 



5tan

2cossin6cos3sin

2sinsin6sin3sin





.  

Solution 

 

 

2 2

2 2

sin 6 sin 3 sin 2 sin

cos6 sin 3 cos 2 sin

cos cos sin sin

1
sin sin cos cos

2

1
sin 6 sin 3 cos cos

2

A B A B

A B A B

A B

A B

A B

   

   

 

 

 






  


 


 

 

6
2

A B



  

A + B = 6θ …………………….. (i) 

3
2

A B



  

A – B = 6θ ……………………… (ii) 

Solving Eqn (i) and Eqn (ii) simultaneously; 

A = 9θ, B = 3𝜃 

 
1

sin 6 sin 3 cos9 cos3
2

   


   

sin 3 sin 6 sin sin 2

sin 3 cos6 sin cos 2

   

   



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1 1
2 2

1 1
2 2

1
2

1
2

(cos9 cos3 ) (cos3 cos )

(sin9 sin 3 ) (sin 3 sin )

(cos cos9 )

(sin9 sin )

2sin5 sin( 4 )

2cos5 sin 4

   

   

 

 

 

 

   

  













 

2sin 5 sin(4 )
tan 5

2cos5 sin 4

 


 
   

 

Example VIII (UNEB Question) 

If A, B, C are angles of the triangle, show that  

cos 2A + cos 2B + cos 2C = -1 − 4 cosA cos B cos C. 

Solution 

cos 2A + cos 2B + cos 2C 

2cos(A + B) cos(A – B) + 2cos2C – 1 

= -1 + 2cos(A + B) cos (A – B) + 2cos2C 

A + B + C = 180 

A + B = (180 – C) 

cos(A + B) = cos(180 – C) 

cos (A + B) = cos 180 cos C + sin 180 sin C 

  = -cos C 
  -1 + 2cos(A + B) cos (A – B) + 2cos2A 

= -1 – 2cos C cos(A – B) + 2cos2C 

= -1 – 2cos C[cos(A – B) − cos C] 

= -1 – 2cos C[cos(A – B) – cos C] 

cos C = -cos(A + B) 

= -1 – 2cos C[cos(A – B) + cos (A + B) 

= -1 – 4cos A cos B cos C. 

cos 2A + cos 2B + cos 2C = -1 − 4 cosA cos B cos C. 

Example IX (UNEB Question) 

Use the factor formula to show that 

 

 
 

sin 2 sin
tan

cos 2 cos

A B A
A B

A B A

 
 

 
 

Solution 

 

 

sin 2 sin

cos 2 cos

A B A

A B A

 

 
 

= 
2sin( )cos

2cos( )cos

A B B

A B B




 

sin( )

cos( )

A B

A B





 

= tan(A + B) 

 

 
 

sin 2 sin
tan

cos 2 cos

A B A
A B

A B A

 
 

 
  

UNEB 2008 

(i) Prove that 
cos cos

cot
sin sin 2

A B A B

A B

 



 

(ii) Deduce that 
cos cos

tan
sin sin 2

A B C

A B





where A, B and C are 

solution 

(i) 2 2

2 2

2cos coscos cos

sin sin 2sin cos

A B A B

A B A B

A B

A B

 

 





 

2

2

2

2 cos

2sin

cot

A B

A B

A B











 

(ii)     A + B + C = 1800 

      A + B =180 – C 

    
 

 
2

2

90
2 2

cos 90
cot

2 sin 90

c

c

A B C

A B


 






 

          

2 2

2 2

2

2

2

cos90cos sin 90sin

sin 90cos cos90sin

sin

cos

tan

c c

c c

c

c

c










 

2

cos cos
tan

sin sin

C
A B

A B


 


 

Example X (UNEB Question) 

Solve sinx – sin 4x = sin2x – sin3x for   x  

Solution 

sin x – sin 4x = sin 2x – sin 3x 

sin 3x + sin x = sin 4x + sin 2x 

       3 3 4 2 4 2

2 2 2 2
2sin cos 2sin cosx x x x x x x x     

  xxxx cos3sin2cos2sin2   

0cos3sincos2sin  xxxx  

  03sin2sincos  xxx  

Taking   cos = 0 

 0cos 1x  

2
,

2


x  

Taking sin 2x – sin 3x = 0 

sin 3x – sin 2x = 0  

3 2 3 2
2cos sin 0

2 2

x x x x    
   

   
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   5 1

2 2
cos sin 0x x   

Either 
5

cos 0
2

x
 

 
 

 

 0cos
2

5 1x  

5 3
,

2 2 2
x


    

3
,

5 5
x

 
    

Or  Sin  1

2
0x   

 1

0

1
sin 0 0,

2

0

x

x

  



 

 x = 0, 
3 3

, , , , ,
2 2 5 5 5 5

      
  are the solutions to the 

equation  

 

Relationship between sides of a triangle 
In a triangle ABC with angles A, B and C, we denote the 

side opposite these angles by their corresponding small 

letters a, b, and c respectively as shown in the figure 

below. 

 

The sine rule 

Let O be the centre of the circle circumscribing the 

triangle ABC with radius, R. 

 

 

 
From figure I, BCD = 90° 

Since this angle is subtended by the diameter,  

sin
2

a
A

R
   from figure I. 

2
sin

a
R

A
   …………………. (i) 

From figure II; 

sin C = 
2

c

R
  

2
sin

c
R

C
  ……………………… (ii) 

From figure III; 

sin
2

b
B

R
  

2R = 
sin

b

B
 …………………….. (iii) 

Equating equations (i), (ii), and (iii) 

2
sin sin sin

a b c
R

A B C
     

This is the sine rule 

The Cosine rule 
Consider a triangle ABC. Assume angle A is acute. 

a 

c 
b 

D 

C B 

A 

2R O 

A 

Figure I 

A 

c 

a b 

A 
A 

B 
B 

C 

C 

b 

a 
c 

D 

A C 

B 

2R O 

B 

Figure III 

B 

c 

b 
a 

D 

B A 

C 

2R O 

C 

Figure II 

C 
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Considering the right-angled triangle BDA, 

x2 + h2 = c2 …………………..…. (i) 

from the  right-angled triangle BCD, 

a2 = (b – x)2 + h2 

a2 = b2 – 2bx + x2 + h2 ………….. (ii) 

From Eqn (i); 

h2 = c2 – x2 …………………..…. (iii) 

Substituting Eqn (iii) in Eqn (ii) 

a2 = b2 – 2bx + x2 + c2 – x2 

a2 = b2 – 2bx + c2 ……………….. (iv) 

From triangle ABD; 

cos
x

A
c

  

x = c cos A …………..………….. (v) 

Substituting Eqn (v) into (iv) 

 a2 = b2 – 2bc cos A + c2 

  a2 = b2 + c2 – 2bc cos A 

 

Application of cosine and sine rules 

Example I 

Prove that in a triangle ABC, 
2 2

2

sin( )

sin( )

a b A B

c A B

 



 

Solution 

From the sine rule; 2
sin sin sin

a b c
R

A B C
    

a = 2R sin A, b = 2R sin B and c = 2R sin C 
2 2 2 2

2 2

4 sin 4 sin

4 sin

R A R B

R C


 

2 2

2

sin sin

sin

A B

C


 

(sin sin )(sin( sin )

sin sin

A B A B

C C

 
 

A + B + C = 180 

C = 180 – (A + B) 

sin C  = sin(180 – (A + B)) 

sin C = sin 180 cos (A+B) – cos 180 sin (A+B) 

 = sin (A + B) 

2

(sin sin )(sin sin )

[sin( )]

A B A B

A B

 


  

= 
  

2 2 2 2

2 2

2sin cos 2cos sin

2sin cos sin( )

A B A B A B A B

A B A B A B

   

 




 

2 2
2sin cos

sin( )

A B A B

A B

 




 

= 
sin( )

sin( )

A B

A B




 

Example II 

Prove that in any triangle ABC, 
2 2 2

2 2 2

a b c

a b c

 

 
= tanB cot C 

Solution 

From the cosine rule; 

a2 = b2 + c2 – 2bc cosA ……………… (i) 

b2 = a2 + c2 – 2ac cos B ……………… (ii) 

c2 = a2 + b2 – 2ab cos C ……………… (iii) 

From Eqn (i); 

2ac cos B = a2 + c2 – b2 

From Eqn (iii); 

2ab cos C = a2 + b2 – c2 
2 2 2

2 2 2

2 cos

2 cos

cos

cos

a b c ab C

a b c ac B

b C

c B

 


 



 

But from the sine rule; 

sin sin sin

a b c

A B C
   

a = 2R sinA, b = 2R sin B, and c = 2R sin C 

 

cos 2 sin cos

cos 2 sin cos

sin cos

cos sin

b C R B C

c B R C B

B C

B C

 

 

 

 = tan B × cot C 
2 2 2

2 2 2

a b c

a b c

 


 
= tanB cot C 

Example III 

Prove that in any triangle ABC, 
2 2

tan cotB C b c A
b c

 


  

Solution 

2
cotb c A

b c



 

From the sine rule; 2
sin sin sin

a b c
R

A B C
    

a = 2R sin A, b = 2Rsin B, c = 2R sin C 

2

2 sin 2 sin
cot

2 sin 2 sin

A
R B R C

R B R C





 = 

2

sin sin
cot

sin sin

A
B C

B C




 

h 
a 

b – x  C 

B 

A 
x 

c 

D 
A 
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= 2 2 2

2 2 2

2cos sin cos

2sin cos sin

B C B C A

B C B C A

 

 
 

But A + B + C = 180 

A = 180 – (B + C) 

90
2 2

A B C
   

cos
2
A  = cos(90 – 

2
B C ) 

= cos 90 cos
2

B C  + sin 90 sin
2

B C  

= sin
2

B C  

 sin
2
A  = sin(90 –  

2
B C ) 

= sin 90 cos
2

B C  − cos 90 sin
2

B C  

= cos 
2

B C  

2 2 2

2

2 2 2

2cos sin sin
tan

2sin cos cos

B C B C B C
B C

B C B C B C

  


  
   

2 2
tan cotB C A

b c

b c




 


 

Example IV 

Prove that in any triangle ABC, 

cosec ( )

cosec cosec 

bc B C

ab ac B C




 
 

Solution 

From the sine rule, 
sin sin sin

a b c

A B C
   = 2R 

a = 2R sinA, b = 2R sin B, and c = 2R sin C 

2 sin 2 sin

(2 sin )(2 sin ) (2 sin )(2 sin )

bc R B R C

ab ac R A R B R A R C




 
 

= 
2

2 2

4 sin sin

4 sin sin 4 sin sin

R B C

R A B R A C
 

= 
sin sin

sin sin sin sin

B C

A B A C
 

= 
sin sin
sin sin

sin sin sin sin
sin sin sin sin

B C
B C

A B A C
B C B C


 

= 
sin sin
sin sin

1
A A
C B


 

= 
1 1

sin sin

1

sin ( )
C B

A 
 

= 
1

sin (cosec cosec )A B C
 

= 
1 1

sin (cosec cosec )A B C



 

From triangle ABC; 

A + B + C = 180 

A = 180 – (B + C) 

sin A = sin(180 – (B + C)) 

= sin 180 cos B + C – cos 180 sin(B + C) 

= sin (B + C) 

1 1 cosec ( )

sin( ) (cosec cosec ) cosec cosec 

B C

B C B C B C


  

  
 

cosec ( )

cosec cosec 

bc B C

ab ac B C


 

 
 

 

Area of a triangle 
Let D denote the area of a triangle ABC, then  

D = 
1

sin
2

bc A  

2 2

1
2sin cos

2

A AD bc    

D = bc sin 
2
A  cos

2
A  

S = 
2

a b c 
 

Where S is the semi perimeter. 

From the cosine rule, a2 = b2 + c2 – 2bc cos A 

cos A = 
2 2 2

2

b c a

bc

 
 

cos A = 1 – 2 sin2
2
A  

sin2
2
A  = 

1 cos

2

A
 

sin2
2
A  = 

2 2 21
1

2 2

b c a

bc

  
 

 
 

sin2
2
A  = 

2 2 21 2

2 2

a b c bc

bc

   
 
 

 

sin2
2
A  = 

2 21 ( )

2 2

a b c

bc

  
  

 
 

2

( )( )
sin

4

A
a b c a c b

bc

   
  

a + b + c = 2s 

a + b – c = a + b + c – 2c 

= 2 s – 2c 

= 2(s – c) 

a + c – b = a + b + c – 2b 

= 2 s – 2b 

= 2(s – b) 

2

2( )2( )
sin

4

A
s c s b

bc

 
  

2

( )( )
sin A

s b s c

bc

 
  

From the cosine rule, a2 = b2 + c2 – 2bc cos A 

cos A = 
2 2 2

2

b c a

bc

 
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cos A = 2 cos2
2
A  − 1 

cos2
2
A  = 

1

2
(1 + cos A) 

2 2 2
2

2

2 2
2

2

2

2

2

1 2
cos

2 2

1 ( )
cos

2 2

( )( )
cos

4

( )( )
cos

4

A

A

A

A

bc b c a

bc

b c a

bc

b c a b c a

bc

b c a b c a

bc

   
  

 

  
  

 

   


   


 

a + b + c = 2s 

b + c – a = a + b + c – 2a 

= 2s – 2a 

= 2(s – a) 

2

2 2( ) ( )
cos

4

A
s s a s s a

bc bc

  
   

From the area of a triangle D; 

D = bc sin
2
A cos

2
A  

2

( )( ( )
cos

( )( )( )

( )( )( )

A
S b S c S S a

bc
bc bc

S S a s b S c
bc

bc

S S a S b S c

  
 

  


   

 

The area of a triangle is ( )( )( )S S a S b S c    

This is called the Heron formula named after the Greek 

Mathematician Heron 

 

Differentiation and integration of 
trigonometric functions 

Function Differentiate Integrate 

Sin x Cos x −cosx 

cos x -sinx sin x 

Sin ax a cos ax 1

a


cos ax 

cos ax -a sin ax 1

a
sin ax 

sin 3x 3 cos 3x 1

3


cos 3x 

cos 3x −3 sin 3x 1

3
sin 3x 

Differentiation of trigonometric functions 

Example I 

Differentiate the following 

(a) sin 6x 

(b) −3 cos 5x 

(c) −4 sin 3
2

x 

(d) sin x2 

(e) 2sin 1
2

(x + 1) 

Solutions 

(a)   y = sin 6x 

6cos6
dy

x
dx

  

(b)  −3 cos 5x  

y = −3 cos 5x  

 3 5( sin 5 )

15sin 5

dy
x

dx

dy
x

dx

  



 

(c)  −4 sin 3
2

x 

y =  −4 sin 3
2

x  

3
2

3
2

3
4 cos

2

6cos

x

x

dy

dx
  

 

 

(d)   sin x2 

y = sin x2 

22 cos
dy

x x
dx

  

(e)  2sin 1
2

(x + 1) 

y = 2sin 1
2

(x + 1) 

1
2

1
2

1
2 cos ( 1)

2

cos ( 1)

dy
x

dx

dy
x

dx

  

 

 

Example II 
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Differentiate the following 

(a) sin2x 

(b) 4cos2x 

(c) cos3x 

(d) 2sin3x 

(e) 3 sin42x 

(f) sin2x  

Solutions 

(a)  sin2x 

y = sin2x  

2sin (cos )
dy

x x
dx

  

(b)  4cos2x  

y = 4cos2x  

8cos ( sin )

8sin cos

8sin cos

dy
x x

dx

x x

dy
x x

dx

 

 

 

 

(c)  cos3x  

y = cos3x 

2

2

3(cos )( sin )

3cos sin

dy
x x

dx

dy
x x

dx

 

 

 

(d)   2sin3x  

y =  2sin3x  

26sin (cos )
dy

x x
dx

  

26sin (cos )
dy

x x
dx

  

(e)  3 sin42x  

y = 3 sin42x  

3

3

12sin 2 (2cos 2 )

24sin 2 cos 2

dy
x x

dx

dy
x x

dx





 

(f)  sin2x  

1
2

1
(sin 2 ) 2cos 2

2

cos 2

sin 2

dy
x x

dx

x

x



 



 

Example II 

Differentiate the following 

(a) x cos x 

(b) x sin 2x 

(c) x2sin x 

(d) 
sin

x

x
 

(e) 
2

cos

x

x
 

(f) 
cos 2x

x
 

Solutions 

(a)   y = x cos x 
From y = uv; 

dy dv du
u v

dx dx dx
   

dy

dx
 = x(-sinx) + cos x 

dy

dx
 = -x sin x + cos x 

(b)  x sin 2x  

y = x sin 2x  

dy

dx
 = x .2cos 2x + sin 2x.1 

dy

dx
 = 2x cos 2x + sin 2x 

(c)  x2sin x  

y = x2sin x 

dy dv du
u v

dx dx dx
   

dy

dx
 x2cos x + (sin x) 2x 

dy

dx
 x2 cos x + 2x sin x 

(d)  
sin

x

x
 

y = 
sin

x

x
 

y = 
u

v
 

2

2

sin

sin 1 cos

(sin )

du dv
dx dx

v udy

dx v

x
y

x

dy x x x

dx x






 

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2

sin cos

(sin )

dy x x x

dx x


  

(e)  
2

cos

x

x
 

y = 
2

cos

x

x
 

From y = 
u

v
; 

2

du dv
dx dx

v udy

dx v


  

2

cos

x
y

x
  

2

2

2

2 2

cos 2 ( sin )

(cos )

2 cos sin

cos

dy x x x x

dx x

dy x x x x

dx x

  





 

(f)   
cos 2x

x
 

y = 
cos 2x

x
 

From y = 
u

v
; 

2

du dv
dx dx

v udy

dx v


  

2

2

2sin 2 cos2

2 sin 2 cos2

dy x x x

dx x

dy x x x

dx x





 





 

Derivatives of tan x, cot x, sec x, and cosec x 

(i)  
d

dx
(tan x) = sec2x 

d

dx
(sec x) = sec x tan x 

d

dx
(cot x) = -cosec2 x) 

d

dx
(cosec x) = -cosec x cot x 

Proofs 

d

dx
(tan x) = 

sin

cos

d x

dx x

 
 
 

 

= 
2

cos (cos ) sin ( sin )

(cos )

x x x x

x

 
 

= 
2 2

2

cos sin

cos

x

x


 

= 
2

1

cos x
 

d

dx
 (tan x) = sec2x 

d

dx
(cot x) = 

cos

sin

d x

dx x

 
 
 

 

= 
2

sin ( sin ) cos (cos )

(sin )

x x x x

x

 
 

= 
2 2

2

sin cos

sin

x x

x

 
 

= 
2 2

2

(sin cos )

sin

x x

x

 
 

= -cosec2 x 

d

dx
 = -cosec2 x 

(iii)   
d

dx
(sec x) 

= 
1

cos

d

dx x

 
 
 

 

2

cos 0 1( sin )

cos

dy x x

dx x

 
  

2

sin

cos

x

x
  

= 
1 sin

cos cos

x

x x
  

= sec x tan x 

d

dx
 (sec x) = sec x tan x 

1
cosec 

sin

d d
x

dx dx x

 
   

 
 

2

2

sin 0 1 cos )

(sin )

cos

sin

cos 1

sin sin

x x

x

x

x

x

x x

  





 

 

= -cot x cosec x 

Example I 

Differentiate the following 

(a) tan 2x 

(b) cot 3x 

(c) 2cosec 1
2

x 
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(d) –tan (2x + 1) 

(e) 
1

3
sec(3x – 2) 

(f) tan x  

Solution 

(a)   tan 2x 

y = tan 2x  

dy

dx
 2sec22x 

(b)   cot 3x 

y = cot 3x 

dy

dx
 3(-cosec2 3x) 

 = -3cosec23x 

(c)   2cosec 1
2

x  

 y = 2cosec 1
2

x 

 1 1
2 2

1
2 cosec cot

2

dy
x x

dx
     

 1 1
2 2

cosec cot
dy

x x
dx

   

(d)  –tan (2x + 1)  

y = –tan (2x + 1)  

dy

dx
= -2sec2(2x + 1) 

(e)    
1

3
sec(3x – 2) 

y =  
1

3
sec(3x – 2) 

1
3sec(3 2) tan(3 2)

3

dy
x x

dx
     

dy

dx
= sec(3x – 2) tan(3x – 2) 

(f)  tan x  

y = tan x  

1
2 2

2

1
sec

2

sec

2

dy
x x

dx

dy x

dx x







 

Example II 

Differentiate the following: 

(a) x tan x 

(b) sec x tan x 

(c) x2cot x 

(d) 3x cosec x 

(e) cosec x cot x 

(f) 
tan x

x
 

Solutions 

(a)   x tan x 
y = x tan x 

dy

dx
 = x sec2x + (tan x).1 

dy

dx
 = x sec2x + tan x 

(b)   sec x tan x 

y = sec x tan x 

dy

dx
 = sec x sec2x + tan x  (sec x tan x) 

dy

dx
 = sec3x + tan2xsec x. 

(d)     3x cosec x 

y = 3x cosec x 

dy

dx
 = 3x(-cosec x cot x) + cosec  3 

dy

dx
 = -3x cosec x cot x + 3cosec x 

(e)   cosec x cot x 

y = cosec x cot x  

dy

dx
 = cosec x  -cosec2x + (cot x)(-cot x cosec x) 

dy

dx
= cosec3x – cot2xcosec x 

Example III 

Differentiate the following  

(a) tan2x 

(b) sec2x 

(c) 3cosec2x 

(d) –tan22x 

(e) 
1

2
cot23x 

(f) tan x  

(g) -2cosec4 x 

Solution 

(a)   tan2x 

    y = tan2x 
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dy

dx
 = 2tan x(sec2x) 

dy

dx
 = 2sec2x tan x 

(b)   sec2x 

    y = sec2x 

dy

dx
 = 2sec x(sec x tan x) 

dy

dx
 = 2sec2x tan x 

(c)   3cosec2x 

    y = 3cosec2x  

dy

dx
 = 3 × 2cosec x(-cosec x cot x) 

dy

dx
 = -6cosec2xcot x 

(d)   -tan22x 

y = -tan22x 

dy

dx
 = -2(tan 2x)(2sec22x) 

dy

dx
= -4sec22x tan 2x 

(e)  
1

2
cot23x 

y = 
1

2
cot23x  

dy

dx
 = 

1

2
 × 2 cot 3x(-3cosec23x) 

= -3cosec23xcot 3x 

(f)   tan x  

1
2 2

2

1
(tan ) sec

2

sec

2 tan

dy
x x

dx

dy x

dx x



 



 

(g)   -2cosec4x 

   y = -2cosec4x 

dy

dx
 = -8cosec3x(-cosec x cot x) 

dy

dx
 = 8cosec4 x cot x 

Integration of Trigonometric functions 

Integration is the process of obtaining a function from its 

derivative 

Note: 
1

cos ax dx
a

 sin (ax) + c 

1
sin ax dx

a


 cos(ax) + c   

Example I 

Integrate the following 

(a) cos 3x 
(b) sin 3x 
(c) cos(3x – 1) 
(d) sin(2x + 1) 
(e) 6 cos 4x 

Solution 

(a)   cos 3x 

y =  cos 3x  

cos3y dx x dx   

= 
1

sin 3
3

x c  

1
cos3 sin 3

3
x dx x c   

(b)   
1

sin 3
3

x dx  sin 3x + c 

= 
1

3


cos 3x + c 

(c)   
1

cos(3 1)
3

x dx  sin(3x – 1) + c 

(d)  sin(2 1)x  dx = 
1

2


cos(2x + 1) + c 

(e)   6cos 4x dx = 6 cos 4x dx 

= 
1

6 sin 4
4

x
 
 
 

 + c 

= 
3

2
sin 4x + c 

Example 

Integrate the following 

(a) sec22x 

(b) 3sec x tan x 

(c) –cosec2 1
2

x 

(d) 
1

3
cosec 3x cot 3x 

(e) 2sec2x tan x 
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(f) 
2

sin

cos

x

x
 

(g) 
2

1

sin 2x
 

(h) 
2

cos 2

sin 2

x

x
 

Solution 

Note: 
d

dx
(tan x) = sec2x 

2sec x dx   = tan x + c 

(sec )
d

x
dx

 = sec x tan x 

sec tanx x dx   = sec x + c 

(cot )
d

x
dx

 = -cosec2x 

2cosec x dx  = -(cot x) + c 

(cosec )
d

x
dx

 = -cosec x cot x 

cosec cotx x dx  = -cosec x + c 

 (a)   
2sec 2x dx  

Let u = 2x 

 du = 2dx 

dx = 
2

du
 

2

2

2 sec
2

1
sec

2

1
tan

2

1
t

sec

an(2 )
2

2
du

dx u

u du

u c

x c

x  



 

 

 


 

(b)  3sec tanx x dx  

3 sec tanx x dx   

 = 3 sec x + c 

(c)    
2 1

2
cosec x dx

  

Let u = 
1

2
x  

1

2

du

dx
  

dx = 2 du 

 

2 21
2

2

1
2

cosec cosec (2 )

2 cosec

2 cot

2cot

x dx u du

u

u c

x c

  

 

 

 

 

  

(d)   1
3
cosec 3 cot 3x x dx  

Let u = 3x 

du = 3 dx 

3

du
dx   

1
3
cosec 3 cot 3x x dx  = 

1
cosec 3 cot 3

3
x x dx  

= 
1

cosec cot
3 3

du
u u   

= 
1

cosec cot
9

u u du  

= 
1

9
(-cosec u) + c 

= 
1

9


cosec 3x + c 

(e)  
22 tse anc x x dx  

Consider 
d

dx
(sec2x) = 2sec x(sec x tan x) 

= 2 sec2x tan x 
22sec tanx x dx   = sec2x + c 

(f)   
2

sin

cos

x
dx

x  

sin 1

cos cos

tan sec

x
dx

x x

x x dx

 







 

= sec x + c 

(g)   
2

1

sin 2x
 = 2cosec 2x dx  

Let u = 2x 

du = 2 dx 

2

du
dx   
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2 2

2

cosec 2 cosec
2

1
cosec

2

1
cot

2

1
cot 2

2

du
x dx u

u

u c

x c

 




 


 

 


 

(h)   
2

cos 2

sin 2

x

x
 

cos 2 1

sin 2 sin 2

cot 2 cosec 2

x
dx

x x

x x dx

 







 

Let u = 2x 

du = 2 dx 

2

du
dx   

cot cosec 
2

du
u u   

1
cosec cot

2

1
( cosec )

2

1
cosec2

2

u u du

u c

x c



  


 



 

 

Example III 

Evaluate the following 

(a) 
2

0
sin 2x dx



  

(b) 
6

3

2sec x dx


  

(c) 2

0
sin x dx



  

Solution 

(a)     
2

0
sin 2x dx



  

 

2

0

2

1
cos 2

2

1 1
cos 2 cos0

2 2

1 1
( 1)

2 2

1

x





 
  
 

 
 


  



 

(b)   
6

3

2sec x dx


  

 

   

 

6

3

6 3

tan

tan tan

1
3

3

1
3

3

3 4 3
3

3 3

x




 







 

  

 

  

 

(c)   2

0
sin x dx



  

From cos 2x = 1 – 2sin2 x 

sin2x = 
1

2
(1 – cos 2x) 

 

2

0
0

0

1
sin (1 cos 2 )

2

1 1
sin 2

2 2

1 1
sin 2 (0 0)

2 2

1

2

1

2

x dx x dx

x x






 





 

 
  

 

  
     

  





 

 

Example 

A particle moves in a straight line such that its velocity in 

m/s after passing through a fixed point O is 3cos t – 2sint. 

Find: 

(a) Its distance from O after 1
2
 s 

(b) Its acceleration after π s 
(c) The time when its velocity is first zero. 

Solution 

V = 3cos t – 2 sin t 

dS

dt
= 3cos t – 2 sin t 

dS = (3cos t – 2sin t) dt 

S = 3 sin t + 2 cos t + c 

When t = 0, S = 0 

0 = 3 sin(0) + 2 cos (0) + c 

-2 = c 

 S = 3 sin t + 2 cos t – 2. 

When t = 1
2
 , 
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S = 3sin
2
  + 2 cos

2
  - 2 

S = 3 – 2 

S = 1 m 

V = 3 cost – 2 sin t 

a = 
dV

dt
 = -3 sin t – 2cos t 

a = 
dV

dt 

 = -3 sin π – 2 cos π 

= 2 m/s2 

 a = 2 m/s2 

V = 3cos t – 2 sin t 

3 cos t – 2 sin t = 0. 

R = cos(t + α) = 0 

R = 
2 23 2 13   

13 cos(t + α) = 0 

13 cos(t + 33.7) = 0 

cos(t + 33.7) = 0 

t + 33.7 = cos-10 

t + 33.7 = 90 

t = 56.3 

t = 
56.3

180


 

t = 0.983 s 

Revision Exercise 
1. Solve the following for all values of x from 0° to 360°. 

(a) 
1

sin
2

x   

(b) 
1

cos
2

x


  

(c) tan x = 1 

(d) tan x = –1 

(e) sin x = 
3

2


 

(f) cos x = 
1

2
 

2. Solve the following equations for values of x from -

180° to 180° 

(a) 
1

sin
2

x


  

(b) 
1

cos
2

x   

(c) 
3

sin
2

x   

(d) tan 3x   

(e) 
1

cos
2

x


  

(f) 
3

cos
2

x


  

3. Solve the following equations for all values of x from 

0° to 360° 

(a) 
1

sin
2

x


  

(b) cos x = -0.7 

(c) tan x -0.75 

(d) cos2x = 
1

4
 

(e) sin x = 2cos x 

(f) 2sin x – 3cos x = 0 

(g) sin 2x = 
3

2


 

(h) cos 2x =  
1

2
 

(i) sin(x + 20) = 
3

2


 

(j) tan(x – 30) = 1 

(k) 3(cos x – 1) = -1 

(l) sin x (1 – 2cos x) = 0 

(m) cos x(2sin x + cos x) = 0 

(n) 2sin x cos x + sin x = 0 

(o) 4sin x cos x = 3cos x 

(p) 4cos2x + cos x = 0 

(q) tan x = 4 sin x 

(r) (2sin x – 1)(sin x + 1) = 0 

(s) 2sin2x – sin x – 1 = 0 

(t) 2tan2x – tanx – 6 = 0 

(u) 2tan x – 
1

tan x
 = 1 

Solve the following equations for all values of x from  

-180° to 180° 

1. cos2x = 
3

4
 

2. sin 2x = 2cos 2x 

3. cos(x – 20) = 
1

2


 

4. cos x(sin x – 1) = 0 

5. 3sin2x = 2sin x cos x 

6. 2cos2x – 5cos x + 2 = 0 
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7. Factorise the expression 6sinθ cosθ + 3cosθ + 4sinθ 

+ 2. Hence solve 6sinθ cosθ + 3cosθ + 4sinθ + 2 = 0 

for -180° ≤  180° 

8. Factorise the equation 3sinθ cosθ – 3sinθ + 2cosθ – 

2. Hence solve 3sinθ cosθ – 3sinθ + 2cosθ = 2. 

9. Without using tables or calculator, find the values of: 

(a) sec 45° 

(b) cot 45° 

(c) cosec 30 

(d) sec 60° 

(e) cosec 135° 

(f) sec 120° 

(g) cosec 330° 

(h) sec 240° 

(i) cot -135° 

(j) sec -60° 

(k) sec(-120°) 

(l) cosec 315° 

10. Simplify the following expression: 

(a) (1 sin )(1 sin )A A   

(b) cosecθ tanθ 

(c) 
2 2

1 1

sin cos 
  

(d) cot
21 cos   

11. Prove the following identities 

(a) sinθ tanθ + cosθ = secθ 

(b) cosecθ – sinθ = cotθ cosθ 

(c) (sinθ + cosθ)2 + (sinθ – cosθ)2θ = 2 

(d) (sinθ + cosecθ)2 = sin2θ + cot2θ + 3θ 

(e) cot4θ + cot2θ = cosec4θ – cosec2θ 

(f) 
1 cos

1 cos








 = cosecθ – cotθ  

(g) 
sin 1 cos

1 cos sin

 

 





 = 2cosecθ 

(h) 
cosec

cos tan



 
 = cotθ 

(i) 
sin 2

1 cos 2




 = tanθ 

(j) 
sin sin

1 cos 1 cos

 

 


 
 = 2cosecθ 

(k) cos4x – sin4x = cos2x 

(l) cos A + cos(B + C) = 0 

(m) 
2

2

cos

1 cot




= 2cosθ 

12. Prove the following identities: 

(a) 2cosec 2θ  = cosecθ secθ 

(b) tan A + cot A = 2coesec 2A 

(c) 
2

2

1 tan

2 tan

A

A




 = sec 2A 

(d) cot 2A = cosec 2A – tan A 

(e) 
sin 2

1 cos 2




 = cotθ 

(f) tanθ – cotθ = -2cot 2θ 

13. Prove the following identities: 

(a) 
1 cos 2

1 cos 2








 = tan2θ 

(b) tan 3θ = 
3

2

3tan tan

1 3tan

 






 

(c) 
sin sin 2

1 cos cos 2

 

 



 
 = tan θ 

14. Eliminate θ from each of the following pairs of 

relationships 

(a) x = sin θ , y = cos θ  

(b) x = 3sin θ ,   y = cosec θ  

(c) 5x = sin θ,    y = 2cos θ 

(d) x = 3 + sin θ,     y = cos θ 

(e) x = 2 + sin,   cos θ = 1 + y. 

15. Solve the following equations for all values of θ 

from -180° to 180°. 

(a) 4 – sin θ = 4cos2 θ 

(b) sin2θ + cos θ + 1 = 0 

(c) 5 – 5cos θ = 3sin2θ 

(d) 8tan θ = 3cos θ 

(e) sin2θ + 5cos2θ = 0 

(f) 1 – cos2θ = -2sin θ cos θ 

16. Solve the following equations from 0° to 360° 

(a) sec θ = 2 

(b) cot 2θ = 
2

5


 

(c) 3cot θ = tan θ 

(d) 2sin θ = -3cot θ 

(e) 2sec2θ – 3 + tan θ = 0 

17. If A + B + C = 180°, prove that  

cos2A + cos2B + cos2C = 1 – cosAcosBcosC 

18. Prove that sin 3A = 4sinAsin(60 + A)sin(60 – A) 

19. Show that in a triangle ABC, if 2S = a + b + c, then  

1 – tan
2
A  + tan

2
B  = 

C

A
 

20. Prove that in any triangle ABC,  

(a + b + c)(tan
2
A  + tan

2
B ) = 2c cot

2
C . 

21. Prove that in any triangle  

ABC, 
a b c

a b c

 

 
 = tan

2
A tan

2
B  

22. From a point A, a light wind due to north of A has an 

elevation α from a point B, due west of A. The angle 
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of elevation is β. Prove that the angle of elevation 

from the midpoint of AB. is 

1

2 2

2
tan

3cot cot 


 
 
  

 

23. Solve: 4cos α – 3sin α = 2 

24. Solve the equation 15cos2θ + 20sin2θ + 7 = 0 

25. Find all the possible values of x that satisfy 

1 1tan 3 tan
4

x x
    

26. Prove that 
sin8 cos sin 6 cos3

tan 2
cos 2 cos sin 3 sin 4

   


   





 

27. Solve the equation 2

2 2
2cos ( ) 3cos( )x x     = 0 

for 0 ≤ x ≤ 2π. 

28. Solve cos4x + sin4x = 
7

8
 for 0 ≤ x ≤ 

2


. 

29. Find the value of x for 3cos2x – 8cosx + 4 = 0 

30. Show that 

2
1 sin cos 1 cos

1 sin cos 1 cos

  

  

   
 

   
 

31. Prove that 
tan cot

1 tan cot
1 cot 1 tan

 
 

 
   

 
 

32. Solve the equation cos x – cos 4x = cos 2x – cos 3x 

for –π ≤ x ≤ π. 

33. Given that y = 4cos x – 6sin x. Express y in the form 

Rcos(x + α), where R is a constant. Find the 

maximum and minimum value of y. 

34. Express (45° + x) in terms of tan x. Hence or 

otherwise express tam 75° in the form a + b 3 . 

35. Given sin x = 
4

5


, where 180° ≤ x ≤ 270, find 

without using tables or calculator the value of tan 3x. 

36. Show that: 

(a) 1 11 1
tan sin

3 45

    

(b) 1 11 1
2 tan tan

3 7 4

    

(c) cos-1x + sin-1x = 
2


 

37. Solve the equation 

(a) tan-1(2x + 1) + tan-1(2x – 1) = tan-12 

(b) tan-1(1 + x) + tan-1(1 – x) = 32 

(c) cos-1x + cos-1x 8  = 
2


 

(d) 12sin sin 2
2 2

x
x

   

38. Without using tables or calculator, evaluate 

1 1 11 1 1
tan tan tan

2 5 5

     
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SYMBOLS
± plusorminus
= isequalto
≠ isnotequalto
≃ isapproximatelyequalto
< islessthan
≤ islessthanorequalto
> isgreaterthan
≥ isgreaterthanorequalto
√ positivesquareroot
⇒ impliesthat
: suchthat
∴ therefore
∝ isproportionalto
|A| determinantofamatrixA
|a| modulusofavectora
∑ thesum of
i,j,k unitvectorsindirectionofx-,y-andz-axes
̂
a unitvectorindirectionofa

a⦁b scalarproductofaandb
→ tendsto
δorΔsmallchangeorsmallincrement
g acceleration due to gravity (taken as

9∙8m s-2otherwisestated)
ω angularvelocity
lnx thenaturallogarithm ofx,log

e
x

μ coefficientoffriction
λ angleoffriction
̇
x firstderivativewithrespecttotime

̈
x secondderivativewithrespecttotime
dy

dx
thederivativeofywithrespecttox

∫ydxtheindefiniteintegralofywithrespecttox
∫b

a
ydxthedefiniteintegralofywithrespecttox

∞ infinity

TheGreekAlphabet

LettersName LettersName LettersName
Α α alpha Ι ι iota Ρ ρ rho

Β β beta Κ κ kappa Σ σ sigma

Γ γ gamma Λ λ lambda Τ τ tau

Δ δ delta Μ μ mu Υ υ upsilon

Ε ε epsilon Ν ν nu Φ φ phi

Ζ ζ zeta Ξ ξ xi Χ χ chi
Η η eta Ο ο omicron Ψ ψ psi

Θ θ theta Π π pi Ω ω omega

MECHANICS
Mechanicsisthemathematicalstudyofforces

andeffectsofforces.Aforcemaybecompletely
specifiedbystatingitsmagnitude,itsdirection
andeitheritspointofapplicationoritslineof
action. Thus force is a vector quantity,
associatedwithaparticularpointorlineinspace.
Hencevectorswillalsobeconsidered.Theeffect
ofaforceistosetabodyinmotionortochange
thespeedanddirectionofitsmotion.Ifforces
actonastationarybody,thenthebodyissaidto
beinequilibrium undertheactionoftheforces.

Mechanicsisdividedintothreebranches:

1. Kinematics:Thisisthestudyofmotionofa
particle orbody withoutreference to the
forces involved. It is the study of
displacement,velocityandacceleration.

2. Statics:Thisisthestudyofforcesthatact
onabodyatrest.

3. Dynamics:Thisisthestudyofforcesthat
actonabodyinmotion.

Inmechanicsabodyisanobjecttowhichaforce

canbeapplied.

Arigidbodyisabodywhoseshapeisunaltered

byanyforceappliedonit.

Aparticleisabodywhosedimensions,except

mass,arenegligible.

Alaminaisaflatbodyhavingareabutnegligible

thickness.

Ahollowbodyisathree-dimensionalshellhaving

negligiblethickness.

Drawingforcediagrams

Drawingaclearforcediagram isanessential
firststepinthesolutionofanyproblem in
mechanicswhichisconcernedwithactionof
forcesonabody.

Thefollowingimportantpointsshouldbe
rememberedwhendrawingforcediagrams
1.Make the diagram large enough to show

clearlyalltheforcesactingonthebodyto
enable any necessary geometry and
trigonometrytobedone.

2.Show onlyforcesactingonthebodybeing
considered.A common fault is including
forces which the body is applying on its
surroundings(includingotherbodies).

3.Weightalwaysactsonabodyunlessthebody



Page2

isdescribedaslight.
4.Contactwithanotherobjectorsurfacegives

rise to a normalreaction and sometimes
friction.

5.Attachmenttoanobject(byastring,spring,
hingeetc)givesrisetoaforceonthebodyat
thepointofattachment.

6.Forcesacting on a particleareconcurrent.
Forcesactingonotherbodiesmayactat
differentpoints.

7.Checkthatnoforceshavebeenomittedor
includedmorethanonce.
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1.VECTORS
1.1 Introduction
Quantities which have both magnitude and a

definite direction in space are called vector

quantities.Ingeneral,avectormaybedescribed

as a number associated with a particular

directioninspace.

A

B

Thearrowrepresentsthedirection.

Themodulusormagnitudeofthevectoris|⃗AB|.
Weshallconsidervectorsinone,twoorthree

dimensions.

Intwodimensions,avectoracanberepresented

by:

⃗
OA=a,a=(x

y)ora=(xi+ yj)

O

a

A

y

x
x-axis

y-axis

In three dimensions, a vector r can be
representedby:

r=(
x
y
z

)orr=(xi+yj+zk).

y-axis

y

r
O

x
z

x-axis

z-axis

1.1.1 Positionvectors
TakingafixedpointOastheorigin,theposition
ofanypointP canbespecifiedbygivingthe
vectorOP,whichiscalledthepositionvectorofP.

IfAandBaretwopointswithpositionvectorsa
andbrespectively,then:

B

M

A

a

O

b

Notethat:
|a|=aand|b|=b

⃗
OB=b

⃗
OA =a

⃗
AB =

⃗
AO+

⃗
OB

= -
⃗
OA+

⃗
OB

=
⃗
OB-

⃗
OA

= b–a

NowconsiderM,themidpointof
⃗
AB

⃗
AM =

⃗
MB

Thisimpliesthat:



Page4

⃗
OM–

⃗
OA=

⃗
OB–

⃗
OM

2
⃗

OM =
⃗
OA+

⃗
OB

⃗
OM =

1

2
(a+b)

Hencethepositionvectorofthemidpointof
⃗
AB

is
1

2
(a+b)

1.2 ElementaryOperationson
Vectors

1.2.1 Vectoraddition
When adding vectors,we add components of
vectors in the same direction to obtain the
resultantcomponentinthesamedirection.Given
the vectors a=a

1
i+a

2
j+a

3
k and

b=b
1
i+b

2
j+b

3
k.

a+ b=(a
1
+b

1)i+(a
2
+b

2)j+(a
3
+b

3)k

1.2.2 Vectorsubtraction
When subtracting vectors, we subtract
componentsofvectorsinthesamedirectionto
obtainacomponentinthesamedirection.Given
the vectors: a=a

1
i+a

2
j+a

3
k and b

=b
1
i+b

2
j+b

3
k.Then;a-b

=(a
1
-b

1)i+(a
2
-b

2)j+(a
3
-b

3)k.

1.2.3 Scalarmultiplication

When multiplying a vector by a scalar,all
componentsofthevectoraremultipliedbythe

scalar.Giventhevectorsa=(
a

1

a
2

a
3

) andb =(
b

1

b
2

b
3

)
andscalarsλandβthen:

(i)λa=λ(
a

1

a
2

a
3

)=(
λa

1

λa
2

λa
3

)
(ii)λa+ βb=λ(

a
1

a
2

a
3

)+ β(
b

1

b
2

b
3

)=(
λa

1
+βb

1

λa
2
+βb

2

λa
3
+βb

3

)
1.2.4 Modulusormagnitudeofavector

Thisisthelengthofavector.Givenavectora
=a

1
i+a

2
j+a

3
k,the modulus of vector a is

denotedby|a|andgivenby|a|= a2

1
+a2

2
+a2

3
.

Ifb =(b
1

b
2
),|b|= b2

1
+b2

2
.

Hence the magnitude ofa vectoris always
positive.

1.2.5 UnitVectors
Aunitvectorisavectorofmagnitudeoneunit.If
aisavector,theunitvectorinthedirectionof

vectoraisdenotedby
̂
aandgivenby

̂
a=

a
|a|.

Ifa=xi+yjthen:|a|= x2+y2

From
̂
a=

a

|a|
⇒

̂
a=

xi+yj

x2+y2

Alternativelyaand
̂
a areparallelvectorshence

̂
a=ha,wherehisascalar

|̂a|=h|a|⇒1=h|a|∴ h=
1

|a|

Hence
̂
a=

a

|a|
=

xi+yj

x2+y2

Unitvectorsaremainlyappliedwhenexpressing
quantitiesinvectorform.
Iftwovectorsaandbareinthesamedirection

then
̂
a=

̂
b,ifa=xi+yjandvectoraisinthe

samedirectionasanunknownvectorband|b|is

knownthen:b=|b|
̂
a=|b|×

(xi+yj)
x2+y2

.

1.2.6 ParallelVectors
Twovectorsaandbaresaidtobeparallelifthey
areinthesamedirection.Whenevertwovectors
are parallel,one vectorcan be obtained by
multiplying the otherby a scalar. Therefore
b=ha,whereishascalar.

Example1
Aforceof5Nactsinthedirectionofthevector
3i+4jandaforceof13Nactsinthedirectionof
thevector5i–12j.Findtheresultantoftheforces.

|F1|=5N,F
1

=h
1
(3i+4j)
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|F1|=|h1
(3i+4j)|⇒5=5h

1

∴ h
1

=1

F
1

=1(3i+4j)⇒F
1

=(3i+4j)N

|F2|=13N,F
2

=h
2
(5i-12j)

|F2|=|h
2
(5i-12j)|⇒13=13h

2
∴ h

2
=1

F
2

=1(5i-12j)=(5i-12j)N

F=F
1

+F
2

=(3i+4j)+(5i-12j)
⇒F=(8i-8j)N

1.3 ScalarProduct/DotProduct

Thescalarordotproductofvectorsaandbis
a⦁b=|a||b|cosθ,whereθistheanglebetween
vectorsaandb.Ifaandbareparallel,thatis
whenθ=0°thena⦁b=|a||b|.

Ifaandbareperpendicular,thatiswhenθ=90°
thena⦁b=0.

Ifa=x
1
i+y

1
j+z

1
kandb=x

2
i+y

2
j+z

2
k

a⦁b=(x
1
i+y

1
j+z

1
k)⦁(x

2
i+y

2
j+z

2
k)

a⦁b=x
1
x

2
+y

1
y

2
+z

1
z

2

Sincei⦁i=j⦁j=k⦁k=1and

i⦁j=i⦁k=k⦁j=0

Thedotproductcanbeusedwhenfindingthe

angle between two vectors and finding the

componentofavectorinagivendirection.

Example2
TwoparticlesPandQaremovingwithconstant
velocities8i+j–4k and4i–2j–4krespectively.
Findtheanglebetweenthepathsoftheparticles.
Solution

v
P

=8i+j–4k,v
Q

=4i–2j–4k

v
P
⦁v

Q
=(8i+j–4k)⦁(4i–2j–4k)=32-2+16

=46
v

P
⦁v

Q
=|v

P
||v

Q
|cosθ

46= 82+12+(-4)2×42+(-2)2+(-4)2cosθ

46=9×6cosθ
θ=31∙6°

Example3
(a)Findthevaluesofaforwhichthevectors

ai–2j+kand2ai+aj–4kareperpendicular.

(b)Giventhatthevectors
6i+4j+4k+s(ai+bj+3k),-10i+2j–3k+t(2
j–ck),
-8i+10j–10k+u(-4i–4j+4k)are concurrent
(pass through a common point),find the
valuesofa,bandc.

Solution:
(a) (ai–2j+k)⦁(2ai+aj–4k)=0

2a2–2a–4=0

⇒(a-
1

2)
2

-(1

2)
2

-2=0

a=
1

2
±

3

2
⇒

eithera=
1

2
+

3

2
=2ora=

1

2
-

3

2
=-1

(b) 6i+4j+4k+s(ai+bj+3k)=-10i+2j–3k
+t(2j–ck)
=-8i+10j–10k+u(-4i–4j+4k)
Onsimplifying:
(6+sa)i+(4+sb)j+(4+3s)k
=-10i+(2+2t)j–(3+ct)k
=(-8–4u)i+(10–4u)j+(-10+4u)k

Comparingcoefficients:
Fori:6+sa=-10=-8–4u

-4u–8=-10⇒u=
1

2

6+sa=-10⇒sa=-16…………….(i)
Forj:4+sb=2+2t=10–4u

⇒2+2t=10–4×
1

2
⇒t=3

4+sb=2+2×3⇒sb=4…………(ii)

Fork:4+3s=-3–ct=-10+4u

⇒-3–c×3=-10+4×
1

2
⇒c=

5

3

4+3s=-10+4×
1

2
⇒s=-4

From equation(i):-4a=-16⇒a=4

From equation(ii):-4b=4⇒b=-1

∴a=4,b=-1andc=
1

3
.

1.3.1Componentofavectorinagiven
direction:

Giventwo vectorsb andc,thecomponentof
vectorbinthedirectionofvectorc,isgivenby
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b⦁
c

|c|orb⦁
̂
c.

1.4 Vectorproduct/Cross
product

Thecrossproductofvectorsaandbisgivenby

a×b=|a||b|sinθ
̂
u,whereθistheanglebetween

vectors a and b and
̂
u is the unitvector

perpendiculartobothaandb.Hencethecross
productoftwovectorsisavectorperpendicular
to both vectors, that is, if a×b=c then
a⦁c=b⦁c=0.
Forvectorsini–j–knotation:

i×j=(|i||j|cos90)
̂
u;

̂
u=k

i×j=k

j×k=(|j||k|cos90)
̂
u;

̂
u=i

j×k=i

k×i=(|k||i|cos90)
̂
u;

̂
u=j

k×i=j
Given the vectors a=a

1
i+a

2
j+a

3
k and

b=b
1
i+b

2
j+b

3
k.

Thena×b=|
i j k

a
1

a
2

a
3

b
1

b
2

b
3
|

=i|a2
a

3

b
2

b
3
|+ j|a3

a
1

b
3

b
1
|+k|a1

a
2

b
1

b
2
|

=(a
2
b

3
-a

3
b

2)i+(a
3
b

1
-a

1
b

3)j+(a
1
b

2
-a

2
b

1)k

Notethat:

i×j=k;j×k=i;k×i=j

j×i= -k;k×j= -i;i×k=-j

Note that if c=a×b, then c is a vector

perpendiculartobothaandb.

Theunitvectorperpendiculartobothaandbis
̂
c=

c
|c|⇒

̂
c=

a×b

|a×b|
.

Example4
Findtheunitvectorwhichisperpendiculartothe
vectors2i–3j+6kand-6i+2j+3k.
Solution:

|i j k

2 -3 6
-6 2 3

|=i|-3 6
2 3|+j|6 2

3 -6|+k|2 -3
-6 2|

=i(-9–12)+j(-36-6)+k(4–18)
= -21i–42j–14k

Unitvectorperpendiculartothetwovectors

=
-21i-42j-14k

(-21)2+(-42)2+(-14)2

=-
1

7
(3i+6j+2k)

Example5
Thevectorsp,qandraredefinedas
p=i+2j–k,q=-3i+4k,r=4k.

(i) Calculatep×qandq×r.

(ii)Verifythatp⦁(q×r)=(p×q)⦁rbut

p×(q×r)≠(p×q)×r.

(iii)Determinethevalueofλifλp+ris

perpendiculartoq.

Solution:

p=i+2j–k,q=-3i+4k,r=4k

(i) p×q=|i j k

1 2 -1
-3 0 4

|
=i(2×4–0×-1)–

j(1×4--3×–1)+k(1×0-–3×2)
=8i–j+6k

q×r=|i j k

-3 0 4
0 0 4

|
=i(0×4–0×4)–j(-3×4–0×4)+k(-3×0–0×0)

=12j

(ii) p⦁(q×r)=(i+2j–k)⦁(12j)

=2×12=24

(p×q)⦁r=(8i–j+6k)⦁(4k)

=6×4=24

Hencep⦁(q×r)=(p×q)⦁r=24

p×(q×r)=|i j k

1 2 -1
0 12 0

|
=

i(2×0-12×-1)–j(1×0–0×-1)+k

k
j

i



Page7

(1×12–0×12)

=12i+12k

(p×q)×r=|i j k

8 -1 6
0 0 4

|
=i(–1×4–0×6)–j(8×4–0×6)

+k(8×0–0×–1)

=-4i–32j

Hencep×(q×r)≠(p×q)×r

(iii) Ifλp+risperpendiculartoq;

then(λp+r)⦁q=0

[λ(i+2j–k)+4k]⦁[-3i+4k]=0

[λi+2λj+(4–λ)k]⦁(-3i+4k)=0

-3λ+4(4–λ)=0

-3λ+16-4λ=0

λ=
16

7

Exercise:1A
1. Expressthefollowinginvectorform:

(a)Aforceofmagnitude70Nactinginthe

directionofthevector12i–4j+6k.

(b)Thevelocityofabodymoving with a

speedof81m s-1 paralleltothevector

4i–j+8k.

2. Giventhatthevectors

–i+2j+k+t(i–2j+3k)and

-3i+pj+7k+s(i–j+2k)areconcurrent,find

thevaluesoft,sandp.

3. Aparticleacteduponbyaforceof15Nin

thedirection4i–3jcausesittomovewith

constantspeed26m s-1inthedirection

5i+12j.Findthe:

(a)forcevector.
(b)velocityvector.
(c)powerdevelopedbytheforce.

4. GiventhattheforceF=8i+ajhasa

magnitudeof17units.Findtwopossible

valuesofa.

5. (a)(i)Findaunitvectorinthedirectionofthe

vectori+4j+8k.

(ii)A boatis rowed with a speed of
28m s-1 inthedirectionofthevector

2i+3j–6k.Find the velocity ofthe
boat.

(b)Given the vectors a=2i+3j–3k,
b=4i+4kandc=5i+7j+k.Determine:
(i) theresultantofthevectors

(ii) 3c–2b

(iii)|2a+ b|

(iv)(a⦁b)c–(a⦁c)b

6. Themagnitudeoftheresultantofthree

forces3i+6j,3i–2jandλjis10N.Findtwo

possiblevaluesofλ.

7. TheresultantofforcesF
1

=3i+(a–c)j,

F
2

=(2a+3c)i+5j,F
3

=4i+6jactingona

particleis10i+12j.Findthe:

(a) valuesofaandc.
(b) magnitudeofforceF

2
.

8. Ifa=i–3j+2k,b=5i+4jandc=3i+j+4k,

find:

(a)theresultantofaandb.
(b)theresultantofa,bandc.
(c) |a|
(d)|b|
(e) |c|
(f) |a+b +c|
(g)a vector parallelto a and has a

magnitudeof28units.
(h)avectorthatisparallelto(a+b+c)and

hasamagnitudeof55units.

9. Ifa=(
2
7
7

),b=(
6
-3
2

)andc=(
0
-4
-3

),find:

(a)theresultantofaandb.
(b)theresultantofaandc.
(c)|a|
(d)|b|
(e)|c|
(f) |a+b+c|
(g)avectorthatisparallelto(a+b+c)

andhasmagnitude50units.

10.Ifa=2i–4j+2kandb=3i+4j–5k,find;

(a)themagnitudesofa,band5a+2b,
(b)theunitvectorinthedirectionofa+2b.

11.Findthescalarproductofeachofthe

followingpairsofvectors.

(a) 3i+4jand5i-12j
(b) 2i+3j-6kand2i+j+2k



Page8

(c) (3
1)and(1

-2)
(d) (

2
2
3

)and(
2
1
-1

)
12.Findtheanglebetweeneachofthefollowing

pairsofvectors:

(a)2i–3jand6i+4j
(b)i+2j–kand–i+2j–k

(c)(2
1)and(3

-2)
(d)(

0
1
-1

)and(
-1
0
1

)

Exercise:1B
1. FindthecomponentofforceFinthe

directionofthevectordif:
(a) F=3i–4j+4k,d=6i–2j–3k.

(b) F=i+5j–3k,d=2i–j+2k.

(c) F=7i–j–4k,d=3i–5j+4k.

(d) F=3i+5j–k,d=4i–4j+7k.

2. Aforceofmagnitude9Nactsinthe
directioni–2j+2k.Findthecomponentof
theforceinthedirection2i+j+2k.

3. Iftheresultantof3i+4jandai+bjis7i–j,
findthevaluesofaandb.

4. IfPandQarepointswithpositionvectors
P=-i+3j+2kandQ=i–7j+4krespectively.
Findthe:

(a)distancePQ.
(b)unitvectorinthedirectionofPQ.
(c)positionvectorofthemidpointofPQ.

5. Showthatthevectorsa=4i–2j–4k,
b=8i+10j+3k,c=-17i+22j–28kare
mutuallyperpendicular.

6. (a)Findtheanglebetweenthevectors
i+5j–6kand-3i+4k.
(b)Givenp=2i–2j+k,q=2i+j+kobtaina

unitvectorperpendiculartop andq.
7. Giventhata=6i+(p–10)j+(3p–5)kand

|a|=11,findthepossiblevaluesofp.
8. Giventhata=3i–2j+k,b=2i+j+3k:

(a)finda×b.
(b)calculatetheanglebetweenaandb.
(c)showthat|a–b|=|a|.

9. (a)Findtheanglebetweenthevectors
r

1
=i+3j+2kandr

2
=5i+k.

(b)Theresolvedpartoftheforce(
2b

-2b

b
)N,in

thedirectionofthevector(
1
-2
-2

)is12N.

Findtheconstantb.

(c)Findthevalueofαiftheanglebetween

thevectorsi+2j+2kandi+αkis
π

2
.

10.Theanglebetweenthevectorsr
1

andr
2

is

cos-1(4

21).Ifr
1

=6i+3j–2kand

r
2

=-2i–λj–4k.Findthevaluesofλ.

11.Giventhatv
1

=4i+5j–2kandv
2

=-i+2j+k,

determineaunitvectorperpendiculartov
1

andv
2
.

12.Findthevalueofλifλi+2j–kand5i–λj+k
areperpendicularvectors.

Answerstoexercises

Exercise:1A

1. (a)(60i-20j+30k)N (b)(36i-9j+72k)m s-1 2.

t=10;s=12;p=-6

3. (a) (12i-9j)N (b) (10i+24j)m s-1

(c) -96W 4. ±15

5. (a) (i)
1

9
(i+4j+8k) (ii) (8i+12j-24k)

m s-1 (b)(i)11i+10j+2k

(ii) 7i+21j-5k (iii) 2 26 (iv)

-132i-28j-116k

6. 4 ;-12 7. (a) a=
6

5
;c=

1

5
(b)

34 8. (a)6i+j+2k

(b) 9i+2j+6k (c) 14 (d) 41

(e) 26 (f)11

(g) 2 14(i-3j+2k) (h) 45i+10j+30k

9. (a) (
8
4
9

) (b) (
2
3
4

) (c) 102units (d)

7units (e) 5units
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(f) 10units (g) (
40
0

30
) 10. (a) 2 6 ;

5 2 ;20 (b)
2

3
i+

1

3
j-

2

3
k

11. (a) -33 (b) -5 (c) 1 (d) 3 12.

(a) 90° (b) 48∙2°

(c) 60∙3° (d) 120°

Exercise:1B

1. (a) 2 (b) -3 (c) 2 (d) -
5

3
2. 4N

3. 4;-5

4. (a) 6 3 (b) 3
9

(i-5j+k) (c) -2i+3k 5.

a⦁b=a⦁c=b⦁c=0

6. (a) 133∙3° (b) 5
5

(-i+2k)

7. 1;4 8. (a) 7(-i-j+k)

(b) 60° (c) |a-b|=|a|= 14

9.(a)68∙5° (b) 9 (c) -
1

2

10.-4 ;
44

65
11.

1

254
(9i-2j+13k) 12.

1

3
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2.LINEARMOTION
 Displacement is the position of a point

relativetoanoriginO.Itisavector.

 Distanceisthemagnitudeofdisplacement.
Itisascalar.

 Velocityistherateofchangeofdisplacement
withrespecttotime.Itisavector.

 Speedisthemagnitudeofvelocity. Itisa
scalar.

 Accelerationistherateofchangeofvelocity
withrespecttotime.Itisavector.

 Negative acceleration is also called
retardation.

 Uniform acceleration is constant
accelerationinafixeddirection.

Whenaparticlemovesinonedimension(alonga
straightline)ithastwo possibledirectionsin
whichtomove.Positiveandnegativesignsare
usedtoidentifythetwodirections.

+ -

up
+

down
+

- +

+ left+ -

- right+ +

Wheneverthedirectionisapositive,theopposite
directionisnegative.

Motionwithconstantacceleration:

2.1 Equationsforuniformly
acceleratedmotion

Considera particle with initialvelocity u and
constantacceleration a. letits displacement
from itsinitialpositionbesanditsvelocitybev
attimet.

dv

dt
=a, where a is a constant called the

acceleration.

∫dv=∫adt

v=at+c

Whent=0,v=u⇒c=u

Hencev=u+at………………………….(i)

Andv=

Therefore
ds

dt
=u+at

∫ds=∫(u+at)dt

s=ut+
1

2
at2+c

Whent=0,s=0⇒c=0

Hences=ut+
1

2
at2…………………………(ii)

Alternatively,theaboveequationscanbe
obtainedfrom avelocity-timegraphforthe
motion.

v

u

v-u

u

t time(s)

Velocity(m s
-1

)

O

Changeinvelocity

Timetaken
Acceleration,a=

a=
v-u

t
⇒v=u+at…………………(i)

Thedisplacementsisequaltotheareaunderthe

graph

s=
1

2
t(u+v)=

1

2
(u+u+at)

Hences=ut+
1

2
at2…………………………(ii)

From equation(i):v=u+at⇒t=
v-u

a

Substitutinginequation(ii)

s=
u(v-u)

a
+

1

2
a(v-u

a)
2

2as=(v–u)(2u+v-u)
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2as=(v–u)(v+u)

v2=u2+2as…………………………(iii)

Distancecoveredinthenthsecond,(s
nth)

s
nth =s

n
-s

n-1

From s=ut+
1

2
at2

Whent=n∶s
n

=un+
1

2
an2

Whent=n-1∶s
n-1

=u(n–1)+
1

2
a(n-1)2

s
nth =s

n
-s

n-1
=un+

1

2
an2-{u(n-1)+

1

2
a(n-1)2}

s
nth =u+an-

1

2
a

Example1

Aparticletravelinginastraightlinewithuniform
accelerationcoversdistancesxandyinthethird
andfourthsecondsofitsmotionrespectively.

Show thatitsinitialvelocityisgivenbyu=
1

2
(7x

–5y).
Solution:

From s
nth =s

n
-s

n-1
ands=ut+

1

2
at2

s
3rd =s

3
-s

2
=xands

4th =s
4

-s
3

=y

s
2

=2u+
1

2
×a×22=2u+2a

s
3

=3u+
1

2
×a×32=3u+

9

2
a

s
4

=4u+
1

2
×a×42=4u+8a

x=(3u+
9

2
a)-(2u+2a)

⇒u+
5

2
a=x….…………(i)

y=(4u+8a)-(3u+
9

2
a)

⇒u+
7

2
a=y……………(ii)

Subtractingequation(i)from equation(ii)
a=y–x

From equation(i)∶u+
5

2
(y–x)=x

u=
1

2
(7x–5y)

Example2

Adriverofacartravelingat72km h-1 noticesa
treewhich hasfallen acrosstheroad,800 m
ahead,andsuddenlyreducesspeedto36km h-1

byapplying thebrakes.Forhow long did the
driverapplythebrakes?
Solution:

u=72km h-1=72×
1000

60×60
=20m s-1

v=36km h-1=36×
1000

60×60
=10m s-1

s=800m
From v2=u2+2as

102=202+2×a×800⇒a=-
3

16
m s-2

From v=u+at

10=20-
3

16
t⇒t=53

1

3
s

Example3

Anoverloadedtaxitravelingataconstantspeed
of90km h-1 overtakesastationarytrafficpolice
car.Twosecondslaterthepolicecarsetsoffin
pursuitofthetaxiacceleratingat6m s-2.Howfar
doesthetrafficcartravelbeforecatchingupwith
thetaxi?
Solution:

Taxi Policecar
Initialspeed 90km h-1=25m s-1 0m s-1

Time (t+2)s ts
Acceleration0m s-2 6m s-2

Distance s
T

s
P

From s=ut+
1

2
at2

s
T

=25(t+2)…………………………(i)

s
P

=
1

2
×6×t2=3t2………………..(ii)

Whenthepolicecarcatchesupwiththetaxi
s

P
=s

T

3t2=25(t+2)
3t2–25t–50=0
3t2–30t+5t–50=0
3t(t–10)+5(t–10)=0
(3t+5)(t–10)=0
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Either3t+5=0⇒t=-
5

3
s Ort-10=0

⇒ t=10s
Hencet=10sands=3×102 =300m

Example4

A,BandCarepointsonastraightroadsuchthat

AB=BC=20m.A cyclistmovingwithuniform

accelerationpassesA andthennoticesthatit

takeshim 10sand15stotravelbetweenAand

B,andAandCrespectively.Find:

(i) hisacceleration.

(ii) thevelocitywithwhichhepassesA.
Solution:

B C

v
A

v
B

20
m

20mA

ConsidermotionbetweenAandB:
u=v

A
,s=20m,t=10s

From s=ut+
1

2
at2

20=v
A
×10+

1

2
×a×102

20=10v
A

+50a

⇒ 2=v
A

+5a……………….(i)

ConsidermotionbetweenAandC:
u=v

A
,s=40m,t=15s

From s=ut+
1

2
at2

40= v
A
×15+

1

2
×a× 152⇒

40=15v
A

+112∙5a………(ii)

From equation(i):v
A

=2–5a

Substitutinginequation(ii)

(i) 40=15(2–5a)+112∙5a⇒10=37∙5a

a=
4

15
m s-2

(ii)v
A

=2–5×
4

15
⇒v

A
=

2

3
m s-1

Note:When motion takes place and acceleration
changes after given time intervals but is
constantduringeachinterval,solutionstosuch
problemscanbeobtainedwithaidofavelocity-
timegraph.

Example5
A train starts from station A with uniform
acceleration of0∙2 m s-2 for2 minutes and

attainsamaximum speedandmovesuniformly
for15minutes.Itisthenbroughttorestata

constantretardationof
5

3
m s-2atstationB.Find

thedistancebetweenstationsAandB.
Solution:

Velocity(m s-1)

v

s
1

0

s
2

Time
(s)

120 90 t
3

s
3

From v=u+at⇒v=0+0∙2×120
=24m s-1

Also0=24–
5

3
t

3
⇒t

3
=14∙4s

s=s
1

+s
2

+s
3

=
1

2
×120×24+900×24+

1

2
×14∙4×24

s=23212∙8m

Example6
Atrainstartingfrom restisuniformlyaccelerated
during the firstminute ofitsjourneywhen it
covers600m.Itthenrunsataconstantspeed
untilitisbroughttorestinadistanceof1km
from theinstantthebrakeswereappliedcausing
aconstantretardation.
(a)Giventhatthetotaljourneytimeis5minutes,

calculate the distance covered during the
constantspeed.

(b)Ifthemagnitudeoftheretardationinsteadof
beingconstantisdirectlyproportionaltothe
speedandthetraincomestorestfrom the
constantspeedinadistanceof500m,find
themagnitudeoftheretardationwhenthe
train’sspeedis10m s-1.

Solution:
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V
e

lo
c

it
y

(m
s

-

v

O

s
2

60

s
3s

1

t2 t3
Time(s)

(a)

t
2

+t
3

=5×60–60⇒t
2

+t
3

=240………………(i)

s
1

=600m

From s
1

=
1

2
×60×v=30v

∴ 30v=600⇒v=20m s-1

s
3

=1000m,s
3

=
1

2
×20×t

3
=20t

3

∴ 10t
3

=1000⇒t
3

=100s

From equation
(i):t

2
+100=240⇒t

2
=140s

s
2

=20×140=2800m

Distancecoveredduringconstantspeed=2800
m

(b)
dv

dt
∝v⇒

dv

dt
=k

1
v,k

1
beingaconstant.

But
dv

dt
=

dv

dx
×

dx

dt
=v

dv

dx

Thus:
dv

dx
=k

1
⇒∫dv=∫k

1
dx

∴ v=k
1
x+k

2
,wherek

2
isaconstant.

Whenx=0,v=20
20=k

2
⇒k

2
=20∴v=k

1
x+20

Whenx=500,v=0

0=500k
1

+20⇒k
1

=-
1

25

∴
dv

dt
=-

v

25
Whenv=10m s-1

dv

dt
=-

10

25
=-

2

5
m s-2

Hencemagnitudeofdeceleration/retardationis
2

5
m s-2

Example7
TwostationsA andB areadistanceof6xm

apartalongastraighttrack.Atrainstartsfrom
restatAandacceleratesuniformlytoaspeedv
m s-1,covering a distance x m. The train
maintainsthisspeeduntilithastraveledafurther
3xm,itthenretardsuniformlytorestatB.Sketch
avelocity-timegraphforthemotionandshow
thatifTisthetimetakenforthetraintotravel

from AtoB,thenT=
9x

v
seconds.

Solution

V
e

lo
c

it
y

(m
s

-

v

O t1 t2 t3
Time(s)

x 3x 2x

1

2
vt

1
=x⇒t

1
=

2x

v

vt
2

=3x⇒t
2

=
3x

v

1

2
vt

3
=2x⇒t

3
=

4x

v

T=t
1

+t
2

+t
3

T=
2x

v
+

3x

v
+

4x

v

T=
9x

v
seconds

Example8
A cartravelsalong astraighthorizontalroad,
passingtwopointsAandB.ThecarpassesAat
um s-1andmaintainsthisspeedfor60s,during
whichittravels900m.Approachingajunction,
thecarthenslowsatauniform rateofam s-2

overthenext125m toreachaspeedof10m s-1,
atwhich instant,with the road clear,the car
accelerates uniformly at 0∙75 m s-2. This
accelerationismaintainedfor20sbywhichtime
thecarhasreachedaspeedofvm s-1 whichis
thenmaintained.ThecarpassesB,45seconds
afteritsspeedreachesvm s-1.
(i) Calculatethevaluesofu,aandv.

(ii)Sketchavelocity-timegraphforthemotion
ofthecarbetweenAandB.

(iii)FindthedistancebetweenpointsA andB
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andthetimetakenbythecartotravelthis
distance.

Solution

(i) From s=ut+
1

2
at2;a=0

900=60u⇒u=15m s-1

From v2=u2+2as
102=152+2×a×125⇒a= -0.5m s-2

From v=u+at
10=15–0∙5t⇒t=10s

Alsov=10+0∙75×20⇒v=25m s-1

(ii)

15

25

10V
e

lo
c

it
y

(m
s

-

Time(s)
0 6 1 2 4

(iii)distancebetweenAandB:

s=900+125+
1

2
×20(10+25)+25×45=2

500m
Totaltime=60+10+20+45

=135seconds

Example9
(a)A particle moves in a straightline with

uniform acceleration, a and has initial
velocity,u.Showthatthedistance,s,traveled

isgivenbys=ut+
1

2
at2,tbeingthe time

taken.
(b)A particleisuniformlyacceleratedalonga

straightlinePQRS.Ifitcoverssuccessive
distances PQ=p,QR=q,RS=r,in equal
intervalsoftime.Provethatr=2q–p,and
thattheratioofthespeedatStothatatPis
(5q–3p)∶(3p–q).

Solution

v

O Time(s
)

t

u

V
e

lo
c

it
y

(m
s

-

(a)

Iftheparticleattainsavelocityvaftertimet.The
distance,scoveredduringthistimeisequalto
theareaunderthevelocity-timegraph.

s=
1

2
t(u+v),butfrom v=u+at

s=
1

2
t(u+u+at)⇒s=ut+

1

2
at2

(b)

t
p

v
P

v
S

t
q

P t
r

SRQ

From s=ut+
1

2
at2,a=f

BetweenPandQ

p=v
P
t+

1

2
ft2………………………(i)

BetweenPandR

p+q=v
P
×2t+

1

2
×f×(2t)2

⇒p+q=2v
P
t+2ft2…………(ii)

BetweenPandS

p+q+r=v
P
×3t+

1

2
×f×(3t)2=3v

P
t+

9

2
ft2…………(iii)

Eqn(ii)–4×Eqn(i)
q–3p=-2v

P
t

⇒v
P
t=

1

2
(3p–q)…………………(iv)

Equation(iii)–9×equation(i)
q+r–8p=-6v

P
t

⇒v
P
t=

1

6
(8p–q–r)……………(v)

Dividingequation(iv)byequation(v)

1=
3(3p-q)
8p-q-r

⇒r=2q–p

From v=u+at,a=f⇒v
S

=v
P

+3ft

From equation(iii):
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p+q+(2q–p)=3v
P
t+

9

2
ft2

⇒q=v
P
t+

3

2
ft2……..(vi)

SubtractingEan(i)from Ean(vi)
ft2=q–p…………………………(vii)

Dividingequation(vii)byequation(iv)

ft

v
P

=
2(q-p)
3p-q

⇒ft=
2v

P
(q-p)

3p-q

∴v
S

=v
P

+
3×2v

P
(q-p)

3p-q
⇒

v
S

v
P

=
5q-3p

3p-q

v
S
∶v

P
=(5q–3p)∶(3p–q)

Example10
Aliftascendswithconstantaccelerationathen
withconstantvelocityandthenbroughttorest
underconstantretardationa.Ifthetotaldistance
coveredissandthetotaltimetakenist,show
thatthe time taken when the liftmoveswith

constantvelocityis(t2-
4s

a)
1

2

.

Solution

V
e

lo
c

it
y

(m
s

-

v

O t1 t2 t3
Time(s)

S1 S2 S3

s=s
1

+s
2

+s
3

………………….…..…….(i)

t=t
1

+t
2

+t
3

……………………………(ii)

From v=u+at
v=at

1
also0=v–at

3
⇒v=at

3

Thusat
1

=at
3
⇒t

1
=t

3

From equation(ii)t=2t
1

+t
2

⇒t
2

=t–2t
1
⇒t

1
=

1

2
(t–t

2
)

s
1

=
1

2
vt

1
=

1

2
at2

1
=

1

2
a×

1

4(t-t
2)2=

1

8
a(t-t

2)2

s
2

=vt
2

=at
1
t

2
=a×

1

2(t-t
2)t

2

=
1

2
at

2
(t–t

2
)

s
3

=
1

2
vt

3
=

1

2
×at2

1

=
1

2
a×

1

4(t-t
2)2=

1

8
a(t-t

2)2

Butfrom equation(i)
1

8
a(t-t

2)2+
1

2
at

2
(t-t

2
)+

1

8
a(t-t

2)2=s

(t–t
2
)(t+t

2
)=

4s

a
⇒t2–t2

2
=

4s

a

Hencet
2

=(t2-
4s

a)
1

2

Example11

TwotrainsPandQtravelbythesameroutefrom
restatstationAtorestatstationB.TrainPhasa
constantaccelerationfforthefirstthirdofthe
time,constantspeedforthesecondthirdand
constantretardationfforthelastthirdofthetime.
TrainQ hasconstantaccelerationfforthefirst
third ofthe distance,constantspeed forthe
secondthirdandconstantretardationfforthe
lastthirdofthedistance.Show thatthetimes

takenbythetwotrainsareintheratio3 3∶5.
Solution

TrainP:

V
e

lo
c

it
y

(m
s

-1
)

v1

O 1

3
t

1

3
t

1

3
tTime(s)

S1 S2 S3

From v=u+at⇒v
1

=
1

3
ft

s=
1

2
v

1(1

3
t+t)=

1

2
×

1

3
ft×

4

3
t

∴ s=
2

9
ft2⇒t=3

s

2f

TrainQ:
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V
e

lo
c

it
y

(m
s

-1
)

v2

O T1 T2 T3
Time(s)

1

3
s

1

3
s

1

3
s

From v=u+atandT=T
1

+T
2

+T
3

v
2

=fT
1
,0=v

2
-fT

3
⇒v

2
=fT

3

∴ fT
1

=fT
3
⇒T

1
=T

3
⇒T=2T

1
+T

2

1

3
s=

1

2
×T

1
×fT

1
⇒

1

3
s=

1

2
fT2

1
⇒T

1
=T

3
=

2s

3f

T=2
2s

3f
+T

2
⇒T

2
=T-2

2s

3f

Also
1

3
s=v

2
T

2
⇒

1

3
s=f

2s

3f(T-2
2s

3f)
1

3
s=fT

2s

3f
-

4

3
s⇒fT

2s

3f
=

5

3
s

∴ T=5
s

6f

Ratiooftime:

t

T
=3

s

2f
÷5

s

6f
=

3 3

5

t∶T=3 3∶5

Example12
TwopointsPandQarexmetresapart.Aparticle
startsfrom restatPandmovesdirectlytowards
Qwithanaccelerationofam s-2untilitacquires
a speed vm s-1.Itmaintainsthisspeed forT
secondsandisthenbroughttorestatQundera

retardationofam s-2.ProvethatT=
x

v
-

v

a
.

Solution

V
e

lo
c

it
y

(m
s

-

v

O t1 T t3
Time(s)

S1 S2 S3

From v=u+at

v=at
1
⇒t

1
=

v

a

Also0=v-at
3
⇒t

3
=

v

a
s=x=s

1
+s

2
+s

3

x=
1

2
×t

1
×v+v×T+

1

2
×t

3
×v=

v2

a
+v×T

x=
v2

a
+vT⇒T=

x

v
-

v

a

Example13
Acarstartsfrom restandmoveswithuniform
accelerationα.Thedrivernoticesthatatreehas
fallenaheadwhenthecarismovingatspeedv.If
hetakesTsecondstoreactfrom theinstantthe
speedwasvandretardsuniformlyatretardation
βtocometorestinadistancexfrom theinstant
the speed was v, prove that
2βx=v2+T(α+β)(2v+αT).
Solution

V
e

lo
c

it
y

(m
s

-1
)

O t1 T t3 Time(s)

S3

v

S1 S2

v+αT

From v=u+at

v=αt
1

O=(v+αT)–βt
3

t
1

=
v

α
t

3
=(v+αT

β )
s

2
=

1

2
T(v+v+αT)=

1

2
T(2v+αT)



Page17

s
3

=
1

2
×

(v+αT)
β

×(v+αT)

=
1

2β
(v

2
+2vαT+α

2
T

2
)

x=s
2

+s
3

⇒x=
2vT+αT

2

2
+

v
2
+2vαT+α

2
T

2

2β

2βx=2βvT+αβT
2

+v
2

+2vαT+α
2
T

2

2βx=v
2

+T(α+β)(2v+αT)

2.2 Motionundergravity
Theequationsoflinearmotioncanbemodified
asfollowsformotionundergravity:
1.Upwardmotionundergravity

Forupwardmotionundergravity,a= -g
v=u–gt……………………………………(i)

s=ut-
1

2
gt2………………………………(ii)

v2=u2–2gs…………………………………(iii)

2.Downwardmotionundergravity
Fordownwardmotionundergravitya=g

v=u+gt…………………………….………(i)

s=ut+
1

2
gt2………………………….……(ii)

v2=u2+2gs……………………………(iii)

3.Foraparticlereleasedfrom rest

u=0,a=g
v=gt……………………………..(i)

s=
1

2
gt2………….……………..(ii)

v2=2gs………………………...(iii)

Example14
A particleisprojectedverticallyupwardsfrom
thegroundwithspeedum s-1andclearsthetop
ofaverticalpoleofheightHintsandreturnsto

thetopofthepole
1

2
tslater,showthat:

(i) 12u2=25gH.

(ii) thespeedatthetopofthepoleis
u

5
.

Solution

(i) From s=ut-
1

2
gt2

H=ut-
1

2
gt2……………………..(i)

H=u×
3

2
t-

1

2
g(3

2
t)

2

⇒H=
3

2
ut-

9

8
gt2…………………(ii)

From equation(i)andequation(ii)

ut-
1

2
gt2=

3

2
ut-

9

8
gt2⇒t=

4u

5g

Substitutinginequation(i)

H=u×
4u

5g
-

1

2
×g(4u

5g)
2

⇒H=
12u2

25g
⇒12u2=25gH

(ii)From v=u–gt⇒v=u-g×
4u

5g
⇒v=

u

5

Example15

A particleisprojected verticallyupwardswith
velocity u m s-1 and aftertseconds another
particleisprojectedverticallyupwardsfrom the
samepointwiththesameinitialvelocity.Prove

thattheywillmeetataheightof
4u2-g2t2

8g
.

Solution
1stParticle 2ndParticle

Displacement s
1

s
2

Initialspeed u u
Time T+t T

From s=ut+
1

2
at2

s
1

=u(T+t)-
1

2
g(T+t)2

s
2

=uT-
1

2
gT2

Whentheparticlesmeet,s
1

=s
2

⇒u(T+t)-
1

2
g(T+t)2=uT-

1

2
gT2

⇒T=(u

g
-

t

2)
From s

2
=uT-

1

2
gT2

s
2

=s=u(u

g
-

t

2)-
1

2
g(u

g
-

t

2)
2

⇒s=(2u-gt

2g )(2u+gt

4 )
Hences=

4u2-g2t2

8g

Example16
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(a)Aparticleisprojectedverticallyupwardsand
atthesameinstantanotherislefttofallto
meetit.Show thatiftheparticleshavethe
samespeedwhentheycollide,oneofthem
hastraveledthricethedistancetraveledby
the other.

(b)Aparticlestartsfrom restandtravels20m
withuniform acceleration.Itthenmaintains
this speed fora time afterwhich itis
uniformlyretardedtorest,themagnitudeof
retardation being twice that of the
acceleration.Ifthetotaldistancetraveledis
90m andthetotaltimetakenis6s,findthe
greatestspeedandthedistancecoveredat
thisspeed.

Solution

0s
2

s
1

u

v

(a)

From v=u+at
For1stparticlev=u–gt
For2ndparticle;v=gt⇒gt=u–gt.

⇒ t=
u

2g
For1stparticle:

s
1

=ut-
1

2
gt2

=
u2

2g
-

1

2
g×(u

2g)
2

=
3u2

8g

ands
2

=
u2

8g
s

1

s
2

=
3

1
⇒s

1
=3s

2

(b)

V
e

lo
c

it
y

(m
s

-

v

O t1 t2 t3
Time(s)

20m S2 S3

s=90m,t=6s
From v=u+at

v=at……………….…(i)
Also0=v–2at

3
⇒v=2at

3
……………..(ii)

From equation(i)andequation(ii)
at

1
=2at

3
⇒ t

1
=2t

3

But t
1

+t
2

+t
3

=6⇒t
2

+3t
3

=6………(iii)

1

2
×v×t

1
=20⇒v=

40

t
1

1

2
×v(6+t

2)

=90⇒
1

2
×

40

t
1

(6+t
2
)=90

12+2t
2

=9t
1
⇒6+t

2
=9t

3
………………(iv)

Subtractingequation(iv)from equation(iii)

3t
3
–6=6–9t

3
⇒t

3
=1

t
1

=2,t
2

+3×1=6⇒t
2

=3

Greatestspeed,v=
40

2
=20m s-1

Distancecoveredatthisspeed=20×3=60m

2.3 Linearmotion:(i–jori–j–
k)spaces

Consideraparticlewhichhasinitialvelocityu
from a pointA with position vectorr(0)and
moveswithconstantaccelerationa.Ifaftertimet,
itpassesthroughapointBthenwehave:

O

r(0)

r(t)

A
B

r(t)=r(0)+
⃗
AB

r(t)=r(0)+s,s=ut+
1

2
at2

Example17
Aparticleinitiallypassesthroughthepoint(3,-2)
with velocity -4i+2jm s-1 while accelerating
uniformlyandin4secondsitcoversadistance

of8 5m inthedirection
i+2j.Findthe:

(i) acceleration.

(ii)positionvectorafterthe4s.
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Solution
r(0)=(3i–2j),v=(-4i+2j)m s-1

t=4s;|s|=8 5m

s=8 5×
1

5
(i+2j)=(8i+16j)

(i) From s=ut+
1

2
at2

(8i+16j)=(-4i+2j)×4+
1

2
×a×42

⇒a=(3i+j)m s-2

(ii) r(4)=r(0)+s
=(3i–2j)+(8i+16j=11i+14j

Example18
A particle with position vector(10i+3j+5k)m
moves with constantspeed of6m s-1 in the
directioni+2j+2k.Finditsdistancefrom the
originafter5seconds.
Solution

r(0)=(10i+3j+5k)m

v=6×
(i+2j+2k)
12+22+22

=
6

3
(i+2j+2k)=(2i+4j+4k)m s-1

r(t)=r(0)+s,s=ut+
1

2
at2

r(t)=(10i+3j+5k)+(2i+5j+4k)t

=(10+2t)i+(3+4t)j+(5+4t)k

Whent=5s

r(5)=(10+2×5)i+(3+4×5)j+(5+4×5)k

r(5)=20i+23j+25k

Distancefrom originafter5seconds=|r(5)|

|r(5)|= 202+232+252=39.4208m

Example19

A particleP leavestheoriginandmoveswith
constantvelocity(2i+6j)m s-1 whileparticleQ
startsfrom theoriginwithinitialvelocity(4i-8j)
m s-1andmoveswithacceleration(i+j)m s-2.Find
the:
(a)positionvectorsofPandQafter2seconds.

(b)time atwhich the velocities ofthe two

particlesareperpendiculartoeachother.

(c)timeatwhichthepointRwithpositionvector

17i+25jliesonthelinejoiningthepositions

oftheparticlesPandQ.

Solution
ParticleP ParticleQ

Initialvelocity 2i+6j 4i–8j
Acceleration 0 i+j
Positionvectors r

P
r

Q

(a) r
P
(t)=r

P
(0)+s

P

⇒r
P
(t)=(2i+6j)t=(2ti+6tj)

Whent=2⇒r
P
(2)=(2×2)i+(6×2)j

=4i+12j
r

Q
(t)=r

Q
(0)+s

Q

⇒r
Q
(t)=(4i–8j)t+

1

2
(i+j)t2

r
Q
(t)=(4t+

1

2
t2)i+(1

2
t2-8t)j

Whent=2

⇒r
Q
(2)=(4×2+

1

2
×22)i+(1

2
×22-8×2)j

Hencer
Q
(2)=10i–14j

(b)From v=u+at

v
P

=2i+6j

v
Q

=(4i–8j)+(i+j)t

=(4+t)i+(t–8)j

Whenthevelocitiesofthetwoparticlesare

perpendicular:

v
P
⦁v

Q
=0

⇒(2i+6j)⦁[(4+t)i+(t–8)j]=0

2(4+t)+6(t–8)=0

⇒8+2t+6t–48=0⇒ t=5s

(c)IfR lieson
⃗
PQ,then

⃗
PQ=h

⃗
RQ,hbeinga

constant

⃗
PQ=r

Q
(t)–r

P
(t)

=[(4t+
1

2
t2)i+(1

2
t2-8t)j–(2ti+6tj)]

=(2t+
1

2
t2)i+(1

2
t2-14t)j

⃗
RQ=r

Q
–
⃗
OR

=[(4t+
1

2
t2)i+(1

2
t2-8t)j]–[17i+25j]

=(1

2
t2+4t-17)i+(1

2
t2-8t-25)j

From
⃗
PQ=h

⃗
RQ

(2t+
1

2
t2)i+(1

2
t2-14t)j
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=h[(1

2
t2+4t-17)i+(1

2
t2-8t-25)j]

Fori∶2t+
1

2
t2=h(

1

2
t2+4t–17)…………(i)

Forj∶
1

2
t2–14t=h(

1

2
t2–8t–25)…………(ii)

DividingEqn(i)byEqn(ii)andsimplifying:
t2+18t–144=0⇒(t+9)2=225

⇒t=-9±15
Eithert=6ort=-24
Hencet=6s

Example20
The acceleration ofa particle is -10j.Ifthe
particlestartsat(0,80)withavelocity15i.

(i) Findthevelocityattimet=5.

(ii)GiventhatattimeT,theparticleisat(x,0).

CalculatethevaluesofxandT.

Solution:
a=-10j,r(0)=80j,u=15i

(i) From v=u+at
Whent=5,v=15i+(-10j)×5

⇒v=(15i-50j)

(ii) r(t)=r(0)+s

⇒r(t)=80j+(15i)t+
1

2
×(-10j)t2

∴ r(t)=15ti+(80–5t2)j
Whent=T,r(T)=xi+0j
∴ r(T)=15Ti+(80–5T2)j=xi+0j
⇒80–5T2=0⇒T =4s
∴ x=5T⇒x=5×4=20m

Exercises

Exercise:2A
1.Amotorcyclistdecelerateduniformlyfrom 20

km h-1 to 8km h-1 covering896m.Findthe
decelerationinm s-2.

2.Aboyandamanstarttorunfrom thesame
pointatthesameinstantand in thesame
direction.Themanrunswithaconstantspeed
of10m s-1,theboy’sinitialspeedis2m s-1

andacceleratesuniformlyat2m s-2.Calculate
the:

(i) greatestdistancebywhichthemangets

aheadoftheboy.

(ii)speedwithwhichtheboyovertakesthe

man.

3.Acarmovesfrom KampalatoJinjaandback.
Itsaveragespeedonthereturnjourneyis4
km h-1greaterthanthatoftheoutwardjourney
and ittakes 12 minutes less.Given that
KampalaandJinjaare80km apart,findthe
averagespeedontheoutwardjourney.

4.AparticlePstartsfrom apointAwithaninitial
velocityof2m s-1andtravelsalongastraight
linewithaconstantaccelerationof2m s-2.
TwosecondslaterasecondparticleQstarts
from restatAandtravelsalongthesameline
withanaccelerationof6m s-2.Findhow far
from A,QovertakesP.

5.A particle moving in a straightline with
constantacceleration passesin succession
throughA,B,C.Thetimetakenfrom AtoBis
t

1
andfrom BtoCist

2
,AB=a,BC=b.Prove

that the acceleration of the particle is
2(bt

1
-at

2)
t

1
t

2(t
1
+t

2)
.

6.A particle traveling in a straightline with
constantaccelerationcovers4∙5m and6m
inthethirdandfourthsecondsofitsmotion
respectively.Finditsaccelerationandinitial
velocity.

7.P,QandRarepointsonastraightroadsuch
thatPQ=20 m and QR=55 m.A cyclist
moving with uniform acceleration passesP
andthennoticesthatittakeshim 10sand15
stotravelbetween(PandQ)and(Q andR)
respectively.Findhisuniform acceleration.

8.Afterpassing a police carat60 km h-1,a
sportscarretardedimmediatelyuntilitsspeed
was40km h-1 anditmaintainedthisspeed
untilitwascaughtbythepolicecar1km from
the check point.Given thatthe police car
startedimmediatelyfrom restattheinstantit
waspassedbythesportscarwithaconstant
accelerationandthatthetimetakenbythe
sportscarin slowing from 60km h-1 to 40
km h-1 wasequaltothetimeittraveledata
constantspeed untilitwas caughtby the
policecar,findthe:

(i) timetakenbythepolicecartoreachthe

sportscar.

(ii)speedofthepolicecarattheinstantit

caughtthesportscar.

(iii)timewhenthespeedsofthecarswere
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equalmeasuredfrom thecheckpoint.

9.Astoneisdroppedfrom thetopofatower.
Afterone second anotherstone is thrown
verticallydownwardsfrom thesamepointata
speed of15 m s-1.Ifthe stones reach the
groundsimultaneously,findtheheightofthe
tower.

10. Inamotorrally,carAis1km from the
finishingpointandhasaninitialspeedof35
m s-1,movingwithanaccelerationof0∙4m s-2.
AtthesameinstantasecondcarBis200m
behind A and is traveling at44 m s-1 and
acceleratesuniformlyat0∙5m s-2.Findthe
distancecarBpassescarAfrom thefinishing
point.

11. Asportscarmovingwithauniform speed
of80km h-1passesapolicepatrolcaratrest.
After5seconds,thepolicepatrolcartakesoff
inpursuitacceleratinguniformlyat10m s-2.
Find:
(a)whenthepolicepatrolcarcatchesupwith

thesportscar.

(b)wherethecatchuptakesplacefrom the

originalpolicecarstation.

12. AtrainwastimedbetweenthreepointsA,
BandC.Ittook100secondstomovefrom A
toBand150secondstomovefrom BtoC.
Given thatAB = BC = 2 km,find how far
beyondCthetrainstops.

13. A,BandCarethreepointswhichliein
thatorderonastraightroadwithAB=95m
andBC=80m.Acartravelsalongtheroadin
thedirectionABCwithconstantaccelerationa
m s-2.ThecarpassesthroughAwithspeedu
m s-2,reachesBfivesecondslaterandCtwo
secondsafterthat.Findthevaluesofuanda.

14. A stoneisprojected verticallyupwards
from groundlevelataspeedof 24∙5m s-1.
Findhowlongafterprojectionthestoneisata
heightof19∙6m abovetheground:
(a)forthefirsttime.

(b)forthesecondtime.

(c)Forhowlongisthestoneatleast19∙6m

abovegroundlevel.

15. A particlemovinginastraightlinewith
uniform accelerationisfoundtocover25∙4m
initsfirsttwoseconds.Duringthe5th second

itcoversadistanceof28∙9m,findtheinitial
speedandtheacceleration.

Exercise:2B
1.(a)A trainstartsfrom restandaccelerates

uniformlyat0∙5m s-2for5minutes,itmoves
uniformly forthe next20 minutes and is
retardeduniformlyat 2m s-2 torest.Find
thetotaldistancecoveredbythetrainandits
average speed.
(b)PointsP,Q andR lieinthatorderona

straightroadsuchthatPQ=QR=40m.A
cyclistmovingwithuniform acceleration
passesP andthennoticesthatittakes
him 10secondsand15secondstotravel
between P and Q, and P and R
respectively.Find:
(i) hisacceleration.

(ii)thevelocitywithwhichhepassesP.
2.A train istraveling at108 km h-1 when the

brakesareapplied,producingaretardation3f
m s-2.Whenthespeedhasbeenreducedto54
km h-1,thetrainisuniformlyacceleratedatf
m s-2 untila speed of108 km h-1 is again
reached.From the instantthe brakes are
appliedtotheinstantwhenthespeedagain
reaches 108 km h-1,the time taken is 6
minutesandinthistimethetraintravels8km.
(a)Sketch a velocity-time graph for the

motion.
(b)Findthe:

(i) valueoff
(ii)distancetraveledat54km h-1

3.Atrainstopsattwostationswhichare24km
apart. It takes 3 minutes to accelerate
uniformly to a speed of 40 m s-1 then
maintainsthisspeeduntilitcomestorestwith
uniform retardationinadistanceof1200m.
Findthetimetakenforthejourney.

4.Thecageofapitperformsthefirstpartofits
descentwithuniform accelerationfandthe
remainderwithuniform retardation2f.Prove
thatifhisthedepthoftheshaftandtisthe

timeofdescent,h=
1

3
ft2.

5.A traintravelsbetweenstationsAandBin
timeT.Itacceleratesuniformlyfrom restfora
timeαTandretardsuniformlytorestatthe
endofthejourneyforatimeβT.Duringthe
intermediate time,ittravels with speed v.
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Provethattheaveragespeedforthewhole

journeyis
1

2
v(2–α–β).

6.AmotorcyclistpassesapointAwithaspeed,
v.Tensecondslaterhebrakesandthemotor
cycledeceleratesuniformlyfor5sreducing
itsspeedto30m s-1.Ifhecovers600m inthe
15s,findthe:

(i) valueofv.

(ii)decelerationofthemotorcycle.

7.A vehicle traveling on a straighthorizontal
trackjoiningtwopointsAandBacceleratesat
aconstantrateof0∙25m s-2anddecelerates
ata constantrate of1 m s-2. Itcovers a
distanceof2km from AtoBbyaccelerating
from resttoaspeedofvm s-1andtravelingat
thatspeeduntilitstartstodeceleratetorest.
Expressintermsofvthetimetakenforthe
accelerationanddeceleration. Given that
thetotaltimeforthejourneyis2∙5minutes,
findaquadraticequationforvanddetermine
v,explainingclearlythereasonforyourchoice
ofthevalueofv.

Exercise:2C
1. Aparticlewithpositionvector40i+10j+20k

moveswith constantspeed 5 m s-1 in the
directionofthevector4i+7j+4k.Findits
distancefrom theoriginafter9seconds.

2. Theforces4i–7j,6i–11j,-2i+jand4i+13j

startto acton a particle ofmass
1

2
kg,

initiallyat(2,–4)andmovingwithvelocity
(3i–4j)m s-1.Find:
(i) theaccelerationandhencevelocityafter

4seconds.
(ii)itsdisplacementafter4seconds.
(iii)theworkdonebytheforcein4seconds.

3. A particlestartsfrom apointwithposition
vector(i+7j)m withinitialvelocityof(4i+3j)
m s-1andacceleratesuniformlyat(i+2j)m s-2.
Findits:

(i) velocityatanytimet.
(ii)positionvectoratanytimet.

4. A particlestartswithvelocity-4i+5jm s-1

andacceleratesat6i–10jm s-2.Findafter
howlongthespeedoftheparticleis17m s-1.

5. A force of4i–2j+6k newtons acts on a
particle ofmass 2 kg resting ata point

whoseposition vectoris4i+3j–10k.Find
the position vectorofthe particle after5
seconds.

6. Anobjectofmass5kgisinitiallyatrestata
pointwhosepositionvectoris-2i+j.Ifitis
actedonbyaforce,F=2i+3j–4k,findits:

(i) acceleration.

(ii)velocityafter3s.

(iii)distancefrom theoriginafter3s.

7. Two forces F
1

=(3i–j+k) N and

F
2

=(2i+5j–5k)Nactonaparticleofmass2

kginitiallyatrest.Calculatethemagnitudeof
theparticle’sacceleration.

8. A particlehasaninitialposition vectorof
(7i+5j)m.Theparticlemoveswithconstant
velocityof(ai+bj)m s-1 andafter3seconds
hasapositionvectorof(10i–j)m.Findthe
valuesofaandb.

9. A particlehasaninitialposition vectorof
(4i+3j+9k) m. The particle moves with
constantvelocityof(3i–2j–5k)m s-1.Find
the:
(a)positionvectoroftheparticleattimet.
(b) position vectoroftheparticleafter5

seconds.
How faristheparticlefrom theorigin
after5seconds.

10.A particlehasaninitialposition vectorof
(ai+bj+ck) m. The particle moves with
constantvelocityof(3i+j+4k)m s-1 andafter
2secondshasapositionvector(7i+j+11k)m.
(a)Findthevaluesofa,bandc.

(b)How faristheparticlefrom theorigin

after3seconds.

11.Attime t=0 two particlesA and B have
positionvectors(2i+3j–4k)m and(8i+6k)m
respectively. A moves with a constant
velocity(-i+3j+5k)m s-1 andBwithconstant
velocity v m s-1. Given that when t=5
secondsBpassesthroughthepointthatA
passedthroughonesecondearlier,findv.

12.Theinitialvelocityofaparticlemovingwith
constantaccelerationis(3i–5j)m s-1.After2
seconds the velocity ofthe particle is of

magnitude6 2m s-1 parallelto(i+j).Find
theaccelerationoftheparticle.

13.A particlestartsfrom theoriginwithinitial
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velocity 4i-8j and moves with an
accelerationofi+j.Show thattheparticle
willpassthroughthepoint(24,-24) and
find thetimewhen itpassesthroughthis
point.

Answerstoexercises

Exercise:2A

1. 0∙0145m s-2 2. (i) 16m (ii) 18m s-1 3.

38∙05km h-1 4. 48m

5. 6.
3

2
m s-2 ;

3

4
m s-1 7.

2

15
m s-2

8.(i)80s (ii)90km h-1(iii)
2

195
hours

9.18∙4855m 10.220m 11.(a)7∙4338s

(b)276∙3069m 12.816
2

3
m 13.4 ;6 14.

(a)1s (b)4s (c)3s

15. 8∙0714m s-1;4∙6286m s-2

Exercise:2B

1.(a)208125m ;132.143m s-1(b)(i)
8

15
m s-2

(ii)
4

3
m s-1

2.(a)(b)(i)
3

52
(ii)200m 3.12min.4.5.

6.(i)42 (ii)2.4m s-2 7. t
1

=4v ; t
3

=v ;

v2-60v+800=0;v=20

Sincev=40givesnegativevalueoftimefor

constantspeed.

Exercise:2C

1.85 m 2.(i)(24i-8j)m s-2;(99i-36j)m s-1 (ii)

(204i-80j)m (iii) 2768J

3.(i) [(4+t)i+(3+2t)j] m s-1 (ii)

[(1+4t+
1

2
t2)i+(7+3t+t2)j]m

4.2s5.29i-9∙5j+27∙5k

6.(i)
1

5
(2i+3j-4k)m s-2

(ii)
1

5
(6i+9j-12k)m s-1 (iii) 5∙1662m 7.

3∙775m s-2 8. 1;-2

9. (a) (4+3t)i+(3-2t)j+(9-5t)k (b)

(19i-7j-16k)m ;3 74

10.(a) 1;-1;3(b) 329m

11.(-2i+3j+2k) 12.
1

2
(3i+11j)m s-2

13. t=4
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3.FORCEANDNEWTON’SLAWS

3.1 Force
A force is necessaryto cause a bodyto

accelerate.Morethanoneforcemayactona

body.Ifforcesonabodyareinequilibrium,

thenthebodymaybeatrestormovingina

straightlineatconstantspeed.A resultant

forceonabodycausesittoaccelerate.

3.2 Newton’sLawsofMotion
Newton’s three laws of motion are the

fundamentalbasisofstudyofA-levelmechanics.

1stLaw:Everybodywillremainatrestor

continuetomoveinastraightlineat

constantspeedunlessanexternalforce

actsonit.

Consequences:

(i) Ifa bodyhas an acceleration,then there

mustbeaforceactingonit.

(ii)Ifabodyhasnoacceleration,thentheforces

actingonitmustbeinequilibrium.

2ndLaw:Therateofchangeofmomentum ofa

movingbodyisproportionaltothe

resultantforceactingonitandtakes

placeinthedirectionoftheforce.

So when an externalforceactsonabodyof

constant mass, the force produces an

accelerationwhichisdirectlyproportionaltothe

force.

Consequences:

(i)Thebasicequationofmotionforaconstant

massis:

Force=Mass×Acceleration

F=ma

(ii)Theforceand acceleration ofa bodyare

bothinthesamedirection.

(iii)Aconstantforceactingonaconstantmass

givesitaconstantacceleration.

3rdLaw:IfabodyAexertsaforceonabodyB,

thenBexertsanequalandopposite

forceonA.

Consequence:
Theseforcesbetween bodiesareoften called
reactions.In a rigid body the internalforces
occurasequalandoppositepairsandthenet
effectiszero.Soonlyexternalforcesneedtobe
considered.

Problem Solving:
Thefollowingareimportantpointstoremember
whensolvingproblemsusingNewton’slawsof
motion:

1.Drawaclearforcediagram.
2.Ifthereisnoacceleration,thatis,whenthe

bodyiseitheratrestormovingwithuniform
velocity,then the forces balance in each
direction.

3.Ifthereisanacceleration:

(i)Markitonthediagram using
(ii)Writedown,ifpossible,anexpressionfor

theresultantforce.
(iii)UseNewton’s2ndlaw,thatis,writedown

anequationofmotion:
Force=mass×acceleration
F=ma

Somecommoncases:

1.Abodyatrestonaroughinclinedplane.

Sincethereisnoaccelerationtheforcesbalance:
Resolvingalongplane:

F=mgsinθ
Resolvingnormaltoplane:

R=mgcosθ

2.A body sliding down a rough plane at
constantspeed.
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R

F

θ
mg

Sincethereisnoaccelerationtheforcesbalance:
Resolvingalongplane:

F=mgsinθ
Resolvingnormaltoplane:

R=mgcosθ

3.A body sliding down a rough plane with
acceleration.

a
R

F

θ
mg

Resolvingnormaltotheplane:
R=mgcosθ

ApplyingNewton’s2ndlawtomotiondownthe
plane:

mgsinθ–F=ma

3.3 Connectedparticles
Twoparticlesconnectedbyalightinextensible
stringwhichpassesoverafrictionlesspulleyare
called connected particles.Thetension in the
stringisthesamethroughoutitslength,soeach
particleisacteduponbythesametension.

Problems concerned with connected particles
usuallyinvolvefindingaccelerationofthesystem
andthetensioninthestring.
Tosolveproblemsofthiskind:

1.Draw acleardiagram showingtheforceson
eachparticleandthecommonacceleration.

2.Writetheequationofmotionforeachparticle
usingF=ma.

3.Solvethetwoequationstofindthecommon
accelerationaandtensingTinthestring.

Example1
Twoparticlesofmassm

1
andm

2
,withm

2
>m

1

areconnectedbyalightinextensiblestringwhich

passes overa fixed smooth pulley.Find the
commonaccelerationaandthetensionTinthe
stringwhenthesystem ismovingfreely.

a

TT

a

m
1
g m

2
g

Form
1
:T–m

1
g=m

1
a…………………(i)

Form
2
:m

2
g–T=m

2
a………………..(ii)

Addingequation(i)andequation(ii)

m
2
g–m

1
g=m

1
a+m

2
a

a=(m
2
-m

1

m
1
+m

2
)g

From equation(i):

T=m
1
(a+g)=m

1
g(m

2
-m

1

m
1
+m

2

+1)
T=

2m
1
m

2
g

(m
1
+m

2)

Commonsituations:

Thereareothersituationsinvolving motion of
connected particles,theabovecasebeing the
simplest.
1. Oneparticleonasmoothhorizontaltable.

Form
1
:

Resolvingvertically:R=m
1
g

Equationofmotion:T=m
1
a

Form
2
:

Equationofmotion:m
2
g–T=m

2
a

R a

T

T
m

1
g

m
2
g

a

m
1

1

m
2

2
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2.Oneparticleonaroughhorizontaltable.

F

R a

T

T
m

1
g

m
2
g

a

m
1

m
2

Form
1
:

Resolvingvertically:R=m
1
g

Equationofmotion:T-F=m
1
a

Form
2
:

Equationofmotion:m
2
g–T=m

2
a

3.Oneparticleonasmoothinclinedplane:

a

T

T
a

R

m
1

θ m
1
g

m
2
g

m
2

a

Form
1
:

Resolvingperpendiculartoplane:

R=m
1
gcosθ

Equationofmotion:T–m
1
gsinθ=m

1
a

Form
2
:

Equationofmotion:m
2
g-T=m

2
a

4. Oneparticleonaroughinclinedplane:

a

T

T
a

R

m
1

θ m
1
g

m
2
g

m
2

aF

Form
1
:

Resolvingperpendiculartoplane:R=m
1
gcosθ

Equationofmotion:T–F–m
1
gsinθ=m

1
a

Form
2
:

Equationofmotion:m
2
g–T=m

2
a

Example2
To one end ofa lightinextensible string is
attachedamassof1kgwhichrestsonasmooth
wedgeofinclination30°.Thestringpassesover
asmoothfixedpulleyattheedgeofthewedge,
underasecondsmoothmovablepulleyofmass
2kgandoverathirdsmoothfixedpulleyandhas
amassof2kgattachedtotheotherend.Findthe
accelerationsofthemassesand themovable
pulleyandthetensioninthestring.
(Assumethe portions ofthe string lie in the
verticalplane.)
Solution:

2
kg

a
1

TT
T T

2g
N

2g
N

a
2

1

2(a
1
-a

2)

gsinθ
gcosθ

gN

30°

R

For1kgmass:
T–gsin30=1×a

1

⇒T-
1

2
g=a

1
……………………..(i)

Formovablepulley:

2g–2T=2×
1

2
(a

1
–a

2

)⇒2g–2T=a
1
–a

2
…………….(ii)

For2kgmass: 2g–T=2a
2

…………………..(iii)

Addingequation(i)andequation(iii)
3

2
g=a

1
+2a

2
……………….(iv)

Adding2×equation(i)andequation(ii)
g=3a

1
–a

2
………………….(v)

2×equation(v)+ equation(iv)
7

2
g=7a

1

a
1

=
1

2
g=

1

2
×9∙8=4∙9m s-2



Page28

From equation(iv)
3

2
g=

1

2
×g+2a

2

⇒a
2

=
1

2
g=

1

2
×9∙8=4∙9m s-2

Accelerations:
1kgmass:4∙9m s-2

Movablepulley:
1

2
(4∙9–4∙9)=0m s-2

2kgmass:4∙9m s-2

From (i):

T-
1

2
g=

1

2
g ∴ T=g⇒T=9∙8N

Example3

Thediagram showsaparticleAofmass0∙5kg
attachedtotheendofalightinextensiblestring
passingoverafixedlightpulleyandunderalight
movablepulleyB.Theotherendofthestringis
fixedasshownbelow.

A
0∙5kg

B

(i)WhatmassshouldbeattachedtoBforthe
system tobeinequilibrium?

(ii)IfBis0∙8kg,whataretheaccelerationsof
particleAandpulleyB?

Solution:

A
0∙5kg

B

m

T TT

mgN0∙5gN

(i)

ForA:T=0∙5g=0∙5×9∙8=4∙9N
ForB∶2T=mg⇒2×4∙9=m×9∙8

⇒m =1kg

A
0∙5kg

B

T TT

0∙8gN0∙5gN

1

2
a

a

(ii)

ForA:0∙5g-T=0∙5a……………………(iii)

ForB:2T-0∙8g=0∙8×
1

2
a

⇒T-0∙4g=0∙2a……………(iv)
Addingequation(iii)andequation(iv)

0∙1g=0∙7a⇒a=
1

7
g=

1

7
×9∙8=1⋅4m s-2

Accelerations:A:1⋅4m s-2;B:0⋅7m s-2

Example4
Thediagram showsafixedpulleycarryinga
stringwhichhasamassof4kgattachedatone
endandalightpulley,Pattachedattheotherend.
AnotherstringpassesoverpulleyPandcarriesa
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massof3kgatoneendandamassof1kgat
theotherend.

1
kg

P

3
kg

4
kg

Findthe:
(a)accelerationofpulleyP.

(b)accelerationofthe1kg,3kgand4kg

masses.

(c)tensionsinthestrings.

Solution:

1kg

P

3kg

4kg

3g
N

gN

4g
N

T
1

T
1

T
2

T
2

a
1 a

1

a
1

+a
2 a

2
-a

1

Forthe4kgmass:
4g-T

1
=4a

1
…………(i)

ForpulleyP:
T

1
=2T

2

Substitutinginequation(i)
4g-2T

2
=4a

1
⇒2g-T

2
=2a

1
…………(ii)

Forthe1kgmass:

T
2

-g=a
1

+a
2
…………(iii)

Forthe3kgmass:
3g-T

2
=3(a

2
-a

1)…………(iv)

Addingequation(ii)andequation(iii)
3a

1
+a

2
=g⇒a

2
=g-3a

1
…………(v)

Addingequation(iii)andequation(iv)
2g=4a

2
-2a

1
⇒g=2a

2
-a

1
…………(vi)

From equation(v)andequation(vi)
g=2(g-3a

1)-a
1
⇒7a

1
=g⇒a

1
=1⋅4m s-2

From equation(v)
a

2
=9⋅8-3×1⋅4⇒a

2
=5⋅6m s-2

(a)accelerationofpulleyPis1⋅4m s-2

(upwards).

(b)accelerations:

1kgmass:7m s-2(upwards);3kgmass:
4⋅2m s-2(downwards);
4kgmass:1⋅4m s-2(downwards).

(c)Tensions:

From equation(i):
T

1
=4(9⋅8-1⋅4)⇒T

1
=33⋅6N

T
1

=2T
2
⇒33⋅6=2T

2
⇒T

2
=16⋅8N

Example5
Oneendofalightinextensiblestringisattached
toablockAofmass5kg.TheblockAisheldat
restonasmoothfixedplanewhichisinclinedat

anangleαtothehorizontal,wheresinα=
3

5
.The

stringisparalleltothelineofgreatestslopeof
theplaneandpassesoverasmoothlightpulley
whichisfixedatthetopoftheplane.Theother
endofthestringisattachedtoalightscalepan
whichcarriestwoblocksBandC,withblockBon
topofblockCasshowninthediagram below.

A B
C

α
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ThemassofBis5kgandthemassofCis10kg.
Thescalepanhangsatrestandthesystem is
releasedfrom rest.Findthe:
(a)(i) accelerationofthesystem.

(ii)tensioninthestring.

(b)(i)magnitudeoftheforceexertedonblockB

byblockC.

(ii)magnitudeoftheforceexertedonblock

Cbythescalepan.

(c)magnitudeoftheforceexertedonthepulley

bythestring.

Solution

A B
C

α

a

a

R
T T

15gN
5gcosα

5gsinα

(a)Forscalepan:

15g-T=15a…………(i)
ForblockA:

T-5gsinα=5a⇒T-5g×
3

5
=5a

⇒T-3g=5a…………(ii)
(i)Addingequation(i)andequation(ii)

12g=20a⇒a=
3

5
×9⋅8

⇒a=5⋅88m s-2

(ii)From equation(i)

T=15(9⋅8-5⋅88)⇒T=58⋅8N

(b)(i)LetPbethemagnitudeofthereaction

betweenBandC:

ForB:
5g-P=5×5⋅88
5×9⋅8-P=29⋅4
P=19⋅6N

B

P

5g
N

5⋅88m s-2

(ii)LetQbethemagnitudeofthereaction

betweenQandthescalepan:

ForC:
10g+P-Q=10×5⋅88
10×9⋅8+19⋅6-Q=58⋅8
Q=58⋅8N

B

Q

5g
N

5⋅88m s-2

P

(c) LetFbethemagnitudeoftheforce

exertedonthepulleybythestring

β

T

T
F

Whereβ=90°-α

sinα=
3

5
⇒α=36⋅9°

F=2Tcos(90-α

2 )
F=2×58⋅8cos26⋅565
F=105⋅2N

Exercises

Exercise:3A
1. A carofmassM kgistowingatrailerof

massλM kgalongastraighthorizontalroad.
The tow-barconnecting the carand the
trailerisofnegligiblemassandhorizontal.
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Theresistiveforcesactingonthecarand
trailerareconstantandofmagnitude300N
and200Nrespectively.Attheinstantwhen
thecarhasanaccelerationofmagnitude0⋅3
m s-2,thetractiveforcehasmagnitude2000
N.
Show thatM(λ+1)=5000.Given thatthe
tensioninthetow-baris500Natthissame
instant,findthevalueofM andthevalueofλ.

2. Acarofmass800kgtowsatrailerofmass
400kg.Theresistancetomotionforbothcar
andtraileris0⋅2Nperkg.Findthetractive
force exerted by the carengine and the
tension in the tow bar when they are
travelingwith:

(a) uniform velocity.

(b) anaccelerationof2m s-2.

3. A lightinextensiblestring attached to the
ceiling passes undera smooth movable
pulleyofmass6kgandthenoverasmooth
fixedpulley.Aparticleofmass1kghangs
freely from the end ofthe string.Ifthe
system is released from rest,find the
accelerationoftheparticleandthetensionin
thestring.

4. Abodyofmass16kgisreleasedfrom rest
onaninclinedplaneofinclination1in40,the

resistancetothemotionbeing
1

8
N perkg.

Calculatethe:
(i) accelerationofthebody.
(ii)speedofthebody6secondsafter

release.

5. A vehicleofmass2500kgisdrawnupa
slope of 1 in 10 from rest with an
accelerationof1⋅2m s-2 againstaconstant

frictionalresistanceof
1

100
oftheweightof

thevehicle,usingacable.Findthetensionin
thecable.

6. Whenamanofmassm usesalifttogoup
and down in a building at a uniform
acceleration,thereactionsonthefloorofthe
liftare1185Nand285Nrespectively.Find
theuniform accelerationandthemassofthe
man.

7. Twoparticlesofmass0⋅5kgand0⋅7kgare
connected by a light inextensible string
passingoverasmoothfixedpulley.Initially
bothpartsofthestringaretautandvertical,

and the0⋅5 kg massismoving vertically
downwardswithaspeedof12⋅6km h-1.Find
the distance itcovers before coming to
instantaneousrest. (Useg=10m s-2)

8. Theengineofatrainexertsaforceof35000
Nonatrainofmass240tonnesanddrawit
upaslopeof1in120againstresistance
totaling60Npertonne.Findtheacceleration
ofthetrain.

9. Acarofmass2000kgtowsatruckofmass
1000kgupahillof1in20byarope.The
resistanceduetofrictiononeachvehicleis
proportionaltothemassofthevehicle.The
engineofthecarexertsatractiveforceof
3600Nwhentravelingupthehillatasteady
speedof18km h-1.
(i) Showthatthetensionintheropeis1200

N.
(ii)Iftheropebreaksandthetwovehicles

continuetomoveupthehill,calculate
how farthetrucktravelsbeforecoming
momentarilytorest.

10.A bodyofmass5kginitiallyrestingona
smoothhorizontalsurfaceisacteduponby
twoforces42Nat30°below thehorizontal
andahorizontalforceof8⋅2Nasshown.

8⋅2N 5
kg

42N

30°

Calculatethe:
(i) normalreactiononthebody.

(ii) accelerationofthebodyalongthe

surface.

11.Atrainofmass6tonnesistravelingat40
m s-1 when the brakes are applied.Ifthe
resultantbraking force is 40 kN,find the
distancethetraintravelsbeforecomingto
rest.

12.Thediagram showsabodyofmass5kg
hangingatrestattheendofalightvertical
string.Theotherendofthestringisattached
toamassof2kgwhichinturnhangsatthe
endofanotherlightverticalstring.Findthe
tensionineachstring.
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2kg

5kg

Exercise:3B

1. A mass of3 kg is atreston a smooth
horizontaltable.Itis attached by a light
inextensiblestring passing overa smooth
fixed pulley atthe edge ofthe table to
anothermassof2kgwhichishangingfreely.
Thesystem isreleasedfrom rest.Determine
theresultingaccelerationandthetensionin
thestring.

2. A particleofmass2kgmovesunderthe
actionofaconstantforce(2i+4j)N.Attime
t=0theparticleisatrestatapointwith
positionvector(2i+5j)m.Findtheposition
vectoroftheparticleatt=3s.

3. Forces(i–2j)Nand(3i+4j)Nareappliedtoa
bodyofmass2kg.
(a)Findinvectorform the:

(i) resultantforceactingonthebody.
(ii)accelerationofthebody.

(b)Initiallythepositionvectorofthebodyis
(2i–j)m anditsinitialvelocityis
(4i+3j)m s-1.
(i) Show that after t seconds, the

positionvectorofthebodyis

[(t2+4t+2)i+(1

2
t2+3t–1)j]metres.

(ii)Findthevalueoftwhenthebody’s
position vector is in the same
directionasitsacceleration.

4. A liftofmass950kgiscarryingaboyof
mass50kg.
(a)Theliftisascendingatauniform speed.

Calculatethe:

(i) tensionintheliftcable.

(ii)reactionoftheboyonthefloorof

thelift.

(b)Iftheliftascendswithretardationof2

m s-2,calculatethe:

(i) tensionintheliftcable.

(ii)reactionoftheboyonthefloorof

thelift.

5. TwoparticlesAandBofmasses4kgand5

kg respectively,are connected by a light

inextensiblestring passing overa smooth

fixedpulley.InitiallyB is1⋅5m abovethe

ground.Ifthesystem isreleasedfrom rest,

findthe:

(i) accelerationofthemasses.

(ii) speedofeachmasswhenthe5kg

masshitstheground.

(iii) furthertimeand distanceduring
whichthe4kgmasscontinuesto
rise,assumingitdoesnotreach
thepulley.

6. Find in vector form the acceleration

producedinabodyofmass2kgsubjected

toforcesof(2i–3j+4k)Nand(i+5j+2k)N.

7. A mass of10 kg resting on a smooth

horizontaltableisconnectedbyalightstring

passingoverasmoothpulleyattheedgeof

thetable,toamassof7kghangingfreely.

Findthecommonacceleration,thetensionin

thestringandforceonthepulley.

8. Aparticleofmassm
1

isdrawnupasmooth

inclinedplaneofheighthandlengthdbya

stringpassingoverthetopoftheplane,and

supportingattheotherendamassm
2
.Ifm

1

startsfrom restatthebottom oftheplane

andm
2

isdetachedafterm
1

hasmoveda

distancexshow thatm
1

willjustreachthe

topoftheplaneifx=
(m

1
+m

2)
m

2
(d+h)

dh.

9. The diagram shows a light inextensible

stringpassingoverasmoothfixedpulley,

and carrying a particleA atoneend and

particlesBandCattheother.Themassesof

A,BandCare2m,m and2m respectively.
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A
B

C

Find theacceleration ofthesystem when
releasedfrom rest.AfterChastraveled0∙5
m itfalls offand the system continues
withoutit.Find:

(a)thevelocityofBattheinstantCfalls.

(b)howmuchfurtherBtravelsdownbefore
itstartstorise.

10.Threecoplanarforces(9i-2j)N,(-3i+10j)N

and(ai-bj)Nactonamassof5kgcausingit

toaccelerateat(3i+j)m s-2.Findthevalues

ofaandb.

Exercise:3C

1. Inthepulleysystem showninthediagram,A

isaheavypulleywhichisfreetomove.Find

themassofpulleyA ifitdoesnotmove

upwardsordownwardswhenthesystem is

releasedfrom rest.

6kg 3kg

A

2. Inthepulleysystem showninthediagram,

thepulleyAisfreetomove.Findthemassof

theloadBifwhenthesystem isfrom rest,

pulley A does not move upwards or

downwards.

B3kg

3kg3
kg

A

3. Alightinextensiblestringwhichpassesover

asmoothfixedpulleyPcarriesatoneenda

particleofmass2kgandattheotherenda

smoothlightpulleyQ.ParticlesAandBof

masses 4 kg and 5 kg respectively are

connected by a light inextensible string

passingoverpulleyQ.Findtheaccelerations

ofparticlesAandBandthe2kgmasswhen

thesystem ismovingfreely.Findalsothe

tensionsinthetwostrings.

4. Thefigureshowsalightinextensiblestring

whichpassesoverasmoothfixedpulleyA

andcarriesatoneendamassof5kgandat

theotherendasmoothlightpulleyB.Alight

inextensiblestringpassesoverpulleyBand

carriesmasses3kgand2kgatitsends.

Whenthesystem isreleasedfrom rest,find

theaccelerationofpulleyB,andthemasses.

Findalsothetensionineachstring.

AA

B

2kg

5kg

3kg

5. A lightstringpassesoveronefixedpulley,

underamovablepulleyofmassM andover
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asecondfixedpulley.Amassm
1

isattached

tooneendofthestring,amassm
2

tothe

otherend.Assumingthepartsofthestring

notincontactwiththepulleytobevertical,

prove that the tension in the string is

4m
1
m

2
Mg

M(m
1
+m

2)+4m
1
m

2

.

6. Amassof2kgrestingonasmoothinclineof

45°isconnectedbyalightinextensiblestring

passingoverasmoothfixedpulleyatthetop

oftheinclinetoasmoothmovablepulleyof

mass 0⋅5 kg.A second lightinextensible

string passing over the second smooth

movablepulleyhasmassesof0⋅5kgand1

kg hanging at its free ends. Find the

accelerationofthe1kg,2kgmassesandthe

tensionineachstringwhenthesystem is

releasedfrom rest.

7. A particleofmass6kgisconnectedbya

light inextensible string passing over a

smooth fixed pulley to a light smooth

movablepulleyA.Twoparticlesofmasses2

kg and 1 kg are connected by a light

inextensible string passing overpulley A.

Whenthesystem ismovingfreely,findthe:

(i)acceleration ofeach mass and the
movablepulley.

(ii)tensionineachstring.(Leaveginyour
answers)

8. The diagram shows particles A and B of

masses3kgand5kgconnectedbyalight

inextensiblestringpassingovertwosmooth

fixedpulleysandunderasmoothmovable

pulleyCofmass6kg.

A B
C

Ifthesystem isreleasedfrom restfindthe:
(a) accelerationsofA,BandC.

(b) tensioninthestring.

9. Thefigureshowsalightinextensiblestring

passingoverasmoothfixedpulleyA,toone

endofwhichisattachedamassof8kgand

totheotherendisattachedpulleyBofmass

2 kg. Over B passes a second light

inextensiblestringwhichcarriesmassesof3

kgand4kgatitsfreeends.

8kg

3
kg

4kg

A

2kg
B

The system is released from rest.
Determinethe:

(a) accelerationofthemovablepulley,

3kgmassand4kgmass.

(b) tensionsinthestrings.

10.Atoneendofaninelasticstringisattacheda

massof4kg.Thestringthenpassesovera

smoothfixedpulleyandthenunderasmooth

movablepulleyofmassM.Theotherendof

thestringisfixedtoaceiling.Giventhatthe

4 kg mass accelerates downwards at
1

4
g

m s-2,where g is the acceleration due to

gravity,findthe:

(i) valueofM.

(ii) tensioninthestring.

11.Totheendofalightinextensiblestringis

attachedamassAof4kgwhichrestsona

smoothhorizontaltable.Thestringpasses

overasmoothfixedpulleyP,attheedge

ofthe table and the otherend carries a

smooth movable light pulley Q.A light
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inextensiblestringpassesoverpulleyQand

carriesatitsendsmassesBof2kgand

C of1 kg.Find the acceleration ofthe

massesandthemovablepulleyandtensions

inthestrings.

12.The diagram below showstwo pulleysof

masses8kgand12kgconnectedby a

lightinextensiblestringhangingoverafixed

pulley.

12
kg

4
kg

12
kg

3
kg

8
kg

m
kg

Theaccelerationsofthe4kgand12kgmasses

are
g

2
upwardsand

g

2
downwards respectively.

Theaccelerationsofthe3kgandm kgmasses

are
g

3
upwardsand

g

3
downwards respectively.

Thehangingportionsofthestringsarevertical.
Giventhat the string of the fixed pulley
remainsstationary,findthe:

(a) tensionsinthestrings.
(b) valueofm.

Answerstoexercises
Exercise:3A

1. 4000;
1

4
2.(a) 240N (b) 2640N 3.

7∙84m s-2(upwards);17∙64N

4. (i) 0∙12m s-2 (ii) 0∙72m s-1 5. 5695N

6. 6m s-2 ; 75kg 7. 3∙675m 8.

0∙0042m s-2 9. (i) (ii) 10∙4167m

10.(i) 70N (ii) 5∙6346m s-2 11. 120m

12. Upperstring:68∙6N;

Lowerstring:49N

Exercise:3B

1. 3∙92m s-2;11∙76N 2.(6∙5i+14j)m 3.(a)

(i)(4i+2j)N (ii)(2i+j)m s-2

(b) (i) (ii) 2 4. (a) (i) 9800N

(ii) 490N(upwards)

(b) (i) 7800N (ii) 390N(upwards)

5. (i) 1∙0889m s-2

(ii) 1∙8074m s-2 (iii) 0∙1667m 6.

(1∙5i+j+3k)m s-2

7. 4∙0353m s-2 ;40∙353N ;57∙0678Nat

45°tohorizontal8. 9.1∙96m s-2

(a) 1∙4m s-1 (b) 0∙3m 10.

a=9;b=3

Exercise:3C

1.8kg 2. 1kg 3. A∶5∙8m s-2(downwards);

B∶6∙6m s-2 (downwards);2 kg mass:6∙2m s-2

(upwards);upperstring:32N;lowerstring:16N

4.B∶0∙2m s-2 (upwards);2kgmass:2∙2m s-2

(upwards);3kgmass:1∙8m s-2 (downwards);5

kgmass:0∙2m s-2(downwards);upperstring:48

N

Lowerstring:24 N 5. 6. 1kg mass:

3∙981m s-2(downwards);2kgmass:1∙0715m s-2

(uptheplane);upperstring:16∙002N ;lower

string:5∙819N 7.(i) 6kgmass:
5

13
gm s-2

(downwards);2kgmass:
1

13
gm s-2(downwards);

1kgmass:
11

13
gm s-2(upwards);movablepulley:
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5

13
gm s-2(upwards) (ii) upperstring:

48

13
gN;

lowerstring:
24

13
gN 8.(a) A :1∙0889m s-2

(upwards);B :3∙2667m s-2 (downwards);C :

1∙089m s-2(upwards) (b) 32∙667N

9.(a)0.4938ms-2(downwards);0.8305ms-2

(upwards);1.8271ms-2(downwards)(b)Upper

string:82.3864N;lowerstring:31∙8915N

10.(i) 5
1

3
kg (ii) 29∙4N 11.4kgmass:

3∙92m s-2;Q:3∙92m s-2(downwards)

1kgmass:1∙96m s-2 (downwards);2kgmass:

5∙88m s-2(downwards);15∙68N ;7∙84N12.

(a) Stringover8kgpulley:58∙8N;Stringover

fixedpulley:196N ;Stringover12kgpulley:

39∙2N (b) 6kg

4.RESULTANTS&COMPONENTSOFFORCES
4.1 Resultantoftwoforces
Theresultantoftwoforcescanbeobtainedby
using aparallelogram offorces.Considertwo
forcesofmagnitudesPandQactingatanangle
θtoeachotherasshownbelow.

Q

θ

P

Their resultant can be obtained from the
parallelogram offorcesshown.

Q

θ
α

P

R

P

(180–θ)

Q

Themagnitudeoftheresultantisfoundusingthe

cosinerule.

R2=P2+Q2–2PQcos(180–θ)

R2=P2+Q2+2PQcosθ

Thedirectionαisobtainedusingthesinerule:



Page37

Q

sinα
=

R

sin(180-θ)
Q

sinα
=

R

sinθ

α=sin-1(Qsinθ

R )
Example1

Findtheresultantoftheforcesshownbelowand

theangleitmakeswiththe20Nforce.

60°

16N

20
N

Solution

16
N

16
N

20
N

20
N

R

120°α
60°

R2=202+162-2×20×16cos120

R=31⋅24N

R

sin120
=

16

sinα
⇒

31∙24

sin120
=

16

sinα
⇒α=26⋅

3°

4.2 ComponentsofForces
Anygivenforcecanbeexpressedintermsof
components in two perpendicular directions.
Thesearecalledtheresolvedcomponentsofthe
force.

Forcesandtheirresolvedcomponents

P

θ

P
sinθ

Pcosθ

Q

α

Qsinα

Q
cosα

<=>

<=>

More generally consider four forces of
magnitudesP,Q,R,Sactingasshownbelow:

Q P

α θ

β Ø

S
R

Thefollowing arecomponentsofeach ofthe
forces:

P=(Pcosθ

Psinθ),Q=(-Qcosα

Qsinα),

R=(-Rcosβ

-Rsinβ),S=(ScosØ

-SsinØ)

4.3 Resultantofanygiven
numberofforces

Given forcesF
1
,F

2
,F

3
,theirresultantF isthe

vectorsum,F=F
1

+F
2

+F
3
.

However,ifthe forces are given in terms of

magnitudeanddirectionsaregiveninform of

angles.Wefirstexpresstheforcesintermsof

componentsintwoperpendiculardirectionsand

find thevectorsum.From thisweobtain the

magnitudeanddirectionoftheresultant.

ConsiderforcesofmagnitudesP,Q,R,Sacting

asshownbelow:
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Q P

α θ

β Ø

S
R

P=(Pcosθ

Psinθ),Q=(-Qcosα

Qsinα),

R=(-Rcosβ

-Rcosβ),S=(ScosØ

-SsinØ)
TheresultantF=P+Q+R+S.

F=(X
Y)=(Pcosθ-Qcosα-Rcosβ+ScosØ

Psinθ+Qsinα-Rsinβ-SsinØ )

X

F
Y

γ

Themagnitudeoftheresultantisobtainedfrom:

|F|= X2+Y2

Thedirectionoftheresultantγcanbeobtained

from:γ=tan-1(Y

X).

Example2

Aparticleofmass2kgmovesundertheaction

offorcesF
1
,F

2
andF

3
.Attimet;

F
1

=(1

4
t-1)i+(t–3)jN,

F
2

=(1

2
t+2)i+(1

2
t-4)jNand

F
3

=(1

4
t-4)i+(3

2
t+1)jN.

Findtheaccelerationoftheparticlewhent=2s.

Solution:

Whent=2s;

F
1

=(1

4
×2-1)i+(2–3)j=-

1

2
i–jN

F
2

=(1

2
×2+2)i+(1

2
×2-4)j=3i–3jN

F
3

=(1

4
×2-4)i+(3

2
×2+1)j=-

7

2
i+4jN

F=F
1

+F
2

+F
3

=(-
1

2
i-j)+(3i–3j)+(-

7

2
i+4j)

⇒F= -iN

From F=ma

-i=2a⇒a=-
1

2
im s-2

Example3
The figure below shows a system offorces
actingonaparticleofmass5kg.

3 2N
5N

10
N

45°

60°
60°

8N

12
N

Findtheresultantforceontheparticleandhence

itsacceleration.

Solution:

F=(12+
0+

0-
5+3

3 2sin45

2cos45

-10sin60+

-10cos60-

8cos60

8sin60)
⇒F=(4⋅3397

-3⋅9282)
|F|= 4⋅33972+(-3⋅9282)2

⇒|F|=5⋅8535N

Alternatively, the forces can be resolved

separately;

Resolvinghorizontally:

(→)∶X=12-3 2sin45-10sin60+8cos60

⇒X=4⋅3397N

Resolvingvertically:

(↑)∶Y=5+3 2cos45-10cos60-8sin60⇒Y=-3⋅

9282N

The magnitude and direction of the
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resultantisobtainedfrom thefollowingtriangle

offorces:

|F|

4⋅3397

α

3⋅9282

|F|= 4⋅33972+(-3⋅9282)2

⇒|F|=5⋅8535N

tanα=
3⋅9282

4⋅3397
⇒α=42⋅2°

|F|=m|a|⇒5|a|=5⋅8535

⇒|a|=1⋅1707m s-2

Example4
TwoforcesPandQ actinthedirectionsofthe
vectors 4i+3jand i–2jrespectively and the
magnitudeofPis25N.Giventhatthemagnitude
oftheresultantofPandQisalso25N,findthe
magnitudeofQ.
Solution:

P=|P|
̂
P;|P|=25N;

̂
P=

4i+3j

42+32
⇒

̂
P=

4i+3j

5

P=25×
(4i+3j)

5
⇒P=(20i+15j)N

Similarly;Q=|Q|×
(i-2j)

12+(-2)2
⇒Q=

|Q|
5

i-
2|Q|

5
j

P+Q=(20+
|Q|

5)i+(15-
2|Q|

5)j

but|P+Q|=25

(20+
|Q|

5)
2

+(15-
2|Q|

5)
2

=252

|Q|(|Q|-4 5)=0Either|Q|=0or|Q|=4 5

Hence|Q|=4 5N

Exercises

Exercise:4A
1.Find the magnitudes of the verticaland

horizontalcomponentsof:
(a)a force of20 N acting at40°to the

horizontal.

(b)a force of14 N acting at78°to the

horizontal.

(c)aforceof24Nactingat36°tothevertical.

2.Asetofhorizontalforcesofmagnitude20N,
12 N and 30 N acton a particle in the
directions due south,due eastand N40°E
respectively.Findthemagnitudeanddirection
ofthefourthforcewhichholdstheparticlein
equilibrium.

3.Twoforcesofmagnitude12Nand9Nacton
aparticleproducinganaccelerationof3⋅65
m s-2.Theforcesactatanangleof60°toeach
other.Findthemassoftheparticle.

4.ABCDisasquare.Forcesofmagnitude2N,1N,

2N and4N actalongAB,BC,AC andDA
respectively.The directions of the forces
beingindicatedbytheorderoftheletters.Find
themagnitudeoftheresultantandtheangleit
makeswithAB.

5.TwoforceshavemagnitudesPandQandthe
anglebetweenthem isθ.Iftheresultantof
thesetwoforcesisRandmakesanangleα
withP.Showthat:

(a) R2=P2+Q2+2PQcosθ

(b) tanα=
Qsinθ

P+Qcosθ

6.Forcesof3N and2N actalongOAandOB
respectively,thedirectionsoftheforcesbeing
indicated by the order of the letters. If

A
̂
OB=150°, find the magnitude of the

resultantandtheangleitmakeswithOA.

7.Theanglebetweenaforceof6Nandaforce
ofPNis90°.Iftheresultantofthetwoforces
hasmagnitude8N,findthevalueofP.

8.Obtain the magnitude and direction ofthe
resultantoftheforcesbelow.

4N3N

2N

5N
30°

9. Forces3,2,1,4Nactatapointalonglines

OA,OB,OC,OD respectively.A
̂
OB=60°,

BÔC=90°,CÔD=120°.Findthemagnitude
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oftheresultantanditsinclinationtoOA.

10. Twoforces,(4i-5j)Nand(pi+qj)N,acton
aparticlePofmassm kg.The resultant of
thetwoforcesisR.GiventhatR actsina
directionwhichis paralleltothevector(i-2j):
(a)findtheanglebetweenRandthevectorj.
(b)showthat2p+q+3=0.

Giventhatq=1andthatPmoveswithan

accelerationofmagnitude8 5m s-2,
(c)findthevalueofm.

Exercise:4B
1.Forces3N,5N,7Nand2Nactalongsides

DA,AB,BCandCD respectivelyofasquare.
Calculatethemagnitudeoftheirresultantand
theangleitmakeswithAD.

2.Findtheanglebetweenthelinesofactionof
twoforcesofmagnitude7Nand11N,given
theirresultantisofmagnitude8N.

3.PQRSisasquare.Forcesofmagnitude60N,
40N,180Nand40NactalongthelinesPQ,
QR,RPandSQrespectively,ineachcasethe
directionoftheforcebeinggivenbytheorder
ofthe letters.Given thatSR is horizontal.
Determinethe:

(a) magnitudeoftheresultantforce.
(b) inclinationoftheresultanttoSR.

4.Each ofthe following diagrams shows a
numberofforces.Findthemagnitudeoftheir
resultantandangleitmakeswiththex-axis.

4N 10N

6N
x

y

30°

(a)

4N
x

y

5N

60°

30°

4N

(a)

70°

2N

5N

45°

70°
30°

y

7N

x

2N

(c)

5.Threeforcesareappliedtoapointasshown
below.

6N

15
N

120
° 40

N100
°

Calculatetheresultantoftheforces.

6.WhentwovectorsofmagnitudePandQare
inclinedatanangleθ,themagnitudeoftheir
resultant is 2P. When the inclination is
changed to (180–θ)themagnitudeoftheir
resultantishalved.FindtheratioofPtoQ.

7.Expresstheforceshownbelow intheform
ai+bj.

y

x
45°

32N

(b)Forcesofmagnitudes4N,8N,12N,2N,

2 2Nand 2NactalongthelinesAD,DC,
CB,BA,ACandBDofasquareABCDin
thedirectionsindicatedbytheorderofthe
letters. Calculate the magnitude and
directionoftheresultantforce.

8.Fourforces:

F
1

=8 3NdueN60°E
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F
2

=3 3NdueNorthwest

F
3

=2 3Nduesouth

F
4

=5 2NdueS72°E

actatapoint.Determinethemagnitudeand
directionoftheresultantoftheforces.

9.Findtheresultantofeachofthefollowingsets
offorces:
(a)(2i+3j+2k)N,(2i+4j–8k)N

(b)(7i–4j+3k)N,(5i–2j+8k)N,(i–k)N

(c)(2i+3j–7k)N,(2i+5k)N,(3j+4k)N

10. Find the magnitude ofthe resultantof
each ofthe following sets offorces and
determinetheanglethisresultantmakeswith
thedirectionofi.

(a) (2i+3j)N,(5i–2j)N,(-3i+3j)N

(b) (-2i+5j)N,(i+2j)N

(c) (4i+3j)N,(-i–5j)N

(d) (2i+4j)N,(-6i–5j)N,(2i+j)N

Exercise:4C
1.Aparticleofmass2kgmovesfrom restatthe

originundertheactionoftwoforcesPandQ.
P has magnitude 22 N and acts in the
directionofthevector2i-6j+9kwhileQhas
magnitude30N andactsinthedirectionof
thevector4j-3k.Findthe:

(i) resultantforceontheparticle.

(ii) accelerationoftheparticle.

2.TwoforcesF
1

=4j–5kandF
2

=2i–5j–kacton

aparticle.Findthemagnitudeoftheresultant
forceactingontheparticleandtheangleit
makeswithF

1
.

3.Fourforces ai+(a–1)j,3i+2aj,5i–6jand
–i–2jactonaparticle.Theresultantofthe
forces makes an angle of 45° with the
horizontal. Find the value of a. Hence
determinethemagnitudeoftheresultant.

4.Find themagnitudeoftheresultantoftwo

forcesofmagnitudes15Nand4 2Nactingin
thedirectionsofthevectors3i–4jandi+j
respectively.

5.A force ofmagnitude 10 N parallelto the
vector4i+3jistheresultantoftwo forces
parallelrespectivelytothevectors2i+j,i+j.

Findthemagnitudesofthetwoforces.

6.Thediagram showsforcesactingalongsides
ofanequilateraltriangle.

9N

9N

18
N

C

A B

Findthemagnitudeanddirectionoftheresultant
force.

7.Theresultantoftheforcesai+2j,3i+(4–a)j
and4i–5jactsinthedirectioni+j.Findthe
magnitudeoftheresultantforce.

8.

|P|
|P+Q|

60°

Aparticleisfreelymovedonahorizontaltable.
ItisactedonbyconstantforcesPandQ.The
forcePhasmagnitude5Nandactsduenorth.
TheresultantP+Q hasmagnitude9N and
acts in the direction 060°.Calculate the
magnitudeanddirectionofQ.

9.AforceFhasmagnitude50Nandactsinthe
direction ofthe vector24i+7j.Show that
F=(48i+14j)N.Two forcesF

1
and F

2
have

magnitudes α N and β N and actin the
directionsi-2jand4i+3jrespectively.Given
thattheresultantofF

1
andF

2
isF,show that

α=8 5andfindβ.

10. Aforceof7Nandanotherof4Nhavea
resultantofmagnitude9N whentheangle
betweenthem isθ.Calculatethe:
(a)valueofθ.
(b)anglebetweentheresultantforceand7N

force.



Page42

AnswerstoExercises
Exercise:4A

1. (a) 12⋅856N;15⋅321N (b) 13⋅694N

;2⋅911N (c)19⋅416N;14⋅107N

2. 31⋅425N;S84∙6°W 3. 5⋅0kg 4. 13

N;33⋅7°belowAB 5.(a) (b)

6. 1⋅6148N ;38⋅3° 7. 5⋅2915N 8.

7⋅433Nat20⋅5°abovethe5Nforce

9. 3⋅598N ;29⋅4° 10. (a)

153∙4° (b) (c)
1

4
kg

Exercise:4B

1. 5N ;36⋅9° 2. 46⋅5° 3. (a)

121⋅965N (b) 71⋅4°

4. (a) 17⋅2N ;31⋅6° (b) 3⋅8N ;172⋅5°

(c) 4⋅1N ;52⋅4°

5. 35⋅7035Nat15⋅6°belowhorizontal 6.

P∶Q= 6∶3 7.(a) (-3i+3j)N

(b) 74 N at35⋅5°below AB 8.

15⋅845N;N71⋅8°E

9. (a) (4i+7j-6k)N (b) (13i-6j+10k)N

(c) (4i+6j+2k)N

10. (a) 4 2N;45° (b) 5 2N;98⋅1° (c)

13N;33⋅7° (d) 2N;180°

Exercise:4C

1.(i) (4i+12j)N (ii) (2i+6j)m s-2

2. 41N;50⋅6° 3. a=8;15 2N

8.15⋅264N 5. 2 5N;4 2N 6. 27N;60°

toAB 7. 4 2N 8. 61Nat093⋅7°

9.β=50 10. (a) 73⋅4° (b) 25⋅2°
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5.EQUILIBRIUM &ACCELERATIONUNDER
CONCURRENT FORCES

5.1 Threeforceproblems
Abodyissaidtobeinequilibrium whentwoor
moreforcesactuponit(particleorrigidbody)
andmotiondoesnottakeplace.Whenabodyis
inequilibrium undertheactionofthreeforces,
Lami’s theorem canbeapplied.Considerforces
P,Q andR holdingaparticleorrigidbodyin
equilibrium asshownbelow.

P

θ β

α

R Q

Lami’stheorem canbeusedtosolvetheproblem

andisstatedas:
P

sinα
=

Q

sinθ
=

R

sinβ

Example1
(a)A particleofmass3kg isattached to the

lowerendBofaninextensiblestring. The
upperendAofthestringisfixedtoapointon
theceilingofaroof.
A horizontalforceof22 N and an upward
verticalforceof4⋅9Nactuponthe
particlemakingittobeinequilibrium,withthe
stringmakinganangleαwiththe
vertical.Findthevalueofαandthetensionin
thestring.

(b)A non-uniform rod ofmass 9 kg rests
horizontallyinequilibrium supportedbytwo
lightinextensiblestringstiedtotheendsof
therod.Thestringsmakeanglesof50°and
60°withtherod.Calculatethetensionsinthe
strings.

Solution
(a)

T
4⋅9N

3g
N

22
N

α

α

Resolvinghorizontally:
Tsinα=22……………...(i)

Resolvingvertically:
Tcosα+4⋅9=3g
Tcosα=3×9⋅8–4⋅9
Tcosα=24⋅5……………………(ii)

Dividingequation(i)byequation(ii)

tanα=
22

24⋅5
⇒α=41⋅9°

From equation(i);
Tsin41⋅9=22⇒T=32⋅928N

T
1

T
2

50° 60°

9gN

(b)
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T
2

T
1

9gN

150° 140°

70°

UsingLami’stheorm;
T

1

sin150
=

9g

sin70
=

T
2

sin140

T
1

=
9gsin150

sin70
=

9×9⋅8×sin150

sin70
T

1
=46⋅9302N

T
2

=
9gsin140

sin70
=

9×9∙8×sin150

sin70
T

2
=60⋅3324N

5.2 Equilibrium underanynumberof
forces

Whenseveralforcesactonaparticle,theyare
saidtobeconcurrent.Whenaparticleisacted
uponbyanygivennumberofforcesandiskept
inequilibrium,wecanapplythegeneralmethod
belowtofindthesolutiontotheproblem.
ConsiderforcesP,Q,R,SactingatapointOas
shownbelow.

Q

y

P

β

θ

α

R S

x
O

Resolvinghorizontally:

Pcosα–Qcosβ–Rcosθ=0

Pcosα=Qcosβ+Rcosθ……………………(i)

Resolvingvertically:

Psinα+Qsinβ–Rsinθ-S=0

Psinα+Qsinβ=Rsinθ+S……………….(ii)

From theabovetwo equationstwo unknowns

canbefound.

The same procedure can be applied to each

particle when dealing with systems involving

equilibrium of more than one particle or

connectedparticles.

Example2

Aparticleofmass5kgisplacedonasmooth

planeinclinedattan-1(1

3)tothehorizontal.Find

themagnitudeoftheforceacting horizontally

requiredtokeeptheparticleinequilibrium and

thenormalreactiontotheplane.

Solution

5gN

5gcosθ

P

5gsinθ

R

θ

θ

2

3

1

θ

Resolvingalongplane:

Pcosθ=5gsinθ⇒P=5gtanθ

P=5×9⋅8×
1

3
⇒P=

49 3

3
N

Resolvingnormaltoplane:

R=Psinθ+5gcosθ

R=
49 3

3
×

1

2
+5×9⋅8× 3

2
⇒R =

98 3

3
N

Example3

FindPandθiftheforcesbelowareinequilibrium.
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5N

8N

θ

60°

P
6N

Solution:
Resolvinghorizontally:

8cosθ+6cos60=5⇒cosθ=
1

4
θ=75⋅5°

Resolvingvertically:

P+6sin60=8sinθ⇒P=8sin75⋅5–6
sin60

P=2⋅5498N
Example4
AthincopperwireABCDissupportedatAandD
which are on thesame horizontallevel.AtB
hangsamassof10kgandatChangsamassof
M kg.TheportionofthestringABisat45°tothe
verticaland BC slopesupwardsat45°to the
horizontalwhileCD isat30°totheverticalas
shownbelow.

10kg

D

M
kg

C

B

A

(a)DeterminethetensionintheportionAB,BC
andCDintermsofg.

(b)ShowthatthevalueofM is5(3-1)kg.
Solution

10g
N

D

Mg
N

C

B

A

45°

45°
45°

60°

T
1

T
2

T
3

For10kgmass;
Resolvinghorizontally:

T
1
sin45=T

2
cos45

T
1

=T
2
……………………………….(i)

Resolvingvertically:
T

1
cos45+T

2
sin45=10g;butT

1
=T

2

T
1

2
+

T
1

2
=10g

T
1

=5 2gNandT
2

=5 2gN

ForM:
Resolvinghorizontally:

T
2
cos45=T

3
sin30

T
3

=
2T

2

2
⇒T

3
=5 2g×

2

2
HenceT

3
=10gN

(b)Resolvingvertically:
Mg+T

2
sin45=T

3
cos30

Mg+5 2g×
1

2
=10g× 3

2

M +5=5 3⇒M =5(3-1)kg

Example5
Thediagram below showsauniform rod,3m
longofmass20kgplacedontwosmoothplanes
inclinedat30°and60°tothehorizontal.Therod
isrestinginequilibrium.
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A

B

S

R

1⋅5m

1⋅5m

20

30° 60°

(a) (i) ShowthatR=S 3.
(ii) CalculatethereactionsSandR.

(b) By taking moments aboutA,find the
angle ofinclination ofthe rod to the
horizontal.

Solution

A

B

S

R

1⋅5m

1⋅5m

20gN

30° 60°

30°

30°

θ

θ

(a)

(i) Resolvinghorizontally:
Rsin30=Scos30
Rtan30=S

R×
1

3
=S⇒R =S 3

(ii)Resolvingvertically:
Rcos30+Ssin30=20g

R× 3
2

+
1

2
S=20g⇒R 3+S=40g

ButR=S 3⇒(S 3)3+S=40g
4S =40g⇒S =10g=98N

AlsoR=98 3N

(b)TakingmomentsaboutA:
S×3sin(θ+30)=20g×1⋅5cosθ
98×3sin(θ+30)=20×9⋅8×1⋅5cosθ

sin(θ+30)=cosθ⇒tanθ=
1

3

θ=tan-1(1

3)⇒θ=30°

Example6
Thediagram showsmassesAandBeachlying
onsmoothplanesofinclination30°.

α
A

β

C

B

30° 30°

LightinextensiblestringsattachedtoA andB
passalonglinesofgreatestslope,oversmooth
pulleysand areconnected to a third massC
hangingfreely.Thestringsmakeanglesofαand
βwiththeupwardverticalasshown.IfA,Band
Chavemasses2m,m andm respectivelyandthe
system rests in equilibrium, show that
sinβ=2sinαandcosβ+2cosα=2.Hencefind
αandβ.
Solution:

α
A

β

C

B

30° 30°

mgsin30°

mg

2mgsin30
°

mg2mg

R1
T

1

T2
T

1 T
2 T

2

mgcos30
°

2mgcos3
0°

ForA:
Resolvingalongplane:

T
1

=2mgsin30⇒T
1

=mg

ForC:
Resolvinghorizontally:

T
1
sinα=T

2
sinβ……………….(i)

Resolvingvertically:
T

1
cosα+T

2
cosβ=mg……………(ii)

ForB:
Resolvingalongplane:

T
2

=mgsin30⇒T
2

=
1

2
mg

From equation(i):mgsinα=
1

2
mgsinβ

sinβ=2sinα…………………………….(iii)

From equation(ii):mgcosα+
1

2
mgcosβ=mg

cosβ+2cosα=2…………………..(iv)

From equation(iv):cosβ=2(1–cosα)…….(v)

Squaring equation (iii)and equation (v)and
adding
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sin2β+cos2β=4sin2α+4(1–2cosα+cos2α)

1=4(sin2α+cos2α)+4–8cosα⇒cosα=
7

8

α=cos-17

8
⇒α=29⋅0°

From equation(iv):cosβ+2×
7

8
=2

⇒β=cos-11

4
⇒β=75⋅5°

5.3 Accelerationunderany
numberofforces

Ifabodyacceleratesundertheaction ofany
givennumberofforces:

 Resolve forces perpendicular to the
directionofmotion.Inthisdirectionthe
forcesareinequilibrium.

 Resolveforcesparalleltothedirectionof
motion. Using Newton’s second law,
obtaintheequationforthemotion.

Example7
ThebodyAliesonasmoothslopeandbodyBis
freelysuspended.Thepulleyissmoothandthe
stringislightandinextensible.

B
A

x

y z

θ

(a)IfthemassofAis4kgandthemassofBis
3kg,withθ=30°,bodyAwillaccelerateup
theslope.Ify=3m andx=2⋅8m,findthe
velocitywithwhichAhitsthepulley.

(b)IfthemassofAis2m andthemassofBis
m,show thatAwillaccelerateuptheslope

providedsinθ<
1

2
.

Withthisconditionfulfilledandy>x,show
thatifthesystem isreleasedfrom rest,mass
B hits the ground with velocity

2gx(1-2sinθ)
3

andthatAreachesthepulley

providedx≥
3ysinθ

1+sinθ
.

Solution:
(a)

B
A

2⋅8m

3m

30°
4gN

4gsin30 4gcos30

a

a

3gN

T
TR

ForA:
T–4gsin30=4a

T–2g=4a………………………..(i)
ForB:

3g–T=3a………………………(ii)
Addingequation(i)andequation(ii)

g=7a⇒a=
1

7
g=

1

7
×9⋅8

a=1⋅4m s-2

From equation(ii):T=3(g–a)=3(9⋅8–1⋅4)
T=25⋅2N

From v2=u2+2as

VelocityofAasBhitstheground

u2

A
=2×1⋅4×2⋅8⇒u

A
=2⋅8m s-1

ForA:

0–4gsin30=4a'

a'=-
1

2
g=-

1

2
×9⋅8=-4⋅9m s-2

From v2=u2+2as;s=3–2⋅8=0⋅2m

v2

A
=u2

A
+2a's

⇒v2

A
=2⋅82–2×4⋅9×0⋅2

v
A

=2⋅425m s-1

(b)

B
A

x

y

θ 2mgN
2mgsinθ 2mgcosθ

a

a

mgN

T
TR
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ForAtoaccelerateupandBtomovedown:

2mgsinθ<T<mg

∴2mgsinθ<mg⇒sinθ<
1

2

Withthisconditionfulfilled

ForA:T–2mgsinθ=2ma……………..(i)

ForB:mg–T=ma……………………(ii)

Addingequation(i)andequation(ii):

mg(1–2sinθ)=3ma

a=
1

3
g(1–2sinθ)

From v2=u2+2as,u=0

v2

B
=2×

1

3
g(1–2sinθ)×x

v
B

=
2

3
gx(1-2sinθ)

AfterBhitstheground

ForA∶0–2mgsinθ=2ma'⇒a'=-gsinθ

From v2=u2+2as⇒v2

A
=u2

A
+2a's;

v2

A
=

2

3
gx(1–2sinθ)–2gsinθ×(y–x)

Areachesthepulleyifv
A

≥0⇒v2

A
≥0

2

3
gx(1–2sinθ)–2g(y–x)sinθ≥0

Onsimplifying;

x(1+sinθ)≥3ysinθ⇒x≥
3ysinθ

1+sinθ

Exercises

Exercise:5A
1.Aparticleofweight8Nisattachedtoapoint

BofalightinextensiblestringAB.Ithangsin
equilibrium withpointAfixedandABat30°to
thedownwardvertical.AforceFatBacting
atrightanglestoAB keepstheparticlein
equilibrium.FindthemagnitudeofFandthe
tensioninthestring.

2.Each ofthe following diagrams shows a
particleinequilibrium undertheforcesshown.

W

P

3Q

2Q

30°

P

W

X

θ

(b)(a)

ProvethatPtanθ=W
ProvethatP=W(3-3)

P
W

θ60°

W

(c)

Provethattanθ=2-3

3.The figure shows two light inextensible
stringsACandABattachedtotheceilingDC
andwallDBatCandBrespectively.Aweight
W issuspendedfrom A.

α

C

T
2

A

β

D

T
1

B

IfthestringsABandACmakeanglesαandβ

withthewallandceilingrespectively,showthat

T
1

T
2

=
cosβ

sinα
andfindT1 andT2 intermsofα,β

andW.

4.Ifthefollowingforcesareinequilibrium,find

thevalueofaandbineachcase.

(a)(ai+3j)N,(2i–5j)N,(-7i+bj)N

(b)(5i+aj+k)N,(bi–6j–k)N

5.Oneendofalightinextensiblestringoflength
75cm isfixedtoapointonaverticalpole.A
particleofweight12Nisattachedtotheend
ofthestring.Theparticleisheld21cm away
from thepolebyahorizontalforce.Findthe
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magnitudeofthisforceandthetensioninthe
string.

6.AweightW issuspendedbytworopeswhich
make20°and70°withthehorizontal.Ifthe
tension in the firstrope is20 N,find the
tensionintheotherandthevalueofW.

7.A string AB has end A fixed and end B
carrying a particle ofmass 5 kg.Another
stringBC connectsB toanotherparticleof
mass10kgatendC.Ahorizontalforceof40
NactsatCandthesystem isinequilibrium
withClowerthanB.Findthe:

(i) angles thatAB and BC make with the

vertical.

(ii)tensionsinthestrings.

8.A smallobjectofweight4N issuspended
from afixedpointbyastring.Theobjectis
heldinequilibrium withthestringatanangle
of25°totheverticalbyahorizontalforce.
Find the magnitude ofthis force and the
tensioninthestring.

9.A particleP ofweight50 N ishanging in
equilibrium supportedbytwostringsinclined
at20° and 40°to the vertical.Find the
tensionsinthestrings.

10.Aparticleofweight10W issupportedbytwo
lightinextensible strings attached to fixed
points X and Y which lie in the same
horizontalplane.Given thatPX=36 cm,
PY=48cm andXY=60cm,findthetension
ineachstring.

Exercise:5B

1.A particle P ofweight10W is hanging in
equilibrium from twostringsPA andPB.If

A
̂
PB=90°andthetensionsinthestringsare

Tand2Trespectively,findTintermsofW.

2.AparticlePofweight50N issupportedby
two lightinextensible strings attached to
fixedpointsAandB.GiventhatAandBlie2
m apartinthesamehorizontalplaneandthat
AP=2m,PB=1m,findthetensionineach
string.

3.AparticlePofmass2kgisattachedtoone
endofalightstring,theotherendof
which isattached to a fixed pointO.The

particleisheldinequilibrium withOPat30°
to the downward verticalby a force of
magnitudeFnewtons.Theforceactsinthe
sameverticalplaneasthestringandactsat
anangleof30°tothehorizontalasshownin
thefigurebelow.

O

F

30°

30°
P

Findthe:
(i) valueofF.

(ii) tensioninthestring.

4.Aparticleofmass5kgisplacedonasmooth

horizontalplaneinclinedattan-1(1

3)tothe

horizontal.Findthemagnitudeoftheforce
acting horizontally required to keep the
particle in equilibrium and the normal
reactiontotheplane.

5.Aparticleofmassm kgisattachedatCto
twolightinextensiblestringsACandBC.
Theotherendsofthestringsareattachedto
fixedpointsAandBonaceiling.The
particlehangsinequilibrium withACandBC
inclinedtothehorizontalat30°and 60°
respectivelyasshowninthefigurebelow.

A

30° 60°

B

C

GiventhatthetensioninACis20N,findthe:

(a) tensioninBC.

(b) valueofm. [Useg=10

m s-2].

6.Thediagram showsa bodyofmass5 kg
supportedbytwolightinextensiblestrings,
the otherends ofwhich are attached to
pointsAandBonthesamehorizontallevel
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and7m apart.

A B

T
1 T

2

C

5g
N

The body rests in equilibrium atC,3 m

verticallybelowAB.IfC
̂
BA=45°,findT

1
and

T
2
,thetensionsinthestrings.

7.ABCisarightangledtriangleinwhichforces
of8N,6NandPNact.Giventhattheforces
areinequilibrium,findthevaluesofPandθ.

C

8N

BA 6N

P

θ

θ

8.Abodyofmassm isreleasedfrom restatthe
topofaroughplaneinclinedatanangleθto
the horizontal.Aftertime t,the mass has
traveledadistanceddowntheslope.Show
thattheresistancetomotionexperiencedby
thebodyisgivenby

m(gsinθ-
2d

t2).

9.Each ofthe following diagrams shows a
mass or masses accelerating in the
directionsindicated.

(b)

P
2P

R

θθ

a

mg

(a)

Prove: 3R=m(3g-atanθ)

P

mg

a R

30°

30°

(b)

Prove:P 3=m(2a+g)

30°

m
1
g m

2
g

a

R
T a

T

(c)

Prove:a=
(2m

2
-m

1)g

2(m
1
+m

2)

θ

(d)
a

R

T

T a

m
1
g

m
2
g

Prove:T=
m

1
m

2
g(1+sinθ)

m
1
+m

2



Page51

10.AweightW issuspendedbytworopeswhich
make30°and60°withthehorizontal.Ifthe
tension in the firstrope is40 N,find the
tensionintheotherropeandthevalueofW.

Answerstoexercises
Exercise:5A

1. 4N;43N 2.(a)(b)(c)

3. T
1

=
Wcosβ

cos(α-β)
;T

2
=

Wsinα

cos(α-β)

6. (a)a=5 ;b=2 (b)a=6 ;b=-5 5.3⋅5

N ;12⋅5N 6.54⋅95N ;58⋅48

7. (i) 15⋅2°;22⋅2° (ii) AB:152⋅366N;BC

:105⋅865N 8. 1⋅87N;4⋅41N

9. 37⋅11N;19⋅75N 10. XP:8W ;PY:6W

Exercise:5B

1.2 5W 2. AP:12⋅912N ;PB:45⋅183N

3. (i) 9⋅8N (ii)
49 3

5
N

4.28⋅29N;56⋅58N 5.(a)20 3N (b) 4kg 6.

35N;28 2N 7.10N;53⋅1°

8.9.(a) (b) (c)(d) 10. 40 3N;80

6.FRICTION
Whenonebodyslidesorattemptstoslideover
another,frictionforceusuallyexistsbetweenthe
two surfaces in contact.Friction force acts
between rough surfaces in contact.Smooth
surfacesincontactarefrictionless.

6.1 Lawsoffriction
The experimental laws below describe the
behavioroffrictionforce:

(1)Friction force only exists when one body
slidesorattemptstoslideoveranother.

(2)Frictionforcealwaysopposesthetendency
ofonebodytoslideoveranother.

(3)Themagnitudeoffriction forcemayvary,
always being just sufficient to prevent
motion untilitreaches a maximum value
calledlimitingvalue.

(4)The limiting value offriction force is μR,
whereμisthecoefficientoffrictionandRis
the normalreaction for the surfaces in
contact.μisthemeasureofroughnessof
two surfaces in contactand differs for
differentpairsofsurfaces.

(5)When a body slides over another,the
frictionalforce between them equals the
limitingvalueμR.Aconsequenceoflaws(3)
and(4)isthatthefrictionalforceFobeysthe
relationF≤μR.

ConsiderabodyofmassM,restingonarough
horizontal surface and being pulled by a
horizontalforceP.

R

F P

Mg

AsthemagnitudeofPisincreasedgradually
from zero,themagnitudeoffrictionalforceF
willalsoincreasefrom zeroinanattemptto
preventmotion.
When motion begins F has reached its
maximum,called limiting value μR,and
cannotincreaseanymoretopreventmotion.
Sofrictionalforceremainsconstant,thatis,
F=μR,whatevertheincreaseinP.
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O

F

μR

P
0 P

For:0≤P<P
0

the body remains atrestand

F<μR,inadditionF=P.

P=P
0

thebodyisinlimitingequilibrium andF=

R

P>P
0

thebodyacceleratesandF=μR.

6.2 Angleoffriction
TheresultantQoffrictionFandnormalreaction
Riscalledthetotalorresultantreaction.Itmakes
an angle θ with the normalreaction,where

tanθ=
F

R
.ThenormalreactionRisconstant,but

thefrictionalforceFmayvary.

Q
2

R

F=0

R

θ
1

Q
1

F
1

R

θ
2

F
2

Asthefrictionalforceincreasesfrom zerotoits
maximum value F

L
,the limiting value μR,the

angleθincreasesfrom zerotoamaximum value
λ,calledtheangleoffriction.

tanλ=
μR

R
tanλ=μ⇒λ=tan-1μ

Whenthefrictionalforcehasreacheditslimiting
valueF

L
,thedirectionoftheresultantreactionQ

L

isatanangleλtothenormalreactionR.The
magnitudeoftheresultantreactionQ

L
is

Q
L

= R2+(μR)2

=R 1+μ2

=Rsecλ

Problem Solving:

Thefollowingpointsareimportantwhensolving
problemsinvolvingafrictionforceF.
1.Drawacleardiagram.Showthefrictionforce

F,donotuseμR.RememberFtendsto
opposemotion.

2.IngeneralF≤μR,ifFhasreacheditslimiting
value,thenF=μRmaybeusedinthe
solution.

3.Limitingequilibrium indicatesthatthebodyis
atrestbutonthepointofmoving and then
F=μR.

4.If the body is in equilibrium, then the
equationsforequilibrium andF≤μRareused.

5.Ifλisgivennotμ,thenitisofteneasierto
solvetheproblem byconsideringtheresultant

reaction,ratherthanFandRseparately.
Thiscaseiscommoninthreeforceproblems.

6.3 Leastforceproblems
(a)Leastforceto keep aparticleon aplane

(leastforce required to justpreventthe
particlefrom slidingdowntheplane).

R

P

mgsinθ

α

mgcosθ

θ

mg

F

Resolvingnormaltoplane:

R=Psinα+mgcosθ

Resolvingalongtheplane:

F=mgsinθ–Pcosα

ButF=μR

∴mgsinθ–Pcosα=μ(Psinα+mgcosθ)

mgsinθ–Pcosα=
sinλ

cosλ
(Psinα+mgcosθ)

R
λ Q

L

F
L

=μR
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P(sinαsinλ+cosαcosλ)

=mg(sinθcosλ–cosθsinλ)

Pcos(α-λ)=mgsin(θ-λ)

⇒P=
mgsin(θ-λ)

cos(α-λ)
P

min
=mgsin(θ-λ),when cos(α-λ)=1⇒α

–λ=0⇒α=λ.

(b)Leastforcetomovetheparticleuptheplane.

(Leastforcerequiredtomakeaparticlebeat

thepointofslidinguptheplane.)

R

F

α

mgcosθ

θ

m
g

P

mgsinθ

Resolvingnormaltotheplane:

R=mgcosθ–Psinα

Resolvingalongtheplane:

F=Pcosα–mgsinθ

ButF=μR

Pcosα–mgsinθ=μ(mgcosθ–Psinα)

Pcosα–mgsinθ=
sinλ

cosλ
(mgcosθ-Psinα)

P(cosαcosλ+sinαsinλ)=mg(cosθ

sinλ+sinθcosλ)

Pcos(α–λ)=mgsin(θ+λ)⇒P=
mgsin(θ+λ)

cos(α-λ)
P

min
=mgsin(θ+λ),whencos(α–λ)=1.

⇒α–λ=0⇒α=λ

Example1

A bodyofmassm kg isjustprevented from

sliding down a rough inclined plane by a

horizontalforceof
1

2
mg N.Thecoefficientof

frictionbetweenthebodyandtheplaneisμ.

Provethattheangleofinclinationoftheplaneto

thehorizontalistan-1[1+2μ

2-μ].

(a)Giventhatμ=
1

2
,showthatthemagnitudeof

theleastforceparalleltotheplanethatwill

justmovethebodyuptheplaneis
11

10
mg

newtons.
Solution:

(a)

R

1

2
mg

mg
sinθ

mgcosθ

θ
m
g

F=μR

θ

Normaltoplane:R=
1

2
mgsinθ+mgcosθ

Alongplane:

mgsinθ=
1

2
mgcosθ+μR

mgsinθ=
1

2
mgcosθ+μ(

1

2
mgsinθ+mgcosθ)

2tanθ=1+μtanθ+2μX

⇒α–λ=0⇒α=λ

(a) Ifμ=
1

2
:

θ=tan-1(1+2×
1

2

2-
1

2
)

θ=tan-1(4

3)
R

mgsinθ μR
mgcosθ

θ
mg

P
min
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5
4

3
θ

Normalplane:R=mgcosθ

Alongplane: P
min

=mgsinθ+μR

=mgsinθ+μmgcosθ

=mg×
4

5
+

1

2
×mg×

3

5

=
11

10
mgN

Example2

A particleofmass2m restsonaroughplane

inclinedtothehorizontalatanangleoftan-1(3μ),

whereμisthecoefficientoffrictionbetweenthe

particleandtheplane.Theparticleisactedupon

byaforceofPnewtons.

(a)Given thatthe force acts along a line of

greatestslopeandtheparticleisonthepoint

ofslidingup,show thatthemaximum force

possible to maintain the particle in

equilibrium isP
max

=
8μmg

1+9μ2
.

(b)Giventhattheforceactshorizontallyina

verticalplanethroughalineofgreatestslope

and theparticleison thepointofsliding

down the plane,show thatthe minimum

force required to maintain the particle in

equilibrium isP
min

=
4μmg

1+3μ2.

Solution:

(a)

2mg 2mg

θ

P
max

2mgsinθ
F

1

3μ
1+9μ2

θ

Resolvingnormaltoplane: R=2mgcosθ

Resolvingalongplane:

P
max

=2mgsinθ+F,F=μR

P
max

=2mgsinθ+2μmgcosθ

=2mg( 3μ

1+9μ2
+μ×

1

1+9μ2)
P

max
=

8μmg

1+9μ2

2mg 2mgcosθ

θ

P
min

2mgsinθ

F'
θ

R'(b)

Resolvingnormaltoplane:
R'=2mgcosθ+P

min
sinθ…………………(i)

Resolvingalongtheplane:
P

min
cosθ+F'=2mgsinθ;F'=μR'

P
min

cosθ+μ(2mgcosθ+P
min

sinθ)=2mgsinθ

P
min

(1+μtanθ)=2mg(tanθ–μ)

P
min

(1+μ×3μ)=2mg(3μ–μ)

⇒P
min

(1+3μ2)=4μmg

P
min

=
4μmg

1+3μ2

Example3
Aparticleofmassm isplacedonaroughplane
inclinedat30°tothehorizontal,iftheangleof
frictionbetweenthemassandtheplaneisλ,
show thattheminimum forcerequiredtomove
the particle up the plane is given by
1

2
mg(cosλ+ 3sinλ).

Solution

mg mgcos30

30°

P

mgsin30 F

α

R

Resolvingnormaltoplane:
R=Psinα+mgcos30………………..(i)

Resolvingparalleltoplane:
Pcosα=F+mgsin30…………..(ii)

ButF=μR
From equation(i)andequation(ii):

Pcosα=μ(Psinα+mgcos30)+mgsin30
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Pcosα=
sinλ

cosλ
(Psinα+mgcos30)+mgsin30

P(cosαcosλ–sinαsinλ)
=mg(sin30cosλ+cos30cosλ)

Pcos(α+λ)=mgsin(30+λ)

⇒P=
mgsin(30+λ)

cos(α+λ)
P

min
=mgsin(30+λ),whencos(α+λ)=1

=mg(sin30cosλ+cos30sinλ)

P
min

=
1

2
mg(cosλ+ 3sinλ)

Example4
A force F acting parallelto and up a rough
inclinedplaneofinclinationθisjustsufficientto
preventabodyofmassm from slidingdownthe
plane.A force4Factingparalleltoandupthe
sameroughplanecausesthemasstobeata
pointof moving up the plane.If μ is the
coefficientoffrictionbetweenthebodyandthe
plane,showthat5μ=3tanθ.
Solution:

mg mgcosθ

θ

F

mgsinθ

F
R

R

Resolvingnormaltoplane:
R=mgcosθ

Resolvingparalleltoplane:
F=mgsinθ–F

R
,F

R
=μR

F=mgsinθ–μmgcosθ
⇒F=mg(sinθ–μcosθ)……………………(i)

mg mgcosθ

θ

4F

mgsinθ F
R

R

Resolvingnormaltoplane:
R=mgcosθ

Resolvingparalleltoplane:
4F=mgsinθ+F

R
,F

R
=μR

4F=mgsinθ+μmgcosθ
⇒4F=mg(sinθ+μcosθ)……………(ii)

From equation(i)andequation(ii):

4mg(sinθ–μcosθ)=mg(sinθ+μcosθ)
⇒4(tanθ–μ)=(tanθ+μ)

∴ 5μ=3tanθ
Example5
AhorizontalforceXisjustsufficienttopreventa
bodyofmassm from slidingdownaroughplane
ofinclinationθ.Ahorizontalforce4Xappliedto
samemassonthesameroughplane,causesthe
masstobeonthepointmovinguptheplane.Ifμ
isthecoefficientoffrictionbetweenthemass
and the plane, show that
5μtan2θ–3(μ2+1)tanθ+5μ=0.
Solution

mg mgcosθ

θ

X

mgsinθ

Fθ

RCaseI;

Resolvingnormaltoplane:
R=Xsinθ+mgcosθ

Resolvingparalleltoplane:
Xcosθ+F=mgsinθ,F=μR

Thus
Xcosθ+μ(Xsinθ+mgcosθ)=mgtanθ

X=
mg(tanθ-μ)
(1+μtanθ)

…………………………(i)

mg mgcosθ

θ

4X

mgsinθ F'

R'

θ

CaseII;

Resolvingnormaltoplane:
R'=4Xsinθ+mgcosθ

Resolvingparalleltoplane:
4Xcosθ=F'+mgsinθ,F'=μR'
4X cosθ=

μ(4Xsinθ+mgcosθ)+mgsinθ

X=
mg(tanθ+μ)
4(1-μtanθ)

………………………(ii)
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From equation(i)andequation(ii):
mg(tanθ+μ)
4(1-μtanθ)

=
mg(tanθ-μ)
(1+μtanθ)

(tanθ+μ)(1+μtanθ)=4[(tanθ–μ)(1–μ
tanθ)

5μtan2θ–3(μ2+1)tanθ+5μ=0

Example6
Theleastforcewhichwillmoveamassupan
inclined planeisP.Show thattheleastforce
actingparalleltotheplanewhichwillmovethe

mass upwards is P 1+μ2,where μ is the co-

efficientoffriction.
Solution

W Wcosθ

θ

X

Wsinθ F

α

RCaseI;

Resolvingnormaltotheplane:
R=Xsinα+Wcosθ

Resolvingparalleltoplane:
Xcosα=F+Wsinθ,F=μR
Xcosα=μ(Xsinα+Wcosθ)+Wsinθ

Xcosα=
sinλ

cosλ
(Xsinα+Wcosθ)+Wsinθ

Xcos(α+λ)=Wsin(θ+λ)

⇒X=
Wsin(θ+λ)
cos(α+λ)

X
min

=P=Wsin(θ+λ),whencos(α+λ)=1

W Wcosθ

θ

Q

Wsinθ F'

R'CaseII;

Resolvingnormaltoplane:R'=Wcosθ
Resolvingparalleltoplane:

Q=F+Wsinθ;butF'=μR'
∴ Q=μWcosθ+Wsinθ

1

μ
1+μ

2

λ

Q=
sinλ

cosλ
×Wcosθ+Wsinθ

=
W

cosλ
[sinλcosθ+sinθcosλ]

=
Wsin(θ+λ)

cosλ

Q=
P

cosλ

Q=P÷
1

1+μ2

Q=P 1+μ2

Example7

Massesof3kg,5kgand2kgareconnectedas
shownbelow.

5kg

3kg 2kg

The table is rough and when the system is
releasedfrom rest,itmoveswithanacceleration
of0⋅28 m s-2.Find the co-efficientoffriction
betweenthe5kgmassandthetable.
Solution

0.28ms-2

5kg

3kg 2kg
5gN

2gN
3gN

0.28ms-

2

0.28ms-2

R

FT
1

T
1 T2

T2

For3kgmass:
3g–T

1
=3×0⋅28

T
1

=3(9⋅8–0⋅28)

T
1

=28⋅56N

For2kgmass:
T

2
–2g=2×0⋅28

T
2

=2(9⋅8+0⋅28)
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T
2

=20⋅16N

For5kgmass:
Resolvinghorizontally:

T
1
–(T

2
+F)=5×0⋅28

28⋅56–20⋅16–F=1⋅4
F=7N

Resolvingvertically:
R=5g=5×9⋅8=49N
F=μR

7=49μ⇒μ=
1

7
Example8
Two particles A and B ofmass m and 2m
respectivelyareconnectedbyalightinextensible
string which passes over a smooth pulley
attachedtotheedgeofaroughhorizontaltable.
TheparticleA isheldatrestonthetableata
distance2afrom thepulleywiththestringtaut
and B hangs vertically below the pulley.The
system isreleasedfrom rest.Thecoefficientof

frictionbetweenAandthetableis
3

5
.WhenAis

released,findthemagnitudeoftheacceleration
ofeachparticleandthemagnitudeofthetension
inthestring.AfterBhasfallenadistancea,it
hitsa horizontalfloorand doesnotrebound.

ShowthatAcomestorestatadistance
2

9
afrom

thepulley.
Solution

B

A

T

T

f

f

2a
R

F

mg
N

2mgN

ForB:
2mg–T=2mf……………………(i)

ForA:
T–F=mf,butF=μR

T-
3

5
mg=mf…………………(ii)

Addingequation(i)andequation(ii):
7

5
mg=3mf⇒f=

7

15
gm s-2

From equation(i):T=2m(g–f)=2m(g-
7

15
g)

T=
16

15
mgN

From v2=u2+2fs,f-acceleration

v2

B
=2×

7

5
g×a

v
B

=
14

15
ag

Note that for the next part of the motion:

u
A

=
14

15
ag

B

A

T'=0

T'=0

f'
R'

F'

mgN

ForA:
0–F=mf',F=μR

-
3

5
mg=mf'⇒f'=-

3

5
gm s-2

From v2=u2+2f's,f'–acceleration

0=(14

15
ag)

2

-2×
3

5
g×s

s=
7

9
a

DistanceofAfrom pulley=a-
7

9
a=

2

9
a

Example9
Blocks A and B ofmasses 2 kg and 3 kg
respectivelyareconnectedbyalightinextensible
string passing overa smooth fixed pulleyas
shownbelow.

30°

A B

BlockAisrestingonaroughplaneinclinedat30°
to the horizontalwhile block B hangs freely.
Whenthesystem isreleasedfrom rest,blockB
travelsadistanceof0.75m beforeitattainsa
speedof2⋅25m s-1.Calculatethe:
(i) accelerationoftheblocks.
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(ii)coefficientoffrictionbetweenblockA and

theplane.

(iii)reactionofthepulleyonthestring.

Solution

B
A

30°2gN

2gsin30
2gcos30

a

a

3gN

T TR

F

(i)u=0,v=2⋅25m s-1,s=0⋅75m
From v2=u2+2as

2⋅252=2×0⋅75a
a=3⋅375m s-2

(ii) ForB:
3g–T=3×3⋅375
⇒T=3(9⋅8–3⋅375)

T=19⋅275N
ForA:
Alongplane:

T–(2gsin30+F)=2×3⋅375

19⋅275–2×9⋅8×
1

2
-F=6⋅75

F=2⋅725N
Normaltotheplane:

R=2gcos30
R=2×9⋅8×cos30
⇒R=16⋅974N

From F=μR
2⋅725=μ×16⋅974

μ=0⋅1605
(iii)Note:Thereactionofthepulleyonthestring

isequalbutoppositetheresultanttensionon
thepulley.

R
P

α60°

T

T

T

T

R2

P
=T2+T2–2T×Tcos120⇒R2

P
=3T2

R
P

=T 3⇒R=19⋅275×3

⇒R=33⋅385N

T

sinα
=

R
P

sin120

α=sin-1(Tsin120

T 3 )=sin-1(3
2

3
)=sin-11

2

α=30°

Example10
Afixedhollow hemispherehascentreO andis
fixedsothattheplaneoftherim ishorizontal.A

particleA ofweight30 2 N canmoveonthe
insidesurfaceofthehemisphere.Theparticleis
acteduponbyahorizontalforceP,whoselineof
actionisinaverticalplanethroughOandA.OA
makesanangleof45°withthehorizontal.Ifthe
coefficientoffrictionbetweentheparticleand
thehemisphereis0⋅5andtheparticleisaboutto
slipdownwards,findthe:

(a) normalreaction.
(b) valueofP.
Solution

30 2cos45
30 2sin45

30 2N

P

FR

O

45°

45°

A

ResolvingalongAO:

R=Pcos45+30 2cos45

⇒R=
P

2
+30…………(i)
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(a) ResolvingnormaltoAO:

F+Psin45=30 2sin45⇒F+
P

2
=30
From equation(i)andF=0⋅5R,

0⋅5(P

2
+30)+

P

2
=30⇒P=10 2

N

(b) From equation(i):

R=
10 2

2
+30⇒R=40N

Example11
Asmoothplaneandaroughplane,bothinclined
at45°to the horizontal,intersectata fixed
horizontalridge.AparticlePofmass1kgisheld
onasmoothplanebyalightinextensiblestring
whichpassesoverasmoothfrictionlesspulleyA
andisattachedtoaparticleQ ofmass3kg
which rests on a rough plane. The plane
containing P,Q and A isperpendicularto the
ridge.Thesystem isreleasedfrom restwiththe
stringtaut.Giventhattheaccelerationofeach

particleisofmagnitude 2m s-2,findthe:
(a)tensioninthestring.

(b)coefficientoffriction between Q and the

roughplane.

(c)magnitudeanddirectionoftheforceexerted

bythestringonthepulley.[Takeg=10m s-2]

Solution
A

T T2m s-2
R

2 R
1F

2m s-2

Rough

45°

3gN gN

45°

Smooth

P
Q

(a)LetTbethetensioninthestringandFthe
frictionforceonQ.
LetR

1
andR

2
bethenormalreactionsonP

andQrespectively.

ForP:

Equationofmotion:

T–gsin45=1×2

T–10× 2
2

= 2

T=6 2N

(b)ForQ:

Resolvingperpendiculartoslope

R
2

=3gcos45

=3×10× 2
2

R
2

=15 2N

Equationofmotion:

3gsin45–T–F=3×2

F=30× 2
2

-3 2-6 2

F=6 2N

From F=μR
2
⇒6 2=μ×15 2⇒μ=

2

5

(c) Forces on the pulley have the same
magnitudeasthetensioninthestrings.

45° 45°

6 2N 6 2N
R

T

Theresultantforceonthepulleyis

R
T

=6 2cos45+6 2cos45

R
T

=12Nverticallydownwards

Exercises

Exercise:6A
1. Aboxofmass4⋅9kgrestsonaroughplane

inclined at60° to the horizontal.Ifthe
coefficientoffrictionbetweentheboxand
theplaneis0⋅35,determinetheforceacting
paralleltotheplanewhichwillmovethebox
uptheplane.

2. A boxofmass2kgisatrestonaplane
inclined at 25° to the horizontal. The
coefficientoffictionbetweentheboxandthe
planeis0⋅4.Whatminimum forceapplied
paralleltotheplanewouldmovetheboxup
theplane?

3. Abodyofmass8kgrestsonaroughplane
inclinedatanangleθtothehorizontal.Ifthe
coefficientoffriction is μ,find the least
horizontalforceintermsofθ,μandgwhich
willholdthebodyinequilibrium ontheplane.

4. A massof5kgliesonahorizontalrough
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surface.Ifthecoefficientoffrictionbetween
themassandthesurfaceis0⋅4,findthe
forcerequiredtomovethemasshorizontally
ifitisappliedat45°abovethehorizontal.

5. Asmallringofmass0⋅25kgisthreadedon
a fixed rough horizontalrod.The ring is
pulledupwardsbyalightstringwhichmakes
anangleof40°withthehorizontalasshown
inthediagram.

1⋅2N

40°

Ifthetensioninthestringis1⋅2Nandthe

coefficientoffrictionbetweentheringand

therodisμ.Findthe:

(a)normalreaction between thering and

therod.

(b)value ofμ given thatthe ring is in

limitingequilibrium.

6. Thefigureshowsabodyofmass1kgona
rough horizontal surface, coefficient of
friction0⋅5.

P

30°

AforcePactingatanangleof30°tothe
horizontalisusedtomovethebodyat
constantspeed.
(i) Indicateallforcesactingonthebody.

(ii)FindthevalueofP.

7. Acartonofmass3kgrestsonaroughplane
inclined at 30° to the horizontal. The
coefficientoffrictionbetweenthecartonand

theplaneis
1

3
.Findahorizontalforcethat

shouldbeappliedtomakethecartonjust
abouttomoveuptheplane.

8. Aparticleofmassm,isplacedonarough
planeinclinedat30°tothehorizontal.Given
thattheangleoffrictionisλ,show thatthe
minimum forcerequiredtomovetheparticle

uptheplaneis
1

2
mg(cosλ+ 3sinλ).

Iftheforceisthreetimestheleastforcethat
wouldkeeptheparticleontheplane,show

thatλ=tan-1 1

2 3
.

9. Aparticleofmassm restsonaroughplane
inclinedatanangleθabovethehorizontal.A
force applied paralleland up the line of
greatestslopewilljustpreventmotiondown
theslope.Ifthisforceisdoubled,motionis
abouttotakeplaceuptheslope,showthatif
μisthecoefficientoffriction,then3μ=tanθ.

10.Aparticleofmassm isatthepointofbeing
pulledalongahorizontalroughfloorbya
stringinclinedatanangleθtothefloor.The
coefficientoffriction between theparticle
andthefloorisμ.Provethatiftanθ=μ,the

leasttensioninthestringis
μmg

1+μ2
.

11.Aparticleisatrestonaroughplaneinclined
at an angle α to the horizontal. The
coefficientoffrictionis0⋅25.Giventhatthe
particleisonthepointofslidingdownthe
plane,findα.

12.A particleofmass
3

2
kgrestsonarough

planeinclinedat45°tothehorizontal.Itis
maintained in equilibrium by a horizontal
forceQ.Giventhatthecoefficientoffriction

between the particle and the plane is
1

4
,

calculatethevalueofQwhentheparticleis
onthepointofmoving:

(a) downtheplane.

(b) uptheplane.

13.A particle ofweightW is atreston an
inclinedplaneundertheactionofaforceP
actingparalleltothelineofgreatestslopein
an upward direction.Ifλ is the angle of
frictionandtheangleofinclinationofthe
planeis2λ.Showthat:

P
max

=Wtanλ(4cos2λ–1)andP
min

=μW.

14.Aparticleofmassm kgiskeptatrestonan
inclinedplaneofangle3λtothehorizontal
byaforceP actingparalleltothelineof
greatestslopeoftheplane,whereλisthe
angleoffriction.ProvethatP

min
=2mgsinλ.

15.Aboxofmass1kgrestsonaroughplane
inclined at30° to the horizontal.Ifthe
coefficientoffrictionbetweentheboxand
thesurfaceis0⋅5,findthehorizontalforce
requiredtomovetheboxuptheplane.
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Exercise:6B
1. Aparticleofmass0⋅8kgisonaroughplane

inclinedatanangleαtothehorizontal,where

tanα=
5

12
.Theparticleisacteduponbyan

upward forceof4 N parallelto a lineof
greatestslopeoftheplane.Giventhatthe
particle is aboutto move up the plane,
calculatethecoefficientoffrictionbetween
theparticleand theplane.Given thatthe
force of4 N is then removed,find the
accelerationoftheparticledowntheplane.
(Useg=10m s-2)

2. Aparticleofmass4kgrestingonarough
planeofinclination3in5isconnectedto
anotherofmass6kgbyalightinextensible
stringpassingoverasmoothfixedpulleyat
thetopoftheplane.Giventhatthe6kgmass
particleishangingfreelyanddescendswith
anaccelerationof2m s-2whenthesystem is
released.
(i) Findthecoefficientoffriction.
(ii)Ifthe6kgmassparticlehitstheground

withaspeedof4m s-1,findthefurther
distancemovedbythe4kgmassbefore
comingtoinstantaneousrest.

3. Ablockofmass12kgisplacedonarough
plane, μ=0⋅5, inclined at 30° to the
horizontal.Iftheblockiskeptinequilibrium
by a horizontal force of magnitude P
newtons.Findtheminimum valueofP.

4. A particleofmass4kgrestsonarough
horizontalsurface.Theparticleisactedon
byaforcePN actingat30°tothesurface
andisinlimitingequilibrium.Giventhatthe
normalreactionbetweentheparticleandthe
surfaceis54N,findthe:

(i) valueofP.
(ii) coefficientoffrictionbetweenthe

particleandthesurface.

5. AparticleofweightW liesonaroughplane
inclinedatanangleαtothehorizontalwhere

sinα=
5

13
and the coefficientoffriction

betweentheparticleandtheplaneis
1

3
.A

horizontalforceFactsonthebody.Prove
thatiftheparticleistostayontheplanethen
3

41
W <F<

27

31
W.

6. A forceP inclinedat56°tothehorizontal
pushesabodyofmass2kgrestingona
roughhorizontalsurface.Thecoefficientof
frictionbetweenthebodyandthesurfaceis
1

4
.Giventhattheforcecausesthebodyto

accelerateat2⋅1m s-2,findthevalueofP.

7. Aparticleisprojectedfrom thebottom ofa
rough inclined plane ofangle 30°with a

speedof 20g m s-1,tomoveupalineof
greatestslope.The coefficientoffriction

betweentheparticleandtheplaneis
1

3
.

(a)Findthedistancetheparticlecoversup
the plane before coming to
instantaneousrest.

(b)Whatdistancewilltheparticlecoverif
thespeedishalved?

8. 8.A particle P,ofmass 2⋅5 kg rests in
equilibrium on a rough inclined plane
inclinedat20°tothehorizontal.AforceXN
acts up a line ofgreatestslope.Ifthe
coefficientoffriction between P and the
planeis0⋅4andtheparticleisonthepointof
movinguptheplane.
(i) CalculatethevalueofX.
(ii)GiventhatXisnow removed,show that

Premainsatrestontheplane.

9. BlocksAandBofmasses0⋅5kgand0⋅8kg
respectively are connected by a light
inextensiblestring passing overa smooth
fixedpulley.BlockA isrestingonarough
horizontaltablewhileblockBhangsfreely.
Whenthesystem isreleasedfrom rest,block
B travels a distance of0⋅4 m in 0⋅5 s.
Calculatethe:
(a)accelerationoftheblocks.
(b)coefficientoffrictionbetweenblockA

andthetable.
(c)reactionofthepulleyonthestring.

10.A particle ofmass 2 kg lies on a rough

horizontaltable(coefficientoffriction
2

3
)and

isconnected to a lightinextensiblestring
whichpassesoverasmoothfixedpulleyat
theedgeofthetable,thenunderasmooth
movablepulleyofmass3 kg and overa
smooth fixed pulleyand a mass of7 kg
hangs freely atits end.Ifthe system is
releasedfrom rest,findtheaccelerationof
thetwomassesandthemovablepulley.Find
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alsotheforcethatthestringexertsonthe
pulleyattheedgeofthetable.

11.Aparticleofmass50kgispulledacrossa
rough horizontalfloorby an inextensible
ropeinclinedat40°tothehorizontal.Ifthe
tension in the rope is 400 N and the
coefficientoffriction between theparticle
andtheflooris0⋅3.Findtheaccelerationof
theparticle.

12.Thediagram belowshowsa12kgmassona
horizontalroughplane.The6kgand 4 kg
masses are on rough planes inclined at
anglesof60°and30°respectively.The
massesareconnectedbylightinextensible
stringspassingoversmoothfixed
pulleysAandB.

BA

6
kg

60°

4
kg

30°

12
kg

Theplanesareequallyroughwithcoefficient

offriction
1

12
.Ifthesystem isreleasedfrom

rest,find:

(a)accelerationofthesystem.

(b)tensionsinthestrings.

13.AfixedhollowhemispherehascentreOand
theplaneoftherim ishorizontal.AparticleA
ofweightW canmoveontheinsidesurface
ofthehemisphere.Theparticleisactedon
byahorizontalforceofmagnitudeP,whose
lineofactionisinaverticalplanethroughO
and A. The diagram below shows the
situationwhenAisinequilibrium,thelineOA
makesanangleθwiththedownwardvertical.

P

O

θ
A

(a)Giventhattheinsidesurfaceofthe
hemisphereissmooth,findtanθin
termsofPandW.

(b)Giventhattheinsidesurfaceofthe

hemisphereisrough,withcoefficientof
frictionμbetweenthesurfaceandA,and
thattheparticleisabouttoslip

downwards,showthattanθ=
P+μW

W-μP
.

14.A particleofmass3kgrestsonarough
horizontaltable,the coefficientoffriction

betweentheparticleandthetablebeing
1

3
.

The particle is connected by a light
inextensiblestring passing overa smooth
fixed pulleyattheedgeofthetableto a
secondparticleofmass4kgwhichhangs
freely.Ifthesystem isreleasedfrom rest,
findtheaccelerationoftheparticlesandthe
tensioninthestring.

15.Amassof4kgrestsonahorizontalrough

table coefficient of friction
1

2
and is

connected by a light inextensible string
passingoverasmoothfixedpulleyatthe
edgeofthetabletoasmoothpulleyofmass
5kghangingfreely.Overthishangingpulley
passesanotherlightinextensiblestring to
theendsofwhichareconnectedparticlesof
mass2kgand3kg.Ifthesystem isreleased
from rest,calculatethe:

(i) accelerationsofthemasses.
(ii) tensionineachstring.

16.Amassof4kgrestsonaroughhorizontal

table with coefficientoffriction
1

2
.Itis

connected by a light inextensible string
passingoverasmoothfixedpulleyatthe
edgeofthetabletoasmoothpulleyofmass
1

2
kghangingfreely,overthehangingpulley

passesalightinextensiblestringtotheends
ofwhichareconnectedmassesof2kgand
3kg.Ifthesystem isreleasedfrom rest,find
the:
(a)accelerationsofthemovablepulley,2kg

and3kgmasses.
(b)tensionsinthestrings.

AnswerstoExercises

Exercise:6A

1. 49⋅99N 2.15⋅3888N 3.
8g(tanθ-μ)
(1+μtanθ)
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4. P>19⋅8N 5. (a) 1⋅68N (b)

0⋅548 6. (i) (ii) 4⋅39N 7.22⋅453

N 8.9.10.11.14⋅0°

12. (a) 8⋅82N (b) 24⋅5N 13. 14.

15. 14⋅84N

Exercise:6B

1.
1

8
;

35

13
m s-2 2. (i)0⋅4872 (ii) 0⋅825m 3.

7⋅06N 4.(i)29⋅6 (ii)0⋅475

5.6. 11⋅873N 7. (a) 10m (b)
5

2
m

8. (i) 17⋅5885N (ii)
9.(a) 3⋅2m s-2 (b) 0⋅751 (c) 7⋅467N

at45°tothehorizontal
10. 2kgmass:2⋅558m s-2;7kgmass:
7⋅2024m s-2(downwards);Movablepulley:
2⋅3222m s-2(upwards);25⋅715Nat45°below
thehorizontal

11.4⋅731m s-2 12. (a) 0⋅738 m s-2

(b) 44⋅04N;25⋅38N

13.(a)
P

W
(b)14.4∙2m s-2 ;22∙4N

15. (i) 4kgmass:5∙5391m s-2 ;2kgmass:

4∙6869m s-2(downwards);3kgmass:6.3913ms-2

(downwards)(ii)Upperstring:41.7564N;Lower

string:10∙2262N

16.(a)3∙4775m s-2(downwards); 2.213ms-2

(downwards);4∙742m s-2(downwards)

(b)Upper string: 33.61N; Lower string:

15.174N
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7.MOMENTS

7.1 Momentofaforce
Momentofaforceaboutapointisobtainedby
multiplying themagnitudeoftheforcebythe
perpendiculardistancefrom thepointtotheline
ofactionoftheforce.ThemomentofaforceF
aboutpointAisF×d.

F

d

A

Ifthelineofactionoftheoftheforcepasses
throughacertainpoint,themomentoftheforce
aboutthatpointiszero.

Sincemomentofaforceaboutapointcausesa
turning effect which may be clockwise or
anticlockwise,byconventionclockwisemoments
are negative and anticlockwise moments are
positive.

7.2 Couples
Acoupleisformedbytwoparallelunlikeforces
ofequalmagnitudewhoselinesofactiondonot
coincide.

7.2.1 MomentofaCouple
Considertwo forces each ofmagnitude F as
shownbelow.

A

F

B

F

C

Takingmomentsabout:
A:G=F×AC
B:G=F×AB+F×BC=F×AC
C:G=F×AC

WhereGisthesum ofmoments.
Hencethemomentofacoupleisthesameabout
allpointsintheplaneoftheforcesformingthe
couple.Notethatforcesformingacoupleyield
no resultant force but there is a resultant
moment.

Agivensystem offorcesissaidtoreducetoa
coupleiftheresultantoftheforcesiszeroyet
theyproducearesultantmoment.

Thatis:X=0,Y=0butG≠0.
X-algebraicsum offorcesinhorizontaldirection.
Y-algebraicsum offorcesinverticaldirection.
G–sum ofmomentsofallforcesaboutapointor
axis.

7.2.2 ForcesinEquilibrium
A given system offorces is said to be in
equilibrium iftheresultantoftheforcesiszero
andthesum ofmomentsoftheforcesabouta
givenpointoraxisisalsozero.

7.3 Equationoflineofactionof
theResultant

Ifagivensystem offorcesisnotinequilibrium,
the single force which can representallthe
forces is called theirresultant.The resultant
forcecausesthesametranslationeffectasthat
whichcouldbecausedbytheindividualforces
andhasanetturningeffectasthatwhichwould

becausedbyalltheindividualforces.IfF=(X

Y)is

theresultantofanygivennumberofforcesandG
isthesum ofmomentsoftheindividualforces
abouta point(we shallcallthe origin).The
equationofthelineofactionoftheresultantis
obtainedbyusingthefactthatthemomentofthe
resultantforceaboutapointoraxisisequalto
the sum ofmoments ofthe individualforces
aboutthesamepointoraxis.

Y

F

X
P(x,y)

y

x
O

x-axis

y-axis

TakingmomentsaboutO:
G=xY–yX

HenceG=xY-yX istheequationofthelineof
actionoftheresultant.Itcanalsobeobtained

from G=|x y

X Y|.
Example1
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In a square PQRS of side 2 m,forces of

magnitude5,8,3and5 2newtonsactalongPQ,
RQ,PS and QS respectively.Show thatthe
system isequivalenttoacoupleandfindthe
moment of the couple.If a fifth force of

magnitude6 2newtonsactsalongPR,findthe
equationofthelineofactionoftheresultantof
theenlargedsystem.
Solution

S R

5 2N 8N2m
3N

45°
P Q

2m
5N

R=(X
Y)=(5+0+0-5 2cos45

0-8+3+5 2sin45)
=(5-5

-8+8)=(0
0)

TakingmomentsaboutP:

Sum ofmoments,G=-(8×2)+(5 2×2sin45)
=-6Nm

Hencethesystem reducestoacouplesincethe
resultantforceiszerobutthesum ofmomentsis
notzero.

S R

3N
8N

6 2N 5 2N

45° 45°

5NP Q

2m

Enlargedsystem:

R=(X
Y)=(0+6 2cos45

0+6 2sin45)=(6
6)

TakingmomentsaboutP:

G=-(8×2)+(5 2×2sin45)
G=-6Nm

G=|x y

X Y|
G=xY–yX
-6=6x–6y

y=x+1

Example2

Forcesof1N,3N,5N,7Nand9 2Nactalong
thesidesAB,BC,CD,DAanddiagonalBDofa
squareofsidea,theirdirectionsbeinggivenby
theorderoftheletters.TakingAastheoriginand
AB,AD asxandy-axesrespectively.Findthe
resultantforceandshow thatitslineofaction
hasequation5x+13y=17a.
Solution:

D 5N C

7N
9 2N

3N

45°

1NA B

a

a

F=(X
Y)=(1-5-9 2cos45

3-7+9 2sin45)=(-13
5)

5
|F|

13
θ

|F|= (-13)2+(5)2

= 194
=13⋅9284N

TakingmomentsaboutA:

G=3×a+5×a+9 2×asin45
=17a

From G=|x y

X Y|
G=xY–yX⇒17a=5x+13y

∴ 5x+13y=17a

Example3
Theforces2i+j,3i+2j,5i–2jand iN actat
pointswithpositionvectorsi,2i+4j,-i–jand
2i–2jm respectively.Findtheequationoftheline
ofactionoftheresultantforce.
Solution

F=(2i+j)+(3i+2j)+(5i–2j)+i
=11i+j
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2N
1

-1-2-3
2 3 4

-1

-2

-3

1

2

3

1N

2N

2N

5N

3N

1N

4

y-axis

x-axis

Takingmomentsabouttheorigin:

G=(2×2)–(3×4)+(1×1)+(2×0)+(5×1)+
(2×1)+(1×2)
G=2Nm

From G=|x y

X Y|=xY–yX

2=x–11y⇒x-11y=2

7.4 MomentasaVector
LetaforceFpassthroughapointwithposition
vectorr,whereF=Xi+Yjandr=xi+yj.

d

O
r

F

θ

The momentofF aboutO is ofmagnitude
=|F|d=|F||r|sinθ
From thecrossproductofvectors:

r×F=|r||F|sinθ
̂
u

|r×F|=|r||F|sinθ,since|̂u|=1
Hence the moment in vector form,
⃗
G =r×F.

Thisimpliesthat;
⃗
G =r×F=|

i j k

x y 0

X Y 0
|

⃗
G =i|y 0

Y 0|+j|0 x
0 X|+k|x y

X Y|
Hence

⃗
G =(xY-yX)k

Example4
Ifa line AB represents the force P both in
magnitudeanddirection,show thatthemoment
ofPaboutapointOisrepresentedinmagnitude
bytwicetheareaoftriangleAOB.
Solution

y A |P| B

d
α

θ
x

O

Areaoftriangle

OAB=
1

2
×|
⃗
OA|×|

⃗
OB|sinθ……………(i)

TakingmomentsaboutO:
|G|=|P|×d

=|P||
⃗
OB|sinα,but

|
⃗
OA|

sinα
=

|
⃗
AB|

sinθ

|G|=|
⃗
AB||
⃗
OB|×

|
⃗
OA|

|
⃗
AB|

sinθ=|
⃗
OA||

⃗
OB|sinθ

………………(ii)
From equation(i)andequation(ii)

|G|=2×areaoftriangleOAB

Example5
Thediagram showsasquareABCDofside1m
withforcesofmagnitude3N,6N,5Nand4N
actingalongthesidesAB,BC,DCandAD.

A B

D C

4N

5N

6N

3N

Findthe:
(i) magnitudeoftheresultantoftheforces.
(ii)totalmomentoftheforcesaboutA.
(iii)perpendiculardistancefrom Atothelineof

actionoftheresultant.
Solution:

(i) F=(3+5
4+6)=(8

10)
|F|= 82+102=2 41N

(ii) TakingmomentsaboutA:
G=(6×1)–(5×1)=1Nm
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=1Nm Anticlockwise

|F|=241
10

θ
8

(iii)

From G=|x y

X Y|=xY–yX

1=10x–8y
AlongAB,y=0

1=10x⇒x=0∙1m
AlongBC,x=1

1=10×1–8y⇒y=
9

8
m

A

C

B

D

d

θ

θ
0∙1m

F

sinθ=
d

0⋅1
⇒d=0⋅1×

10

2 41

⇒d=
1

2 41
m

Example6

F

E D

C

BA

6w

6w

10w

3w5w

Thediagram showsaregularplanehexagonwith
sidesoflengtha.Forceshavingmagnitudes6w,
10w,3w,6wand5wactalongfiveofthesidesof
thehexagonasshown.Provethattheresultant
ofthissystem offorcesintersectsABproduced

atapointPdistant
1

8
a from B.Themagnitudeof

theresultantisRanditmakesanangleθwithAB.
FindRandθ.
Solution

F

E D

C

BA

6w

6w

10w

3w5w

30°

30°

60°

30°

60°

R=(X
Y)=

(-6w+10wcos60-3wcos60+6w-5wcos60

0+10wsin60+3wsin60+0-5wsin60 )
R=( w

4 3w)
R= w2+(4 3w)2

=7w

TakingmomentsaboutA:

G=10w×asin60+3w×a3-6w×a3+5w×a
sin60

G=
9 3

2
aw

From G=|x y

X Y|=xY–yX

4 3wx–wy=
9 3

2
aw⇒y=4 3x-

9 3

2
a

AlongAB,y=0

∴0=4 3x-
9 3

2
a⇒x=

9

8
a

Distancefrom B=
9

8
a–a=

1

8
a

Example7
ABCDisarectangleinwhichAB=5m,BC=3m
forces of2 N,4 N,3 N and 11 N actalong
AB,BC,CD and DA respectively,theirdirections
beinggivenbytheorderoftheletters.
(a)TakingABasthex-axisandADasthey-axis,

findtheresultantforceandtheequationof
itslineofaction.

(b)Iftheforcesarereplacedbyasingleforceat

cosθ=
w

7w
θ=81⋅8°

7w 43w

θ

w
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the origin and a couple,determine the
momentanddirectionofthecouple.

Solution:
(a)

A B

CD

2N

4N

3N

11N

5m

3m

y-axis

x-axis

(→):X=2-3=-1N
(↑):Y=4-11=-7N

θ
1N

7N R

R= 12+72=5 2N

tanθ=
7

1
⇒θ=tan-17⇒θ=81∙9°

TakingmomentsaboutA:
G=2×0+4×5+3×3+11×0
G=29Nm

Equationoflineofaction:
G=xY-yX
29=-7x+y⇒y=7x+29

(b)AlongAB,y=0

0=7x+29⇒x=
-29

7

F(-29

7
,0)

A B

CD

5m

3m

y-axis

x-axis

R

R

R

θ

θ θ

E

F

Letusintroducetwoequalandoppositeforcesat

originA,paralleltotheresultantR=5 2N.Then
one ofthe forces and the resultantforms a
coupleandtheotheristhesingleforceatA.

ThemomentofthecoupleaboutA,G'=5 2×AE,
AE=AFsinθ

G'=5 2×AFsin81⋅9

G'=5 2×
29

7
×

7

5 2
G'=29Nm

Hence the momentofthe couple is 29 N m
anticlockwise.

Example8
Sixforces9N,5N,7N,3N,1Nand4Nactalong
thesidesPQ,QR,RS,ST,TUandUPofaregular
hexagon ofside 2 m,theirdirections being
indicatedbytheorderoftheletters.TakingPQas
thereferenceaxis,expresseachoftheforcesin
vectorform.Hencefindthe:
(i) magnitudeanddirectionoftheresultantof

theforces.
(ii)distancefrom Pwherethelineofactionof

theresultantcutsPQ.
Solution:
(i)

T 3N S

1N 7N

U
60°

60°

60°
R

4N 5N

P 9N

60°

2m
Q

R=(X
Y)

=(9+5cos60-7cos60-3-1cos60+4cos60

0+5sin60+7sin60+0-1sin60-4sin60)

R=(
6⋅5

7 3

2 )
|R|= 6⋅52+(7 3

2 )
2

= 79N
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θ

6⋅5

73

2
79

cosθ=
6⋅5

79
⇒θ=43⋅0°

(ii) TakingmomentsaboutP:

G=2×5sin60+7×2 3+3×2 3+1×2
sin60

G=26 3Nm

From G=|x y

X Y|
G=xY–yX

26 3=
7 3

2
x-

13

2
y

AlongPQ,y=0⇒26 3=
7 3

2
x⇒x=7⋅4286m

HencethelineofactionoftheresultantcutsPQ-
producedatadistanceof7⋅4286m from P.

Example9
ThecentreofaregularhexagonABCDEFofside
2ametresisO.Forcesofmagnitude4N,sN,tN,
1N,7Nand3NactalongthesidesAB,BC,CD,
DE,EFandFArespectively.Theirdirectionsarein
theorderoftheletters.
(a)Giventhattheresultantofthesixforcesisof

magnitude 2 3 N acting in a direction
perpendiculartoBC,determinethevaluesof
sandt.

(b)(i)Showthatthatthesum ofmomentsofthe

forcesaboutOisgivenby 27a3Nm.
(ii)Ifthe midpointofBC is M,find the

equation ofthe line ofaction ofthe
resultant,refertoOM asx-axisandODas
y-axis.

Solution

y-axis
D

1N tN

C

60°

E

7N

sN

x-axisM

F

60°

B

3N 4N
60°

A

(a)

R=(X
Y)

=(4sin60+0-tsin60-1sin60+0+3sin60

4cos60+s+tcos60-1cos60-7-3cos60)
R=(

3
2

(6-t)

s+
1

2
t-7)

SinceRisperpendiculartoBC,thatis,it

ishorizontal:s+
1

2
t–7=0

|R|= (3(6-t)
2 )

2

+02 =2 3

3

4
(6-t)2=12⇒6-t=±16

6–t=±4
Eithert=2ort=10
Whent=2,s=6andwhent=10,s=2

(b)(i)TakingmomentsaboutO:(Whent=2and
s=6)

G
1

=a3(4+6+2+1+7+3)=23a3Nm

(Whent=10ands=2)

G
2

=a3(4+2+10+1+7+3)=27a3Nm

HencesinceG=27a3Nm⇒t=10,s=2

(ii) From G=|x y

X Y|=xY–yX

27a3=0×x–y× 3
2

(6–10)⇒y=
27

2
a

Example10

TheforcesF
1

=(6
5),F

2
=(-10

-4),F
3

=(7
-7),F

4
=(-8

2)
andF

5
=(5

4)Nactatthepoints(2,2),(5,0),(-4,-4),
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(0,-5)and(6,0)respectively.
(a)Showthatthesystem reducestoacoupleand

statethemomentofthecouple.
(b)TheforceF

3
isremovedandacoupleaddedto

thenew system.Giventhatthelineofaction
oftheresultantoftheforcescutsthey-axisat
+10units,findthecouple.

Solution:

(a)F=(6
5)+(-10

-4)+(7
-7)+(-8

2)+(5
4)=(0

0)

10N 5N
1

-1--3-4-
5

-
6

2 3 4 6 75

-1

-

-3

-4

-
5

1

2

3

2N
8N

7N

5N

7N

6N

4N

4N

y-axis

x-axis

Takingmomentsabouttheorigin:
G=5×2–6×2–4×5+7×4+7×4

–2×5+4×6
=48Nm

SinceF=0andG≠0thesystem reduces
toacoupleofmoment48Nm
anticlockwise.

(b)When F
3

is removed the resultantofthe

remainingforcesis:

R=(6
5)+(-10

-4)+(-8
2)+(5

4)=(-7
7)

|R|= (-7)2+72⇒|R|=7 2N

tanα=
7

7
⇒α=45°

Takingmomentsabouttheorigin:
G'=5×2–6×2–4×5+2×5+4×6⇒G'=-8 N
m
Equation ofthe line ofaction ofthis
resultant:

G'=|x y

-7 7|⇒-8=|x y

-7 7|

7x+7y=-8

Alongthex-axis,y=0⇒x=
-8

7
andalong

they-axisx=0⇒y=
-8

7
Now twoequalandoppositeforces(couple)are
introducedparalleltotheresultanttoshiftthe
lineofactionoftheresultantforce.

45°45° 10

7 2N

-8

7

10

-8

7

7 2N

7 2N
d

y-axis

x-axis

sin45=
d

(10+
8

7)
⇒d=

78

7
×

1

2
⇒d=

78

7 2

Momentofthecouple;G''=-(7 2×d)

⇒G''=-(7 2×
78

7 2)=-78Nm

Hencethemomentofthecoupleis78N
m clockwise

Exercises

Exercise:7A
1.Auniform rodABoflength3m andweight50

NrestshorizontallyonsmoothsupportsatA
andB.Aloadof24Nisattachedtotherodat
apointC,whereAC=1m,findtheforces
exertedontherodbythesupports.

2.Auniform rodABoflength2m andweight20
NrestshorizontallyonsmoothsupportsatA
andB.Aloadof10Nisattachedtotherodat
adistanceof40cm from A.Findtheforces
exertedontherodbythesupportsatAandB.

3.A lightbeam AB oflength 13m balances
horizontallyaboutthepivotundertheaction
offorcesindicated.

x 6m y2m

3N10N12N 8N

72N
7N

7N

α
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Findthevaluesofxandy.
4.Auniform beam ABofmassm andlength2l

has its lowerend A resting on a rough
horizontalgroundandiskeptinequilibrium,
atanangleof45°tothehorizontalbyarope
attachedtoendB.Iftheropemakesanangle
of60°withBAandTisthe

tensionintherope,showthatT=
mg

6
.

5.(a)Auniform beam ABoflength8m hasa
massof30kg,massesof24kgand 50kg
aresuspendedfrom itsends,atwhatpoint
mustthebeam besupported so thatitrests
horizontally?
(b)Ahingedtrapdoorofmass15kgand

length1m istobeopenedbyapplyinga
forceP atan angleof60°asshown
below.CalculatethevalueofP.

Hinge

P

0⋅5m0⋅5m

60°

15gN

6.Auniform baroflength2⋅8m andweight80
Nhasloadsof20Nand40Nattachedtoits
endsAandBrespectively.Ifthebarbalances
in a horizontal position when smoothly
supportedatP,findthedistanceAP.

7.A uniform rod APQB oflength 2 m rests
horizontallyonsmoothsupportsatPandQ,
wherePQ=1⋅2m.IfhereactionatPistwice
thereactionatQfindthedistanceAP.Given
thatwhenaweightof5Nisattachedtothe
rodatBthereactionsatPandQareequal,
findtheweightoftherod.

8.Forces2i–3j,7i+9j,-6i–4j,-3j–2jactalong
alaminaatpoints(1,-1),(1,1),(-1,-1),(-1,1)
respectively.Determinethe:
(i) resultantoftheforces.

(ii)sum oftheirmomentsabout(0,0).What
effectdotheforceshaveonthebody?

9.Forcesofmagnitude1N,7N,10N,4Nand5
NactalongthelinesCB,CD,DB,ABandAD
respectivelyofrectangleABCDofsideAB=3
m andBC=4m asshowninthediagram.

B

7N

C

4N

5N

1N

A

10N

D

Findtheequationofthelineofactionthe
resultantforce.

10.Find themomentsoftheforce(-8i+12j)N
actingat(2,3)about:

(i) (0,0)

(ii) (-2,-1)

(iii) (-4,2)

Exercise:7B
1. Threeforcesof-3i+bj, 2bi+3jand3i–4j

actonaplaneatthepointsA(-3,3),B(4,1)
and C(-3,-3)respectively.Thesum ofthe
momentsoftheforcesabouttheoriginis32
Nm clockwise.Findthevalueofb.Ifinstead
thesum ofmomentsoftheforcesaboutthe
originis32Nm anticlockwise,findthevalue
ofb.

2. Twoforceshavingmagnitudesof4Nand3
NactalongthesidesABandADrespectively
ofasquareABCD.Ifthesquareisofside2
m,calculatetheperpendiculardistanceof
theirresultantfrom themidpointofDC.

3. ABC is a triangle such that AB=6 m,
BC=CA=4m.Forcesof9N,6N and6N
actalongAB,BCandCArespectively.Show
thatthesystem isequivalenttoacoupleand
finditsmoment.

4. A force of(3i–5j)N actsata pointwith
positionvector(6i+j)m andaforceof(-3i+5j)
Nactsatapointwithpositionvector(4i+j)m.
Show thattheseforcesreducetoacouple
andfindthemomentofthecouple.

5. Forcesof(ai+bj)Nand(6i–4j)Nactatpoints
withpositionvectors(-2i–2j)m and(3i–j)m
respectively.Iftheforcesreducetoacouple,
findaandbandthemomentofthecouple.

6. Forcesof6jNand-6jNactattheoriginand
atpositionvector2im respectively.Show
thatthemomentoftheforcesaboutany
pointP(x,y)isindependentofxandy.
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7. Forcesofmagnitude3N,4N,4N,3Nand5
NactalongthelinesAB,BC,CD,DAandAC
respectivelyofasquareABCD whoseside
hasalengthofaunits.Thedirectionsofthe
forces are indicated by the orderofthe
letters.
(a)Findthemagnitudeanddirectionofthe

resultantforce.
(b)Ifthelineofactionoftheresultantforce

cutsABproducedatE,findthelengthAE.
8. Show thateachofthefollowingsystemsof

forcesisequivalenttoacoupleandineach
casefindthemomentofthecouple.

(a) (b)

2N

D C

BA

7N 5m

2N

12m

13N

14N(a)

5m

A

D C

4m

11N

B

3N

3m

7N

2N
5N 10N

(b)

A

C

B

10N 10N

10N

60°60°

2m

(c)

RegularHexagon
ofsidea

BA

F

E D

C

P

3P

2P

4P

6P

(d)

9. ABCDisarectangleinwhichAB=4m and
BC=3m.Forcesof16N,12N,4N,9Nand
10 N actalong AB,BC,CD,AD and DB
respectively,theirdirections given by the
orderoftheletters.
(a)(i) Findthemagnitudeanddirectionof

theresultantforce.
(ii)Determinetheequationofthelineof

actionoftheresultantforce.
(b)Acoupleisnow addedtothesystem in

thesenseABCD.Ifthemomentofthe
coupleis24Nm,showthattheresultant
ofthe enlarged system willnow act
throughB.

10.Aforceactinginthex-yplanehasmoments

4,
5

2
and12N m about(0,0),(1,0)and(0,2)

respectivelyinitsplane.
(a)Calculatethemagnitudeoftheresultant

force.

(b)Show thatthe equation ofits line of

actionis3x-8y=8.

Exercise:7C
1. ABCD isarectangleinwhichAB=2aand

BC=a.Forcesofmagnitude2P,5P,4Pand
3PactalongAB,BC,CDandDArespectively,
thedirectionoftheforcesbeinggivenbythe
orderoftheletters.
(i) Findthemagnitudeanddirectionofthe

resultantforce.

(ii)Determine the equation ofthe line of

actionoftheresultantforceandfindthe

distancefrom Awherethelineofaction

oftheresultantcutsAB.

(iii)Iftheforcesareto bereplaced bya

singleforceandacoupleatthecentreof

therectangle,determinethemagnitude
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of the single force,magnitude and

directionofthecouple.

(iv)Ifinstead a couplewasadded to the

system and the line ofaction ofthe

enlargedsystem passesthroughB,find

themomentandsenseofthecouple.

2. ABCD is a rectangle in which AB=3 m,
BC=4m.Forcesof3N,2N,10Nand5N
actin the directions AB,AD,AC and BD
respectively. Find their resultant and
equationofitslineofaction.

3. Forcesof3i,4j,5iand-10jactatpoints(0,0),
(3,4),(-1,2)and(2,5)respectively.Findthe
equation of the line of action of their
resultant.

4. Forcesofmagnitude6N,3N,4Nand5N
actalongthesidesPQ,QR,RSandSPofa
squareofside2m.Findthe:

(i) magnitude and direction ofthe

resultantforce.

(ii) equationofthelineofactionofthe

resultantforce.

Ifitis required to replace the given
system byasingleforcepassingthrough
themidpointofPQandacouple,findthe
single force and the moment of the
couple.

5. Forcesofmagnitude8w,7w,5wand3wact
alongsidesAB,BC,CDandDA

respectivelyofasquareABCDofside2m.
Findthe:
(a)magnitudeoftheresultant.
(b)equationofthelineofactionofthe

resultantandwhereitcutsAB.
6. Forcesw,4w,2w,6wactalongthesidesAB,

BC,CD,DAofasquareofsidea.Findthe
magnitudeoftheirresultantandprovethat
theequationofitslineofactionreferredto
ABandAD asxandy-axesrespectivelyis
y=2x+6a.

7. ABCDEFisaregularhexagonofside1m.
Forcesofmagnitude4,6,10,8,P and 2
newtonsactalongAB,BC,CD,ED,FEandAF
respectively,directions being indicated by
orderoftheletters.
(a)If the resultant passes through the

centreofthehexagon,findthevalueofP
andthemagnitudeanddirectionofthe
resultant.

(b)The force along FE is replaced by
anothersothatthenewsystem reduces
toacouple.Findthemagnitudeofthe

force and the momentofthe couple
indicatingitssense.

8. ABCD isasquareofside2m.Forcesof

magnitude2N,1N,3N,4Nand2 2N act
alongAB,BC,CD,DAandBDrespectively.In
orderto maintain equilibrium a force F,
whoselineofactioncutsADproducedatE
hastobeapplied.Findthe:

(a) magnitudeofF,

(b) angleFmakeswithAD,and

(c) lengthAE.

9. (a)Forcesof(1
1),(-4

1)and(3
-2)Nactatpoints

(2,2),(-1,4)and (4,-2) respectively. Show
thattheforcesreducetoacoupleandfind
themomentof thecouple.
(b)Fourforcesof12,7,16and20N act

alongAB,DA,DC andBD respectively.
ABCD is a rectangle with AB=4 m,
BC=3m,find:
(i) themagnitudeanddirectionofthe

resultantofthesystem offorces.
(ii)where the line of action of the

resultantcutsthesideAB.
10.ABCDEF is a regularhexagon ofside a

metersandcentreO.ForcesofmagnitudeP,
2P,3P,4P,kPandhPactalongAB,BC,CD,
DE,EFandFA respectively.Giventhatthe
resultantoftheforceshasmagnitude3Pina
directionparalleltoEF:
(i) determinethevaluesofkandh.

(ii)show thatthesum ofthemomentsof

theforcesaboutOis9 3Pa.
(iii)findtheequationofthelineofactionof

theresultant,refertoOM asx-axisand
OAasy-axis,whereM isthemidpointof
EF.

11.OABCisasquareofside2m,O,A,BandC
are the points (0,0),(2,0)(2,2) and (0,2)
respectively.Forcesofmagnitude5,8,3and

5 2 newtonsactalong OA,BA,OC and AC
respectively.Showthatthissystem offorces
isequivalenttoacoupleandfinditsmoment.

Ifafifthforceofmagnitude6 2Nactsalong
OB,findtheequationofthelineofactionof
theresultantoftheenlargedsystem.

AnswerstoExercises
Exercise:7A

1.R
A

=41N;R
B

=33N 2. 18N ;12N 3.
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3;2 4. 5.(a)3m from B

(b)49 3N 6.1⋅6m 7.0⋅6m ;20N 8.(i)

0i+0j (ii) 4 N m anticlockwise;Will

causerotation ofthelamina aboutthe

origin.

9. 3x+4y=-1

10.(i) 48Nm anticlockwise (ii) 80Nm

anticlockwise

(iii) 80Nm anticlockwise

Exercise:7B

1.14⋅8 ;2 2. 1m 3. F=0andG≠0 ;

9 7Nm anticlockwise

4.F=0andG≠0;10Nm clockwise5. a=-6;

b=4;26Nm clockwise

6.12Nm clockwise,independentofxandy 7.

(a) 5⋅196N;60⋅8°toAB

(b)1⋅764a 8. (a) 14Nm insenseADCB

(b) 41Nm insenseADCB

(c)10 3Nm insenseABC (d) 3 3aPin

senseABCDEF

9. (a) (i) 25N ;36⋅9°toAB (ii)

15x-20y=36 (b)

10. (a) 73
2

N (b)

Exercise:7C

1.(i) 2 2Pat45°toBA (ii)x+y=7a ;cuts

AB-producedat7afrom A

(iii) 2 2P ;11aPinsenseABCD (iv) 10aP

insenseADCB

2. 15⋅232Nat66⋅8°toAB ;7x-3y=6

3.3x+4y=9 4. (i) 2 2N;45°belowPQ (ii)

x+y=-7;2 2N;16Nm insensePQRS

5.(a) 5W (b) 4x-3y=24 ; cuts

AB-producedat6m from A

6. 5W 7. (a) 10;28NalongAD (b) 18N;

14 3Nm insenseABCDEF

8.(a) 10N (b) 71⋅6° (c) 4m

9.(a) F=0andG≠0;13N m anticlockwise

(b) (i)13Nat22⋅6°toAB

(ii)PassesthroughA 10. (i) 2 ;6

(ii) (iii) x=3 3a

11. 6Nm clockwise;y=x+1

8.CENTREOFGRAVITY
Theforceofattractionofanobjecttowardsthe
earthiscalledtheweightoftheobject.Thisforce
actsthroughapointintheobjectcalleditscentre
ofgravity.Thecentreofmassofabodyisthe
point at which the mass of the body is
consideredtoact.Thecentroidofabodyisits
geometric centre.The centre ofgravity and
centre of mass coincide in a uniform
gravitationalfield.Thecentreofmassandthe
centroidofabodycoincideforauniform body.A
body is said to be uniform ifithas uniform
density.C.O.G willbeusedasashortform for
centreofgravity.

8.1 Centreofgravityofasystem
ofparticles

Forasystem ofparticles,thelocationofeach
particleistakenasthelocationofitscentreof
gravity,sinceparticlesareverysmall.Below are

particlesofmassesm
1
,m

2
andm

3
.

m
2

m
1 m

3

m
1
g m

3
gm

2
g

Note that the weight always acts vertically
downwardsforeachparticle.Sincethelocation
ofeachparticleisalsothelocationofitscentre
ofgravity,wecan applymomentsto find the
locationofthecentreofgravityofthesystem of
particles.

Consider particles of masses m
1
,m

2
,...,m

n

located atpoints (x
1
,y

1
),(x

2
,y

2
),...,(x

n
,y

n
).Their

centreofgravity(̅x,
̅
y)canbeobtainedbytaking

momentsaboutthecoordinateaxes.



Page75

y-axis

x
2

m
2
(x

2
,y

2
)

̅
x

x
n m

n
(x

n
,y

n
)

(̅x,
̅
y)

(m
1

+m
2

+...+m
n
)

y
2x

1

y
1

y
n

O x-axis

̅
y

m
1

Takingmomentsaboutthey-axis:

(m
1

+m
2

+…+m
n
)g×

̅
x=m

1
g×x

1
+m

2
g×x

2
+…+

m
n
g×x

n

(Σw)
̅
x=Σwx

̅
x=

∑Wx

∑W

Takingmomentsaboutthex-axis:

(m
1

+m
2

+…+m
n
)g×

̅
y=m

1
g×y

1
+m

2
g×y

2
+…+

m
n
g×y

n

(Σw)
̅
y=Σwy

̅
y=

∑Wy

∑W

Note:Iflocationsaregiveninform ofposition

vectors,then:

r
1

=x
1
i+y

1
j,r

2
=x

2
i+y

2
j,…,r

n
=x

n
i+y

n
j

Thepositionvector
̅
rofthecenterofgravityis

givenby:

̅
r=

̅
xi+

̅
yj

̅
r=(∑Wx

∑W )i+(∑Wy

∑W )j

=
1

∑W
{(w

1
x

1
+w

2
x

2
+…+w

n
x

n
)i+(w

1
y

1
+w

2
y

2
+…

+w
n
y

n
)j}

=
1

∑W
{w

1
(x

1
i+y

1
j)+w

2
(x

2
i+y

2
j)+...+w

n
(x

n
i+y

n
j)

}

=
1

∑W
(Σwr)

̅
r=

∑Wr

∑W

Example1
Particlesofweight12N,8Nand4Nactatpoints
(1,-3),(0,2)and(1,0)respectively.Findthecentre
ofgravityoftheparticles.
Solution

C.O.G=(̅x,
̅
y)

̅
x=

∑Wx

∑W
and

̅
y=

∑Wy

∑W

̅
x=

12×1+8×0+4×1

12+8+4
=

2

3

̅
y=

12×-3+8×2+4×0

12+8+4
=-

5

6

C.O.G=(2

3
,-

5

6)
Example2

Find the centre ofgravityoftwo particles of
weight20 N and 30 N atpoints A and B
respectively,givenAB=3m.

A

20N

3m

30N

G B̅
x

̅
x=

∑Wx

∑W
=

20×0+30×3

20+30

̅
x=1⋅8m (from A)

Example3

Findthecoordinatesofthecentreofgravityof
particlesofweight5N,7N,1Nand3Natpoints
(1,0),(3,1),(6,3)and(0,2)respectively.
Solution
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C.O.G=(̅x,
̅
y)

̅
x=

∑Wx

∑W
,

̅
y=

∑Wy

∑W

̅
x=

5×1+7×3+1×6+3×0

5+7+1+3
=2

̅
y=

5×0+7×1+1×3+3×2

5+7+1+3
=1

G(2,1)

Example4

Findthepositionvectorofthecentreofgravityof
threeparticlesofweight7N,9N and4N with
positionvectors4i+j,3jand3i+4j.
Solution

̅
r=

∑wr

∑w

̅
r=

7(4i+j)+9×3j+4(3i+4j)
7+9+4

̅
r=2i+2⋅5j

8.2 Centreofgravityofarigid
body

Rigid bodiesarecategorised aslinear,lamina
andsolidobjects.Arigidbodyisconsideredto
be uniform if the distribution of weight is
proportionalto thelength,area orvolumefor
linear,laminaandsolidobjectsrespectively.The
centreofgravityofauniform bodyliesalong
everylineorplaneofsymmetryofthebody.Ifa
uniform bodyhastwoormorelinesorplanesof
symmetry,thentheirpointofintersectiongives
thelocation ofitscentreofgravity.A lamina
objectisaflatobjecthavingnegligiblethickness
comparedtoitslengthandwidth.

Somelocationsofcentreofgravity:

1.Uniform rod:
Thecentreofgravityislocatedatitsmidpoint
G,midwaybetweenendsAandB.

A B
G

2.Uniform rectangularlamina:

Gisatthepointofintersectionofitslinesof
symmetry.

G

3. Uniform circularlamina:
Gisatthecentreofthelamina.

G

4.Uniform sphere:
Gisatthecentreofthesphere

G

5. Uniform rightcircularcylinder:
Gliesmidwayalongtheaxisofsymmetry.

G

6.Uniform triangularlamina:
G liesalong themedians,attheirpointof
intersection,leavingtwothirdsofthedistance
from theverticestotheoppositesidesofthe

triangle.AG=
2

3
ABorBG=

1

3
AB.
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A

G

B

Standardresults:Alistofstandardlocationsof
centreofgravityisprovidedatthebackofthe
book in the formulae forreference.However,
proofofthestandardresultsisgivenlateronin
thistopic.

8.3 Equilibrium,topplingand
sliding

8.3.1 Equilibrium ofasuspendedlamina
Whenalaminaisfreelysuspended,itrestswhen
thelinefrom thepointofsuspensionthroughthe
centreofgravityisverticallydownwards.

A A

G

m
mg

G

Thisconditioncanbeusedinfindingtheanglea
givensideofthelaminamakeswiththevertical
orhorizontalwhenitrestsinequilibrium when
suspendedfrom apoint.Thelinefrom thepoint
ofsuspensionthroughthecentreofgravityisthe
verticalandanylineperpendiculartoitisthe
horizontal.

A

G

Horizontal

Vertical

Example5
Auniform wireisbenttoform atrapezium ABCD

in which,A
̂
BC=B

̂
CD=90°,AB=6a,BC=4a

andCD=3a.Findthedistancesofthecentreof
gravityfrom ABandBC.Ifthetrapezium isfreely
suspended from A,find the angle which AB
makeswiththevertical.
Solution

C 3a D

4a 4a

B
3a 3a

A

DA= (4a)2+(3a)2=5a

Letwbetheweightperunitarea

Portion Weight
DistanceofC.O.G

from:
BC BA

AB 6aw 3a 0
BC 4aw 0 2a

CD 3aw
3

2
a 4a

DA 5aw
9

2
a 2a

Whole 18aw ̅
x

̅
y

TakingmomentsaboutBC:
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18aw×
̅
x

=6aw×3a+4aw×0+3aw×
3

2
a

+5aw×
9

2
a

̅
x=

5

2
a

TakingmomentsaboutBA:

18aw×
̅
y=6aw×0+4aw×2a+3aw×4a+5aw×2a

̅
y=

5

3
a

Thecentreofgravityis
5

3
afrom ABand

5

2
afrom

BC.

Whenthetrapezium isfreelysuspendedfrom A:

C 3a D

4a

Vertical

B

̅
y

5a

θ

Horizontal

A
(6a-

̅
x)

G

 tanθ=
̅
y

6a-
̅
x

tanθ=

5

3
a

6a-
5

2
a

=
10

21
⇒θ=25⋅5°

Example6
ThefigureABCDEbelow showsasolidconeof
radiusr,heighth,joinedtoasolidcylinderofthe
samematerialwiththesameradiusandheightH.

H

r

h

E

D

C B

Ar

Ifthecentreofmassofthewholesolidliesinthe
planeofthebaseoftheconewherethetwo
solids are joined,find H.Ifinstead H=h and

r=
1

2
h,find the angle AB makes with the

horizontalifthebodyishangfrom A.
Solution

E

D

h

rr
A

C B

h

H

r

Letwbetheweightperunitvolumeofthesolid
Body Weight Distanceof

C.O.Gfrom
CB

cylinder πr2Hw
1

2
H

Cone
1

3
πr2hw

1

4
(4H+h)

Whole
1

3
πr2w(3H+h) ̅

y

TakingmomentsaboutCB:

1

3
πr2w(3H+h)×

̅
y=πr2Hw×

1

2
H+

1

3
πr2hw×

1

4
(4H+h)

̅
y=

6H2+4Hh+h2

4(3H+h)

Ifthecentreofgravityofthesolidliesin
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the plane where the two solids were

joinedthen
̅
y=Handhence:

H=
6H2+4Hh+h2

4(3H+h)
⇒12H2+4Hh=6H2+4H

h+h2

H=
h 6

6

IfH=handr=
1

2
h

Then
̅
y=

6H2+4Hh+h2

4(3H+h)

̅
y=

11h

16

Vertical

Horizontal

E

h

r r
D A

G

α β
r

̅
y

C B

tanα=
r

H-
̅
y

=

1

2
h

h-
11

16
h

α=58⋅0°
α+β=90
58⋅0+β=90⇒β =32⋅0°

Hence AB makes an angle of32⋅0°with the
horizontal.

8.3.2 Equilibrium ofalaminaonasurface
Whenabodyrestsinequilibrium onahorizontal
plane,the weightofthe body and the force
exertedonthebodymustactalongthesameline;
whichistheverticallinethroughthecentreof
gravity.

InthecaseofalaminawithedgeABrestingona
smoothhorizontalplane,theforceRexertedon
thelaminaistheresultantofnormalreactionsat
thepointsofcontactalongAB.ThereforeRmust
actthroughsomepointonAB.Itfollowsthat,if
theverticallinethroughthecentreofgravityG
passesthroughapointontheedgeAB,thenR
can act to maintain equilibrium. Otherwise
equilibrium isnotpossibleandthelaminawill
topple.

D

R

C

B A

W

G

Laminainequilibrium

C D

B

R

A

W

̅
x

G

Thelaminawilltopple

Note:Thelaminatopplesif
̅
x>AB.Thelamina

willremaininequilibrium if
̅
x≤AB andin

particular,itwillbe ata pointoftoppling if
̅
x=AB.Thelaminatopplesaboutthepointof

contactnearesttothelineofactionoftheweight.

Example7
ABCDisasquarelaminaofsideafrom whicha
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triangleADEisremoved,EbeingapointonCDa
distancetfrom C.
(i) Show that the centre of mass of the

remaininglaminaisatadistance
a2+at+t2

3(a+t)
from BC.

(ii)Henceshowthatifthislaminaisplacedina
verticalplanewithCErestingonahorizontal

table,equilibrium ispossibleift<
a(3-1)

2
Solution

A D

a
E

t

B Ca

(i)

Letwbetheweightperunitarea

Body Weight
DistanceofC.O.G

from BC

ABCD a2w
1

2
a

ADE
1

2
a(a–t)w

1

3
(2a+t)

ABCE
1

2
a(a+t)w ̅

y

TakingmomentsaboutBC:
1

2
a(a+t)w×

̅
y

=a2w×
1

2
a-

1

2
a(a–t)w×

1

3
(2a+t)

̅
y=

a2+at+t2

3(a+t)

(ii) Equilibrium ispossibleif
̅
y<CE

Thus
a2+at+t2

3(a+t)
<t

2t2+2at–a2>0

t2+at-
a2

2
>0⇒(t+

1

2
a)

2

-
a2

4
-

a2

2
>0

(t+
1

2
a)

2

>
3a2

4

t+
1

2
a>

-a3

2
⇒t>

-1

2
a(1+ 3)and

t+
1

2
a<

a3

2
⇒t<

1

2
a(3-1)

sincet≥0⇒t<
1

2
a(3-1)

8.3.3Equilibrium ofabodyonaninclined
plane:

Forabodytorestinequilibrium withouttoppling
on a surface,the line ofaction ofitsweight
shouldbecontainedbetweentheextremepoints
ofcontactbetweenthebodyandthesurface.

G

Fortheblockaboveequilibrium isnotpossible
since the verticalline through the centre of
gravityG falls outside the base ofthe block,
henceitwilltopple.On an inclined plane,the
equilibrium ofabodymaybebrokenbysliding
ratherthantoppling.

8.3.4 Topplingandsliding
ConsiderablockofweightW onaroughplane
coefficientoffriction μ whose inclination is
graduallyincreased.

θ

Wsinθ

W

Wcosθ

θ
F

R

ThebodywillnotslideasalongasWsinθ<F
max

Whereθistheinclinationoftheplane.

⇒Wsinθ<μWcosθ⇒tanθ<μ

When the angle ofinclination is θ as shown
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above,theblockisatapointoftoppling.
Theblockslidesbeforeittopplesif:

Wsinθ>F
max
⇒Wsinθ>μWcosθ⇒tanθ>μ

Thebodytopplesbeforeitslidesif:

Wsinθ<F
max
⇒Wsinθ<μWcosθ⇒tanθ<μ

Thebodysimultaneouslytopplesandslidesif:

Wsinθ=F
max
⇒Wsinθ=μWcosθ⇒tanθ=μ

Example8
Auniform solidconeofheighthandbaseradius
r,isplacedwithitsbaseonaroughplane.The
coefficientoffrictionbetweentheconeandthe
plane is μ.The inclination of the plane is
graduallyincreasedandtheconebeginstoslide

andtopplesimultaneously,showthatμ=
4r

h
.

Solution

Wsinθ

Wcosθ
Wθ

F
θ1

4
h

r

R

Resolvingnormaltoplane:

R=Wcosθ

Resolvingparalleltoplane:

F=Wsinθ

ButF=μR

μWcosθ=Wsinθ⇒tanθ=μbuttanθ=
r

(h

4)
Henceμ=

4r

h

Example9
(a)A uniform solid cylinderofheight5aand

radiusastandsonaroughhorizontalplane,

coefficientoffriction
1

2
.Show thatifthe

planeistiltedslowly,thecylinderwilltopple
beforeitslides.

(b)A uniform rectangularlamina ABCD has
AB=2aandBC=4a.Thetriangularlamina
BOC isremoved,whereO isthepointof
intersection of the diagonals. If the
remainderisfreelysuspendedfrom A,find
theangleADmakeswiththevertical.

D

A 2a B

4a

C

O

Solution

R

Wsinθ
θ

a

θ W

F

Wcosθ

5

2
a

(a)

Whenthecylinderisatapointoftoppling:

tanθ=
a

(5

2
a)

=
2

5

θ=21⋅8°

Resolvingnormaltotheplane:

R=Wcosθ

From:F
max

=μR

⇒F
max

=
1

2
Wcosθ=

1

2
Wcos21⋅8

=0⋅4642W

Resolvingalongplane:

F=Wsinθ⇒F=Wsin21.8

=0⋅3714W
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SinceF<F
max

,whentheplaneisfurthertilted,

thecylinderwilltopplebeforeitslides.

Note:Toppling occurs when the line of
actionoftheweightdoesnotpassbetween
theextremepointsofcontactofthecylinder
andtheplane.

(b)Letwbetheweightperunitarea
Body Weight Distanceof

C.O.Gfrom AD
ABCD 8a2w a

BOC 2a2w
5

3
a

Remainder 6a2w ̅
x

TakingmomentsaboutAD:

6a2w×
̅
x=8a2w×a-2a2w×

5

3
a

̅
x=

7

9
a

Vertical

D C

̅
x

G

O

2a

A

θ

B

tanθ=
̅
x

2a

tanθ=
(7

9
a)

2a

θ=21⋅3°

8.4 Obtainingstandardresultsby
integration

Inordertoobtainthecentreofgravityofabody,
weusetheprinciplethatthesum ofmomentsof
componentsofweightsthatconstitutethebody
aboutagivenaxisisequaltothemomentofthe
weightofthebodyaboutthesameaxis.The
followingexamplesgivethewaysofobtaining
thestandardresultsusingcalculus.

8.4.1 Standardresults
1.Provethatthecentreofgravityofauniform

semi-circular lamina of radius r,is at a

distance
4r

3π
from thecentre.

y-axis
δx

r r y

x

r y
x-axis

Letwbetheweightperunitarea
Body Weight Distanceof

centreofgravity
from y-axis

Lamina
1

2
πr2w ̅

x

Element 2yδxw x
Takingmomentsaboutthey-axis:

Σ(2yδxw)x≃
1

2
πr2w

̅
x

1

2
wπr2̅

x=∫r

0
2wxydx

1

2
wπr2̅x=2w∫

r

0

x(r2-x2)
1

2dx

Letu=r2–x2⇒du=-2xdx

1

2
πr2̅x= -∫

0

r2

u
1

2du⇒
1

2
πr2̅x

=-[2

3
u

3

2]
0

r2

̅
x=

4r

3π

2.Provethatthecentreofgravityofauniform

solidhemisphereofradiusr,isadistance
3

8
r

from thecentre.
Solution
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y-axis
δx

r y

x

r
x-axis

O

r

Thecentreofgravityislocatedalongthe
axisofsymmetry(x-axis)
Itisobtained bycutting stripseach of
thicknessδxandlengthybeingrotated
aboutthex-axis.

Letwbetheweightperunitvolume
Body Weight Distanceof

centreofgravity
from y-axis

Solid
2

3
πr3w ̅

x

Element πy2δxw x

Takingmomentsaboutthey-axis:
2

3
πr3w

̅
x≃Σ(πy2δxw)x

2

3
r3̅x=∫r

0
xy2dx=∫r

0
x(r2-x2)dx

2

3
r3̅x=[1

2
r2x2-

1

4
x4]

r

0

2

3
r3̅x=

1

4
r4

̅
x=

3

8
r

3.Findthecentreofgravityofauniform wirein
form of an arc of a circle of radius r,
subtendinganangle2αatthecentre.
Solution:
Thecentreofgravityliesalongthetheaxisof
symmetry.

α

δθ

α

rδθ

θ
O

r

r
y-axis

x-axis

Atypicalelementarcsubtendsanangleδθatthe
centreOandhaslengthrδθ.
Letwbeweightperunitlengthofthewire:

Body Weight DistanceofC.O.G
from y-axis

Element wrδθ rcosθ
Wholearc wr×2α ̅

x
Takingmomentsaboutthey-axis:

2αwr×
̅
x≃∑(wrδθ×rcosθ)

∴ 2αwr
̅
x=∫α

-α
wr2cosθdθ

=wr2[sinθ]α

-α
=2wr2sinα

∴
̅
x=

rsinα

α
Hencethecentreofgravityofthewireisata

distance
rsinα

α
from thecentre

4.Findthecentreofgravityofauniform lamina
in form ofasectorofacircleofradiusr,
subtendinganangle2αatthecentre.
Solution
Thecentreofgravityliesalongthetheaxisof
symmetry.

α

δθ

α

Ǵ

θ
O

r

r

y-axis

x-axis

A typicalelementisasectorthatsubtendsan
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angleδθatthecentreOandhasarea
1

2
r2δθ.This

sectorisapproximatelytriangularwithitscentre

ofgravityǴ atadistance
2

3
rfrom O.

Letwbeweightperunitareaofthelamina:
Body

Weight
C.O.Gfrom
y-axis

Element w×
1

2
r2δθ

2

3
rcosθ

Whole
sector

w×
1

2
r2×2α ̅

x

Takingmomentsaboutthey-axis:

w×
1

2
r2×2α×

̅
x≃

∑(w×
1

2
r2δθ×

2

3
rcosθ)

∴ wr2α
̅
x=∫α

-α

1

3
wr3cosθdθ

=
1

3
wr3[sinθ]α

-α
=

2

3
wr3sinα

∴
̅
x=

2rsinα

3α

Hencethecentreofgravityofthewireis

atadistance
2rsinα

3α
from thecentre.

5.Find the centre of gravity of a uniform
hemisphericalshellofradiusr.
Solution
Thex-axisisthelineofsymmetryoftheshell.

δθ

θ

O

rδθ

x-axis

y-axis

r

Iftheshellisdividedintosmallstripsbyplanes
perpendicular to the x-axis,then a typical
elementstrip isapproximatelycylindricalwith
radiusrsinθandwidthrδθ.Lettingw tobethe
weightperunitareaoftheshell;

Body Weight C.O.G from
y-axis

Element w×2πr2sinθδθ rcosθ

Whole
body

w×2πr2 ̅
x

Takingmomentsaboutthey-axis:

w×2πr2×
̅
x≃∑(w×2πr2sinθδθ×rcosθ)

∴ 2πwr2̅x=∫
π

2
0

(2πr3wsinθcosθ)dθ

=w∫
π

2
0

πr3sin2θdθ

=πwr3[-1

2
cos2θ]

π

2

0

=πwr3

∴
̅
x=

1

2
r

Hencethecentreofgravityofthehemispherical

shellisatadistance
1

2
rfrom itscentre.

Example10
Provethatthecentreofmassofauniform right

circularconeofheighthandbaseradiusr,isata

distance
3

4
h from the vertex.Such a cone is

joinedtoauniform rightcircularcylinder,ofthe

samematerial,withbaseradiusrandheightH,

sothattheplanebaseoftheconecoincideswith

theplanefaceofthecylinder.Findthecentreof
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massofthesolidthusformed.Show thatthis

solidcanrestinequilibrium onahorizontalplane,

withthecurvedsurfaceofthecylindertouching

theplaneprovidedh2≤6H2.

Solution

Lettheaxisoftheconeliealongthex-axis,from
symmetry the centre ofmass lies along the
x-axis.Ifthe cone is divided into elements
parallel to its base,then each element is
approximatelyadisc,ofthicknessδx,radiusy,
havingvolumeπy2δx.

x-axis

y-axis

h

x

y

r

δx

Letwbetheweightperunitvolumeofthecone,
thenwehave:

Takingmomentsaboutthey-axis:
1

3
πr2hw×

̅
x≃Σ((πy2δxw)×x)

1

3
πr2hw×

̅
x=∫

h

0

πwxy2dx

From similartriangles,
y

x
=

r

h
⇒y=

r

h
x

1

3
πr2hw

̅
x=∫

h

0

πr2w

h2 x3dx

1

3
πr2h

̅
x=

πr2

h2[x4

4]
h

0

⇒
̅
x=

3

4
h

Hencethecentreofgravityofaconeisonits

axisatadistance
3

4
hfrom thevertex.

y-axis
H h

r

r

Letwbeweightperunitvolumeoftheconeand
cylinder

Body Weight DistanceofC.O.G
from y-axis

cylinder πr2Hw
1

2
H

Cone
1

3
πr2hw

1

4
(4H+h)

Whole
1

3
πr2w(3H+h) ̅

x

Takingmomentsaboutthey-axis:
1

3
πr2(3H+h)w

̅
x

=πr2Hw×
1

2
H+

1

3
πr2hw×

1

4
(4H+h)

̅
x=

6H2+4Hh+h2

4(3H+h)

Forequilibrium;
̅
x≤H

6H2+4Hh+h2

4(3H+h)
≤H⇒h2≤6H2

Example11

8cm

6cm
2cm

1cm

1cm1cm

1cm

A D

CB

1cm

ABCD is a uniform rectangular sheet of

cardboardoflength 8cm andwidth6cm.A

squareand circularholearecutofffrom the

cardboard as shown above. Calculate the

positionofthecentreofgravityoftheremaining

sheet.

Solution

Body Weight DistanceofC.O.G
from y-axis

Element (πy2δx)w x

Whole
cone

1

3
πr2hw ̅

x
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8cm

6cm
2cm

1cm

1cm1cm

1cm

A D

CB

2cm

3cm 3cm

1cm

Letwbetheweightpercm2

Body Weight
Distanceof
C.O.Gfrom:
BA BC

ABCD 48w 4 3
Square 4w 3 4
Circle πw 6 4
Remainder (44–π)w ̅

x
̅
y

TakingmomentsaboutBA:

(44–π)w×
̅
x=48w×4–4w×3-πw×6

(44–π)
̅
x=(180-6π)

̅
x=3⋅944cm

TakingmomentsaboutBC:

(44–π)w×
̅
y=48w×3–4w×4–πw×4

(44–π)
̅
y=(128-4π)

̅
y=2⋅825cm

Hence the centre ofgravity ofthe remaining
sheetisatadistance3.944cm from BA and
2.825cm from BC.

Example12
(a)Theparticlesofmasses4,6and2kgacting

atpoint(2,-1),(2,3)and(-2,5) respectively
havetheircentreofgravityatapointA(a,b).
Determinethevaluesofa andb.

(b)A uniform circularlaminaofradius10cm
hastwocircularholescutouteachofradius
2 cm.The design specification describes
these by marking two diameters as co-
ordinates axes on the lamina as shown

below.

BB

AA
x-axis

y-axis

O

IfoneholehasitscentreatA(6,0)andtheother
hasitscentreatB(-2,5).Findthedistanceofits
centreofgravityfrom theorigin(0,0).Giveyour
answerto4decimalplaces.
Solution

(a)
̅
x=

∑wx

∑w

a=
4g×2+6g×2+2g×-2

4g+6g+2g
⇒a=

4

3

̅
y=

∑wy

∑w

b=
4g×-1+6g×3+2g×5

4g+6g+2g
⇒b=2

BB

AA
x-axis

y-axis

O

(b)

Letwbetheweightpercm2

Body Weight
DistanceofC.O.Gfrom:
y-axis x-axis

Whole 100πw 0 0
A 4πw 6 0
B 4πw -2 5

Remainder 92πw ̅
x

̅
y

Takingmomentsaboutthey-axis:

92πw×
̅
x=100πw×0-4πw×6-4πw×-2
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̅
x=-

4

23
cm

Takingmomentsaboutthex-axis:

92πw×
̅
y=100πw×0-4πw×0-4πw×5

̅
y=-

5

23
cm

G(-
4

23
,-

5

23)
Distanceofcentreofgravityfrom origin:

= (-
4

23)
2

+(-
5

23)
2

= 41
23

cm

=0∙2784cm
Example13

C B

O A

ThefigurerepresentsalaminainwhichOA=15
cm,OC=CB=6cm.
(a)Findthepositionofthecentreofgravityof

thelaminawithrespecttosidesOAandOC.
(b)AquadrantofacirclewithcentreCpassing

throughOandBiscutoutofthelamina,find
thepositionofthecentreofgravityofthe
remainder.

(c)TheremainderisfreelysuspendedatB.Find
theanglesideABmakeswiththehorizontal.

Solution

C B

6cm

O 15cm A

6cm(a
)

Letwbetheweightpercm2

Body Weight
DistanceofC.O.G

from:
OC OA

Square 36w 3 3
Triangle 27w 9 2
Whole 63w ̅

x
̅
y

TakingmomentsaboutOC:

63w×
̅
x=36w×3+27w×9

̅
x =

39

7
cm

TakingmomentsaboutOA:

63w×
̅
y=36w×3+27w×2

̅
y=

18

7
cm

C

O

B

A

(b)

Letwbetheweightpercm2

Body Weight

Distanceof
centreofgravity

from:
OC OA

Trapezium 63w
39

7

18

7

Quadrant 9πw
8

π
6-

8

π

Remainder (63-9π)w ̅
x

̅
y

TakingmomentsaboutOC:

(63-9π)w×
̅
x =63w×

39

7
-9πw×

8

π
̅
x=8∙0344cm

TakingmomentsaboutOA:

(63-9π)w×
̅
y=63w×

18

7
-9πw×(6-

8

π)
̅
y=1⋅8532cm

C B Horizontal
β

α
θ

O A

Vertical

G

(c)

tanθ=
8⋅0344-6

6-1⋅8532

θ=26⋅0°
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tan(α+θ)=
9

6

α+θ=56⋅3°

α+26=56⋅3⇒α=30.3°

From α+β=90
β=90–30⋅3⇒β=59∙7°

Hence AB makes an angle of59⋅7°with the
horizontal

Example14
Thefigureshowsacompositelaminaconsisting

ofa trapezium and a semi-circle.Given that

OC=CB=6cm,OA=14cm and∠O=∠C=90°.

C B

O A

(a) Determine the position ofthe centre of

gravityofthelaminawithrespecttothe

sidesOAandOC,leavingπinyouranswer.

(b) Thelaminaissuspendedfrom C,findthe

angle OC makes with the verticalat

equilibrium.

Solution

6cm

C
6cm B

6cm

O 6cm N 8cm A

α

α

5cm

α

(a)

Letwbetheweightpercm2

Body Weight
DistanceofC.O.G

from:
OC OA

OCBN 36w 3 3

NBA 24w
26

3
2

Semi-circle 12.5πw (10+
4

π) (3+
16

3π)

Whole (60+12.5π)w ̅
x

̅
y

TakingmomentsatOC:

(60+12⋅5π)w×
̅
x

=36w×3+24w×
26

3
+12.5πw×(10+

4

π)
̅
x=(366+125π

60+12⋅5π)cm

TakingmomentsaboutOA:

(60+12⋅5π)w×
̅
y=36w×3+24w×2+12∙5πw×

(3+
16

3π)
̅
y=(

668

3
+37⋅5π

60+12⋅5π)cm

(b)

C 6cm B

θ

6-
̅
y

6cm

O 14cm A
Vertical

̅
x

̅
x=7⋅6428cm

̅
y=3⋅4298cm

tanθ=
̅
x

6-
̅
y

tanθ=
7⋅6428

6-3⋅4298
⇒θ=71⋅4°

Example15
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O

Auniform wooden“mushroom”,usedinagame,
ismadebyjoining asolid cylinderto asolid
hemisphere.Theyarejoinedsymmetrically,such
thatthe centre O ofthe plane face ofthe
hemispherecoincideswiththecentreofoneof
theendsofthecylinder.Thediagram showsthe
cross-sectionthroughaplaneofsymmetryofthe
mushroom,asitstandsonahorizontaltable.
Theradiusofthecylinderisr,andtheradiusof
thehemisphereis3r,andthecentreofmassof
themushroom isatthepointO.

(a)Showthattheheightofthecylinderis
9r

2
.

Thetabletop,whichisroughtopreventthe
mushroom from sliding,isslowlytilteduntil
themushroom isabouttotopple.

(b)Findtothenearestdegree,theanglewiththe
horizontalthroughwhichthetablehastobe
tilted.

Solution:
(a) Letw be the weightperunit

volume:

Body Weight
Distanceof
C.O.Gfrom

table

Cylinder πr2hw
1

2
h

Hemisphere 18πr3w (9

8
r+h)

Whole πr2(18r+h)w h

Takingmomentsaboutthetable:
πr

2
w(18r+h)×h

=πr
2
hw×

1

2
h+18πr

3
w×(9

8
r+h)

1

2
h

2
=

81

4
r

2
⇒h=

9r

2

R

Wsinθ
θh

r
θ

F

W
Wcosθ

(b)

tanθ=
r

h
=

r

9r

2
θ=8⋅9°

Exercises

Exercise:8A
1.Findthedistancefrom theoriginofthecentre

ofmassofmasses
1

2
kg,

3

2
kg and 2 kg

placedatpointswithpositionvector6i–3j,
2i+5jand3i+2jrespectively.

2.Particlesofmass4m,
1

2
m,3m,

1

2
m and2m

areatpointswithpositionvectorsi+2j,3i-j,
-i+5j,4i+jand-2i–3jrespectively.Calculate
thecentreofgravityofthesystem ofparticles.

3.Findthecoordinatesofthecentreofmassof
particlesofmass9kg,4kg,6kgand5kgat
the points (4,3),(6,-6),(-3,0) and (6,-3)
respectively.

4.(a)Particlesofmass4,5and6kgareplaced
at(0,0),(4,3)and(5,-2) respectively
inthex-yplane.Findthecoordinatesof
theircentreofmass.

(b)Findthepositionofthecentreofgravity
ofthreeparticlesofmasses 1 kg,5 kg
and2kgwhichlieonthey-axisatpoints
(0,2),(0,4)and(0,5) respectively.

5.Findthepositionofthecentreofgravityof
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threeparticlesofmasses5kg,2kgand3kg
whichactatpointswithpositionvectors;3i–j,
2i+3jand-2i+5jrespectively.

6.Fourparticlesofmasses2,2,5and1kgare
atthepointsA,B,C andD whoseposition
vectors are 3i+5j,3i–3j,-2i–3jand 2i–j.
Findthepositionofthecentreofgravityin
vectorform.

7.Particlesof2kg,3kg,3kgand2kgareat
points (-2,5), (4,3), (2,-1) and (-2,2)
respectively in the x-y plane. Find the
coordinatesoftheircentreofgravity.

8.Auniform rodABis4m longandhasamass
of6kg,andmassesareattachedtoitas
follows;1kgatA,2kgat1m from A,3kgat
2m from A,4kgat3m from Aand5kgatB.
Find thedistancefrom A ofthecentreof
gravityofthesystem.

9.A straightpieceofuniform wire oflength

6(2+ 2)cm isbentso asto form a right
angledtriangleABC,withAB=BC=6cm and

A
̂
BC=90°.Findtheperpendiculardistance

ofthecentreofgravityofthetrianglefrom AB
andBC.

10.Auniform straightwireoflength14aisbent
intotheshapeshowninthediagram below.

B

C

DA

5a

3a

5a

a

(a)Find thedistanceofcentreofgravity
from ABandAD.

(b)Ifthewireisfreelysuspendedfrom B
andhangsinequilibrium,findtheangle
ofinclinationofBCtothevertical.

Exercise:8B

1.A uniform triangular lamina PQR has
PQ=PR=17cm andQR=16cm.Findthe
distanceofitscentreofgravityfrom QR.

2.(a)ThetablebelowshowsfourparticlesA,B,

CandD,their massesandpointsat
whichtheyact.

Particles Mass(kg) Pointof
action

A 4 (0,0)

B 5 (4,3)

C 6 (5,-2)

D 2 (2,-3)

Find the coordinates oftheircentre of
gravity.

2a

X

D

2aF E

A

a

a

B

C

(b)

ThefigureshowsasquarelaminaAFEXfrom
which portion BCDX was cutoff.Find the
distance of the centre of gravity of the
remainingportionfrom FAandFE.

3.(a)Atpoints(4,1),(-2,-1)and(-1,λ)thereare
particles ofmass 5 kg,a kg and 4 kg
respectively.Ifthecentreofgravityofthe
particlesisattheorigin,findthevaluesofλ
anda.

(b)Acompoundlaminaconsistsofatriangle
ABC,whereAisat(-4,0)Bat(4,0)andCat
(4,6)and a semi-circle with BC as the
diameter.
(i) Findthecentreofgravityofthelamina.
(ii)Thelaminaissuspendedfrom A.Find

theangleABmakeswiththeverticalin
equilibrium.

4.(a)ThetablebelowshowsfourparticlesA,B,
CandD,theirmassesandpointsofaction.

Particle Mass(kg) Pointofaction
A 3 (1,6)
B 5 (-1,5)
C 2 (2,-3)
D 4 (-1,-4)

Findthecoordinatesoftheircenterofgravity.
(b)PQRSisauniform squarelaminaofside

2l.TisapointonPSsuchthatTS=h,if
theportionTRSisremoved.
(i) Show thatthecentreofgravityof
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the remainder is a distance
12l2-6lh+h2

3(4l-h)
from sidePQ.

(ii)Iftheremaininglaminaisplacedin
averticalplanewithPTonarough
horizontalsurface,show thatitwill

toppleifh>l(3-3).

5.Afrustrum iscutfrom asolidrightcircular
coneofbaseradiusr,andheight2hbya
planeparalleltothebaseatadistancehfrom
it.Findthedistanceofthecentreofgravityof
thefrustrum from thebase.

6.Inthediagramsbelowfindthedistancefrom
AD ofthe centre ofgravity ofthe given
uniform lamina.

a

B2aA

C

2a

D(a)

r

r

rr DA CB

(b)

7.

A BCD

EJ F G

2cm2cm

8cm

4cm

I H
6cm

The figure ABCDEFGHIJ shows a
symmetricalcompositelaminamadeup
ofasemi-circularlaminaofradius3cm,a

rectangleCDEF2cm×8cm andanother
rectangle GHIJ 6 cm×4 cm.Find the
distanceofthecentreofgravityofthis
lamina from IH.Ifthe lamina is freely
suspendedfrom H,calculatetheangleof
inclinationofHGtothevertical.

8.A uniform squarelaminaABCD ofside2a,
from whichtheisoscelestriangleABEiscut
away; in this triangle AE=BE and the
distanceofEfrom AB ish.Provethatthe
centreofgravityoftheremainingportionisat

a distance
12a2-h2

3(4a-h)
from AB.Ifh=

a

2
and

AEBCDissuspendedbyaverticalstringfrom
A,findtheanglewhichAD makeswiththe
vertical.

9.AsquarelaminaABCDofside2ahasasemi-
circularlaminaofradiusaremovedfrom side
BC.Find the angle AB makes with the
horizontaliftheremaining laminaisfreely
hangfrom pointD.

10. ABC isa uniform triangularlamina right
angledatB,AB=2tandBC=3t.Showthat
thecentreofgravityofABCisatadistance
tfrom AB.ThemidpointsPandQofCBand
CArespectivelyarejoinedandtheportion
PQCiscutoff.Findthedistancefrom AB
and BC ofthe centre ofgravity ofthe
lamina ABPQ.When thelamina isfreely
suspendedfrom vertexA,ABisatanangle
θtothevertical.Findtanθ.

11. ArectangularmetalsheetPQRShasPQ=4
m andQR=3m.TisapointonRSsuch
thatRT=3m.Thesheetisfoldedaboutthe
lineQTuntilRliesonPQ.

(a)Find the position ofthe centre of
gravityofthefoldedsheetfrom PS
andPQ.

(b)Thesheetisfreelysuspendedfrom
the point S. Find the angle of
inclinationofPStothevertical.

12. Thebaseofaheavytruckismadeofa
uniform rectangularsheetABCDsuchthat
AB=5m,BC=10m.Giventhatmassesof
10kg,20kg,30kgand40kgarefixedat
thepointsA,B,CandD respectively,and
themassofthesheetis1000kg.
(a)Findthecentreofgravityofthesheet,

takingABandADasthexandy-axes
respectively.

(b)Ifthesheetissuspendedfrom pointA,
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calculatetheanglethatthediagonal
ACmakeswiththevertical.

13. Findthecoordinatesofcentreofmassof
thelamina shown below.TakeA asthe
origin and AD,AB as x and y-axes
respectively.

C

E

B

3cm

DA 3cm 8cm

10cm

14. Auniform circularlaminaofradius10cm is
perforatedwithacircularholeofradius2
cm,whosecentreis6cm from thecentre
ofthe lamina.Determine the centre of
gravityoftheremaininglamina.

15. The figure below shows a compound
laminaconsistingofarightangledtriangle
andasemi-circle.A,B andC arepoints
(-4,0),(4,0)and(4,6)respectively.

A

C

B

(a)Findthecoordinatesofthecentreof
gravityofthelamina.

(b)Thelaminaissuspendedfrom A,find
theangleABmakeswithverticalwhen
thelaminaisinequilibrium.

16. OABCD is a uniform lamina with
OA=OD=2a,AB=DC=aasshownbelow.

2a

2aO

D C

B

A

a

a

Findthe:
(a) Distance ofitscentre ofgravity

from O.

(b) Angle a plumbline hang from A
makeswithOA.

17. Thediagram showstwouniform squares,
ABFGandBCDEjoinedtogether.Themass
perunitareaofBCDEistwicethatofABFG.

A B C

DE

FG

2m

4m

4m

2m

Findthedistanceofthecentreofgravityof
thecompositebodyfrom ABandAG.

18. Findthepositionvectorofthecentreof
gravityofauniform laminaintheform ofa
trianglewhoseverticesare(2,2),(4,6)and
(0,3).

19.

C

O A

B

60°

6cm

Thefigurerepresentsauniform lamina
consisting ofa sectorOBC ofa circle
centreOandofradius6cm andtriangle
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OAB,A
̂
OC=90°.

(a)Find thedistancesofthecentreof
gravityofthelaminafrom OCandOA.

(b)Thelaminaissuspendedfreelyfrom
pointC,determinetheanglewhichOC
makeswiththeverticalinequilibrium.

20.(a)particles ofmass 1,2,1 and a kg are
placedatpoints(6,4),(-1,λ),(5,-1) and
(1,0)respectively.Giventhattheircentre
ofgravityislocatedat(2,1⋅4), find
thevaluesofaandλ.

(b)A square lamina ABCD ofside 2a is
madeofauniform thinmaterial.Asemi-
circularlaminawithAB asdiameteris
cutaway.
(i) Show thatthecentreofgravityof

theremainderisadistance
20a

3(8-π)
from AB.

(ii)Theremainderissuspendedfrom C
by a light string and hangs in
equilibrium. Find the angle CB
makeswiththevertical.

Exercise:8C

1.Thefigurebelowshowsauniform cylindrical
solidblockofradiusrandheight4r.Aconical
holeofradiusrandheightrisdrilledfrom the
block.Find the distance ofthe centre of
gravityfrom endA.

A B

2.A uniform rightcircularcone has its top
removed by cutting the cone by a plane
parallelto its base,leaving a frustrum of
heighth,theradiiofitsendsbeingrand4r.
Show that the centre of gravity of the

frustrum isatadistance
9

28
hfrom itsbroader

end.

3.Auniform rightcylinderhasaheightof40cm
andabaseradiusrcm.Itisplacedwithits
axisverticalonaroughhorizontalplane.The
planeisslowlytiltedandthecylindertopples
whentheangleofinclinationθis20°.Findr.

2rcm

40cm

θ

Whatcanbesaidaboutthecoefficientof
friction between the cylinder and the
plane?

4.(a)Show thatthe centre ofgravity ofa
uniform thinhemisphericalcupofradiusris

atadistance
r

2
from thebase.

(b)Thefigurebelow ismadeup ofathin
hemisphericalcupofradius7cm.Itis
weldedtoastem oflength7cm andthen
toacircularbaseofthesamematerial
and ofradius7cm.Theweightofthe
stem isone-quarterthatofthecup.

7cm

7cm

7cm

Findthedistancefrom thebaseofthecentre
ofgravityofthefigure.

5.Acircularcylindricalcanwithoutalidismade
ofathinmetalsheetingofuniform thickness
andwithamassperunitareaof1gcm-2.The
radiusofthecanis10cm anditsheightis20
cm.Thecan isplaced with itsbaseon a
horizontalplaneandishalf-filledwithaliquid
ofdensity1∙5gcm-3.Calculatetheheightof
thecentreofgravityofthecantogetherwith
theliquidabovethebaseofthecan.

6.The figure below shows a uniform
hemisphericalsolidofradius30cm witha
cylindricalholeofradius5cm andheight10
cm centrallydrilledinit.
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30cm

5cm

10
cm

(a)Findthedistanceofthecentreofgravity

ofthefigurefrom theflatsurface.

(b)Ifthefigureisplacedonaroughinclined

plane with the flatsurface in contact

withtheplane,calculatetheanglethat

the plane should be inclined before

toppling occurs,assuming thatsliding

doesnotoccur.

AnswerstoExercises

Exercise:8A

1. 3⋅9051units 2.
1

20
i+

17

10
j 3. (3,-

1

2) 4.

(a) (10

3
,
1

5) (b) (0,4)

5. 1⋅3i+1⋅6j 6. 0⋅4i-1⋅2j 7. (1,2) 8.

52

21
m 9.

3 2

2
cm ;

3 2

2
cm

10. (a)
15

14
a;2a (b) 17⋅2°

Exercise:8B

1.5cm 2. (a) (54

17
,-

3

17) (b)
5

6
a ;

5

6
a 3.

(a)
3

4
;8

(b) (i) (2⋅7938,2⋅3707) (ii) 19⋅2° 4. (a)

(-
1

7
,
3

2) (b)(i) (ii)

5.
11

28
h 6. (a)

2a(14+3π)
3(8+π)

(b)
28r

9π
7.

6⋅717cm ;24⋅1° 8. 41⋅8°

9. 32⋅1° 10.
2

3
t;

7

9
t;tanθ=

6

11
11.

(a)
13

8
m ;

9

8
m (b)40⋅9°

12. (a)
57

11
m ;

5

2
m (b) 0⋅8° 13.

(4⋅23,2⋅12) 14.
1

4
cm from Oalong thelineof

symmetry 15.(a) (4

π+3
,

2

3(π+3)) (b) 1⋅3°16.

(a)1⋅28aunits(b) 39⋅6°17.
5

3
m ;3m 18.

2i+
11

3
j19.(a)2⋅3645cm ;2⋅6328cm

(b)35.1°20.(a)1;2 (b)(ii) 57.9°

Exercise:8C

1.
81

44
r3.7.28cm ;μ≥tan20°4.(b)6.5cm

5. 5∙75cm 6. (a) 11∙338cm (b)
69∙3°
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9. GENERALEQUILIBRIUM OFARIGIDBODY
Forarigidbodyforcesmayactatdifferentpoints
suchthateveniftheresultantforceiszerothe
forcesmayproduceaturningeffectaboutapoint.
Henceforarigidbodytobeinequilibrium there
shouldbenoresultantforceandthereshouldbe
noresultantmoment.

9.1 Threeforceproblems
Whenabodyisinequilibrium undertheactionof
threeforces,theresultantoftheforcesmustbe
zero. Hence three non-parallel forces in
equilibrium canberepresentedinmagnitudeand
directionbythesidesofatriangle.Alsothesum
ofmomentsofcoplanarforcesin equilibrium
aboutanypointintheirplaneiszero.

Thereforeoneapproachtothreeforceproblems

isto:

(i) takemomentsaboutanysuitablepoint,

and

(ii) useatriangleofforces.

ConsiderthreeforcesF
1
,F

2
andF

3
shownbelow.

F
2

F
1

F
3

P

IfF
1

andF
2

actalonglineswhichmeetatPthen

themomentsofF
1

andF
2

aboutParezero.Since

F
1
,F

2
andF

3
areinequilibrium,themomentofF

3

aboutP mustalsobezero.Hencethelineof
actionofF

3
shouldpassthroughP.

Henceifarigidbodyisinequilibrium underthe
actionofthreecoplanarforces,thenthelinesof
action of the forces are either parallel or
concurrent.

9.2 Lami’stheorem
When solving three force problems where
anglesratherthanlengtharegiven,Lami’s

theorem maybeapplied.Itstatesthatfor
forcesP,QandRinequilibrium,asshownin
thediagram.

R γ
α

β

P

Q

P

sinα
=

Q

sinβ
=

R

sinγ

9.3 Generalmethod
Thefollowingstepsareemployedwhensolving
problemsinvolving a rigid bodyin equilibrium
undertheactionofcoplanarforces.
(i) Interprettheinformationgivenanddrawan

appropriatesketch.

(ii) Indicate clearly allforces acting on the
bodyinmagnitudeanddirection.

(iii) Takemomentsaboutasuitablepoint.

(iv) Resolve forces in two perpendicular
directions.

Note:
 Ata smooth pointofcontactthere is a

reactionnormaltothesurface.

 Ataroughpointofcontactthereisanormal
reactionandfrictionforce.

 Whenarigidbodyrestsagainstandovera
smoothsurface,thereisareactionnormalto
therigidbodyatthepointofcontactwiththe
surface.

 Whenarigidbodyrestsagainstandovera
roughsurface,thereisfrictionforceanda
reactionnormaltotherigidbodyatthepoint
ofcontactwiththesurface.

 Whenarigidbodyishingedonasurface,
thereisareactionforcehavingcomponents
intwoperpendiculardirections.
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9.4 Ladderproblems
Somecommoncases:

(i) A ladderresting on a rough horizontal
surfaceandtheotherendonasmooth
verticalwall.

R
2

R
1

F

W

(ii) A ladderresting on a rough horizontal
surfaceandagainstaroughverticalwall.

F
2

R
2

R
1

F
1

W

(iii) A ladderrestingonasmoothhorizontal

surface and againsta smooth vertical

wallwithastringtiedtothefootofthe

ladderandfastenedtothebaseofthe

wall.

R
2

R
1

T

W

(iv) A ladderhingedonasmoothhorizontal

surfacewhileitsupperendrestsagainst

andoverasmoothhorizontalbar.

R

Ry

R
x

W

(v)A ladder resting on a rough horizontal

surfacewhileitsupperendrestsagainstand

overaroughverticalwall.

R
2

R
1

F
1

W

F
2

(vi)Auniform rodrestingpartlyinsideandpartly

outsideauniform hemisphericalbowlwhose

rim ishorizontal.
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R
2

R
1

θ

W

θ
θ

9.4.1 Climbingaladder
Whenclimbingaladder,theclimbercangoasfar
aslimitingequilibrium isnotbroken.Henceto
find the distance thatcan be climbed before
equilibrium isbroken,werepresenttheforces
and consider the system being in limiting
equilibrium.Theusualconditionsforequilibrium
areappliedtosolvethesystem.

Example1
Auniform ladderoflength7m restsagainsta
verticalwallwithwhichitmakesanangleof45°,
thecoefficientoffrictionbetweentheladderand
thewallandtheladderandhorizontalground

being
1

3
and

1

2
respectively.How faralongthe

laddercanamanwhoseweightishalfthatofthe
ladderascendbeforeitslips?
Solution

1

3
R

2 R
2

45°

x
R

1

45°

1

2
W W

1

2
R

1

A

Resolvinghorizontally:

(→):
1

2
R

1
=R

2

R
1

=2R
2

…………………….(i)

Resolvingvertically:

R
1

+
1

3
R

2
=

1

2
W +W

2R
2

+
1

3
R

2
=

3

2
W

R
2

=
9

14
W

TakingmomentsaboutA:

R
2
×7sin45+

1

3
R

2
×7cos45

=
1

2
W×xcos45+W×

7

2
cos45

9

14
W×7+

1

3
×

9

14
W×7=

1

2
Wx+

7

2
W

x=5m

Example2
Anon-uniform beam AB,4⋅5m longisbalanced
ontwosupportsPandQsuchthatAP=0⋅4m
andQB=0⋅6m.Whenamassof20kgisplaced
ateitherend,thebeam isonthepointoftoppling.
Findthe:
(i) distancefrom Aatwhichtheweightofthe

beam acts.
(ii)weightofthebeam.
(iii)distancefrom A atwhichthe20kgmass

mustbe placed forthe reactions ofthe
supportstobeequal.

Solution
(i) LetW be the weightofthe beam acting

throughapointatadistancexfrom A.
1stCase:Whenthe20kgmassisplacedatA:

R
P R

Q

P Q

0⋅4m (x-0⋅4)m 0⋅6m

20gN W

BA

Inequilibrium:

Resolvingvertically:

R
P

+R
Q

=20g+W

Atthepointoftoppling,R
Q

=0

R
P

=20g+W ………………..(i)

TakingmomentsaboutA:
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R
P
×0⋅4=Wx

⇒R
P

=
5

2
Wx…………(ii)

2ndCase:Whenthe20kgmassisplacedatB:

R'

P R'

Q

P Q
A 0⋅4m (x-0⋅4)m 0⋅6m

20gNW

(3⋅9-x)m
B

Inequilibrium,resolvingvertically:

R'

P
+R'

Q
=W +20g

Atpointoftoppling,R'

P
=0

R'

Q
=W +20g………………..(iii)

TakingmomentsaboutB:

0⋅6R'

Q
=W(4⋅5–x)

⇒R'

Q
=

15

2
W-

5

3
Wx…………….(iv)

From equation(i)andequation(ii):

5

2
Wx=20g+W ………………..(v)

From equation(iii)andequation(iv):

W +20g=
15

2
W-

5

3
Wx

5

3
Wx=

13

2
W–20g…………………..(vi)

Addingequation(v)andequation(vi):

25

6
Wx=

15

2
W

x=1⋅8m

(ii) weightofthebeam

From equation(v):
5

2
W×1⋅8=20g+W

W =
40

7
g=

40

7
×9⋅8⇒W =56N

(iii) Letthe 20 kg mass be placed ata

distanceyfrom A.

R R

P Q
A

0⋅4m 1⋅4m 0⋅6m

20gN56N

(y–1⋅8)m 2⋅1m
B

Resolvingvertically:

2R=56+20g

2R=56+20×9⋅8⇒R=126N

TakingmomentsaboutP:

R×3⋅5=56×1⋅4+20g×(y–0⋅4)

3⋅5×126=78⋅4+20×9⋅8×(y–0⋅4)

⇒y=2⋅25m

Example3

The diagram below shows a uniform wooden
plankABofmass70kgandlength5m.Theend
Arestsonaroughhorizontalground.Theplank
isincontactwiththetopofaroughpillaratC.

Theheightofthepillaris2⋅2m and
̅
AC=3⋅5m.

B

C

A

2⋅2m

1⋅5m

Pillar
3⋅5m

Giventhatthecoefficientoffrictionattheground
is0⋅6andtheplankisjustabouttoslip,findthe:
(a) angletheplankmakeswiththegroundatA.

(b) normalreactionat:

(i) A

(ii) C

(c) coefficientoffrictionatC.

Solution:
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θ

1⋅5m

F=μR
C

B

C

A

1m

Pillar2⋅5m

R
A

R
C

70gN

F=0⋅6R
A

θ

2⋅2m

(a) sinθ=
2⋅2

3⋅5

θ=38⋅9°

(b) (ii) TalkingmomentsaboutA:

R
C
×3⋅5=70g×2⋅5cosθ

R
C

=
70×9⋅8×2⋅5cos38⋅9

3⋅5

R
C

=381⋅34N

(i) TakingmomentsaboutC:

R
A
×3⋅5cosθ=0⋅6R

A
×2⋅2+70g×1cosθ

R
A
(3⋅5cos38.9–0⋅6×2⋅2)=70×9.8cos38⋅9

R
A

=380⋅495N

(c)Resolvinghorizontally:

(→):R
C
sinθ=μR

C
cosθ+0⋅6R

A

381.34sin38.9=μ×381.34cos38⋅9+

0⋅6×380.495

μ=0⋅038

Example4
Auniform rodABofmass6kgandlength3m is
freely hinged atA.A load ofmass 2 kg is
attached to the rod atB.The rod is keptin
equilibrium byalightinextensiblestringCD of
length1⋅5m,whichisattachedtoapointCon
the rod and to a fixed pointD on the same
horizontallevelasA.GiventhatAC=2m and
AD=2⋅5m,findthe:
(a)tensioninthestring.

(b)magnitudeanddirectionofthereactionat
thehinge.

Solution

2gN

R
X

R
Y

A

1⋅5m

2⋅5m

1⋅5m
T

0⋅5m

C 1m

6gN B

βα
D

θ

2⋅52=1⋅52+22–2×1⋅5×2cosθ
⇒θ=90°

(a)TakingmomentsaboutA:
T×2=6g×1⋅5cosα+2g×3cosα

T=3×9⋅8×1⋅5×
2

2⋅5
+9⋅8×

2

2⋅5
T=58⋅8N

(b) Resolvinghorizontally:
(→):R

X
=Tcosβ

=58⋅8×
1⋅5

2⋅5
=35⋅28N

Resolvingvertically:
(↑):R

Y
=8g–Tsinβ

=8×9⋅8–58⋅8×
2

2⋅5
=31⋅36N

LetRbethemagnitudeofthereactionat
A:

R

ϕ

35⋅28

31⋅36

R= 31⋅622+35⋅282⇒R=47⋅203N

tanϕ=
31⋅36

35⋅28
⇒ϕ=41⋅6°

Example5
Auniform ladderofweightW restsat60°tothe
horizontalwith itsfooton a rough horizontal
ground and the otherend againsta smooth
verticalwall.Iftheladderisjustatapointof
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slippingwhenamanofweight2W standsatthe
top,findthecoefficientoffrictionbetweenthe
ladderand theground.Find thefriction force
betweentheladderandthegroundwhentheman
isstandingatthemidpointoftheladder.
Solution
Whenthemanstandsattheupperendofthe

ladder:

R
2

2W
l

l
R

1

60°

W
μR

1
A

Resolvingvertically:
(↑):R

1
=3W

TakingmomentsaboutA:
R

2
×2lsin60=2W×2lcos60+W×lcos60

R
2

=
5 3

6
W

Resolvinghorizontally:
(→):μR

1
=R

2

μ×3W =
5 3

6
W

μ=
5 3

18
When theman standsatthemidpointofthe

ladder:

Q

l

l
P

60°

3W
F A

Resolvingvertically:
(↑):P=3W

TakingmomentsaboutA:
Q×2lsin60=3W×lcos60

Q= 3
2

W

Resolvinghorizontally:
(→):F=Q

F= 3
2

W

Example6
Auniform rodofweightW restsincontactwith
two parallel,horizontal,smooth pegs,passing
overthehigherpegandunderthelowerone.A
forceofmagnitudePactsontheupperendof
therodinthedirectionoftherodtendingtomove
itupwards.Thelength oftherodislandits
inclinationtothehorizontalisα.Iftheupperand
lowerpegsareatdistancesaandbrespectively
from thelowerendoftherod,provethataslong
astherodremainsinequilibrium,thereactionof

theupperpegontherodis
Wlcosα-2Pbcotα

2(a-b)
.

Solution
P

α

1

2
l α

R
2

N

α

α

W
R

1

A

b

(a-b)

TakingmomentsaboutA:

R
2
×a=R

1
×b+W×

1

2
lcosα

R
2
a=R

1
b+

W

2
lcosα………………….(i)

Resolvinghorizontally:
R

2
sinα=R

1
sinα+Pcosα

R
2

=R
1

+ Pcotα

R
1

=(R
2
–Pcotα)………………………(ii)

Substitutinginequation(i):

R
2
a=(R

2
–Pcotα)b+

W

2
lcosα

2R
2
(a–b)=Wlcosα–2Pbcotα

R
2

=
Wlcosα-2Pbcotα

2(a-b)

Example7
Thediagram below showsauniform rodABof
weightW and length lresting atan angle θ
againstasmoothverticalwallatA.Theotherend
Brestsonasmoothhorizontaltable.Therodis
preventedfrom slippingbyaninelasticstringOC,
C being a point on AB such that OC is
perpendicular to AB and O is the pointof
intersection of the wall and the table. If
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〈AOB=90°

A

B

C

W

O

θ

Findthe:
(i) tensioninthestring.

(ii) reactionsatAandBintermsofθandW.
Solution

A
θ

R
A

W

T

O
θ

R
B

B

Resolvinghorizontally:
(→):R

A
=Tcosθ………..………(i)

Resolvingvertically:
(↑):R

B
=Tsinθ+W …………….(ii)

TakingmomentsaboutO:

R
A
×lcosθ=R

B
×lsinθ-W×

1

2
lsinθ

R
A

=(R
B
-
1

2
W)tanθ…………………(iii)

From equations(i),(ii)and(iii):

Tcosθ=(Tsinθ+W-
1

2
W)tanθ

T=
Wsinθ

2cos2θ

(ii) R
A

=
Wsinθ

2cos2θ
×cosθ=

1

4
Wtan2θ

R
B

=
Wsinθ

2cos2θ
×sinθ+W

R
B

=
W

2(2-tan2θ

1-tan2θ)

Example8
A rodAB oflength0⋅6m andmass10kgis
hingedatA.Itscentreofmassis0⋅5m from A.A
lightinextensible string attached atB passes
overasmoothfixedpulley0⋅8m aboveAand
supportsamassM hangingfreely.Ifamassof5
kg isattached atB so asto keep therod in
horizontalposition,findthe:
(a) valueofM.
(b) reactionatthehinge.
Solution
(a)

T

0⋅8m
R

α
Mg

A 0⋅5m

10gN

0⋅1m

5gN

θ
B

M

T

TakingmomentsaboutA:
Tsinθ×0.6=10g×0.5+5g×0.6

T×
0⋅8

1
×0⋅6=8g⇒T=

8×9⋅8

0⋅8×0⋅6
=

490

3
N

Equilibrium ofM;

Resolvingvertically:
Mg=T

M×9⋅8=
490

3
⇒M =

50

3
kg

=16
2

3
kg

(b)Equilibrium ofrodAB;
Resolvinghorizontally:

Rcosα=Tcosθ

Rcosα=0⋅6T=0⋅6×
490

3
⇒Rcosα=98…………………(i)

Resolvingvertically:
Rsinα+Tsinθ=10g+5g

Rsinα=15×9⋅8-
490

3
×

0⋅8

1

⇒Rsinα=
49

3
…………………(ii)

Dividingequation(ii)byequation(i)

tanα=
1

6
⇒α=9⋅5°

From equation(i);
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Rcos9⋅5=98⇒R=99⋅358N

Example9
Anon-uniform ladderABisinequilibrium withA
incontactwithahorizontalfloorandBincontact
withaverticalwall.Theladderisinavertical
planeperpendiculartothewall.Thecentreof

gravityoftheladderisatGwhereAG=
2

3
AB.The

coefficientoffrictionbetweentheladderandthe
wallistwicethatbetweentheladderandthefloor.

Iftheladdermakesanangleθwiththewalland
theangleoffrictionbetweentheladderandthe
floorisλ,provethat4tanθ=3tan2λ.
Howfarcanamanofmassm ascendtheladder
withouttheladderslippinggiventhatθ=45°and
thecoefficientoffrictionbetweentheladderand

theflooris
1

2
.

Solution

R
B

2μR
B

B

l θ

R
A 2l

G

A μR
A

W

LetAB=3l

μ=tanλ

Resolvinghorizontally:

(→):R
B

=μR
A

…………………….(i)

Resolvingvertically:

(↑):R
A

+2μR
B

=W………………(ii)

From equation(i)andequation(ii):

R
A

+2μ2R
A

=W⇒R
A

=
W

1+2μ2

R
B

=
μW

1+2μ2

TakingmomentsaboutB:

R
A
×3lsinθ=μR

A
×3lcosθ+W×lsinθ

3W

1+2μ2 =
3μW

1+2μ2cotθ+W

2

3
tanθ=

μ

1-μ2

Buttan2λ=
2tanλ

1-tan2λ
⇒tan2λ=

2μ

1-μ2

∴
2

3
tanθ=

1

2
tan2λ⇒4tanθ=3tan2λ

Whenthemanascendstheladder:

Q

Q

B
l

45°

P

x

A 1

2
P

Wmg

45°

G

Resolvinghorizontally:

1

2
P=Q

P=2Q………………………..(i)

Resolvingvertically:

P+Q=mg+W ……………………(ii)

From equation(i)andequation(ii):

2Q+Q=mg+W

Q=
1

3
(mg+W)

P=
2

3
(mg+W)

TakingmomentsaboutA:

Q×3lsin45+Q×3lcos45

=mg×xcos45+W×2lcos45

3Ql+3Ql=mgx+2Wl

⇒6×
1

3
l(mg+W)=mgx+2Wl

2mgl=mgx

x=2l

HenceheclimbsuptopointG
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Example10

Auniform beam ACofmass8kgandlength8m
ishingedatAandismaintainedinequilibrium by
twostringsattachedtoitatpointsCandD as
showninthefigurebelow.

A

B

C

4m

D

ThetensioninBCistwicethatinBD,AB=4m

andAD=
3

4
AC.Findthe:

(a)tensioninstringBC.

(b)magnitudeanddirectionofthereactionat

thehinge.

Solution
(a)

B

4m

A
θ

R
T

2T

α

4m 2m D 2m

β

C

8gN

TakingmomentsaboutA:

Tsinα×6+2Tsinβ×8=8g×4

T=
8×9⋅8×4

6sin33⋅7+16sin26⋅6
=29⋅9098N

TensioninBC=2×29⋅9098=59⋅8196N

(b)Resolvinghorizontally:

Rcosθ=Tcosα+2Tcosβ

=29⋅9098cos33.7+2×29.9098cos26.6

Rcosθ=78.3884……………………(i)

Resolvingvertically:

Rsinθ=8g–(Tsinα+2Tsinβ)

Rsinθ=8×9.8–(29.9098sin33.7+2×29.90

98sin26.6)

Rsinθ=35.0523…………………..…(ii)

Dividingequation(ii)byequation(i)

tanθ=
35⋅0523

78⋅3884

θ=24⋅1°

From equation(i);

Rcos24⋅1=78⋅3884⇒R=85⋅8685N

Example11

(a) Anon-uniform beam ofmass5kgrests
horizontallyinequilibrium,supportedby two
lightstringsattachedateachendofthebeam.
Thetensionsinthestrings are T

1
and T

2
and

thestringsmakeanglesof30°and40°withthe
beam asshowninthediagram below.FindT

1

andT
2
.

30°

T
2

40°

5g
N

T
1

(b)Anon-uniform ladderABoflength6m has
itscentreofgravityatapointContheladder,
such thatAC=4 m.The ladderrests in
limitingequilibrium withendA onarough

horizontalground(coefficientoffriction
1

3
)

and end B againsta rough verticalwall

(coefficientoffriction
1

4
).Iftheladdermakes

anacuteangleθwiththeground,provethat

tanθ=
23

12
.

Solution
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110°

130° 120°

T
1 T

2

30° 40°

5gN

(a)

UsingLami’stheorem:

T
2 T

1

110°

130°
120°

5gN

T
1

sin130
=

5g

sin110
=

T
2

sin120

T
1

=
5×9⋅8×sin130

sin110

T
1

=39⋅9452N

T
2

=
5×9⋅8×sin120

sin110

T
2

=45⋅1586N

(b) 1

4
R

B

2m

4m

C

R
A

θ

W

1

3
R

A

A

R
BB

Resolvinghorizontally:

(→):
1

3
R

A
=R

B

R
A

=3R
B

Resolvingvertically:

(↑):
1

4
R

B
+R

A
=W

1

4
R

B
+3R

B
=W⇒R

B
=

4

13
W

TakingmomentsaboutA:

1

4
R

B
×6cosθ+R

B
×6sinθ=W×4cosθ

3

2
×

4

13
W +6×

4

13
Wtanθ=4W

24

13
tanθ=

46

13
⇒tanθ=

23

12

Example12
Auniform ladderABofweightW hasendAona
roughhorizontalfloorandendBleansagainsta
roughverticalwall.Giventhattheladderisonthe
pointofslippingandthecoefficientsoffrictionat
AandBareμandμ'respectively:
(a)Showthattheinclinationoftheladdertothe

horizontalistan-1(1-μμ'

2μ ).

(b)Findthereactionoftheladderonthewall.
Solution
(a)

l

l R
A

θ

W

μR
A

A

B

μ'R
B

R
B

Resolvinghorizontally:

(→):R
B

=μR
A
…….………(i)

Resolvingvertically:

(↑):μ'R
B

+R
A

=W

∴μμ'R
A

+R
A

=W

R
A

=( W

1+μμ')
From equation(i):R

B
=(μW

1+μμ')
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TakingmomentsaboutA:

μ'R
B
×2lcosθ+R

B
×2lsinθ=W×lcosθ

2μμ'W

1+μμ'+(2μW

1+μμ')tanθ=W

tanθ=
1-μμ'

2μ

θ=tan-1(1-μμ'

2μ )

R
μ'R

B

α

R
B

(b)

R= R
B

2+(μ'R
B
)

2

R= (μW

1+μμ')
2

+(μμ'W

1+μμ')
2

R=
μW

1+μμ' 1+(μ')2

tanα=
μ'R

B

R
B

α=tan-1(μ')

Example13

Auniform rodABoflength2aandmassm,rests
in equilibrium with its lowerend on a rough
horizontalfloor.Equilibrium ismaintainedbya
horizontalelasticstringofnaturallengthaand
modulusλ.OneendofthestringisattachedtoB
ontheendpointtoapointverticallyaboveA.

Giventhatθ≤
π

3
istheinclinationoftherodtothe

horizontal;
(a)Show thatthemagnitudeofthetensionin

thestringis
1

2
mgcotθ.

(b)Provethat2λ=
mgcotθ

2cosθ-1
.

(c)Given that the system is in limiting
equilibrium and the coefficientoffriction

betweenthefloorandtherodis
2

3
,findtanθ,

henceshowthatλ=
10

9
mg.

Solution
(a) Thetensioninthestring:

T
B

a

a

R
A

θ
A F

mg

TakingmomentsaboutA:

T×2asinθ=mg×acosθ

T=
1

2
mgcotθ

(b) From Hooke’slaw:T=
λx

l
0

;l
0

=a

x=2acosθ–a⇒x=a(2cosθ–1)

T=
λa(2cosθ-1)

a
=λ(2cosθ–1)

∴ λ(2cosθ–1)=
1

2
mgcotθ

2λ=
mgcotθ

2cosθ-1

(c) Resolvingvertically,R
A

=mg

Resolvinghorizontally:

T=F,butF=
2

3
mg

∴ T=
2

3
mg

5 3

θ
4

1

2
mgcotθ=

2

3
mg⇒cotθ=

4

3
⇒tanθ=

3

4
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∴ 2λ=

mg×
4

3

2×
4

5
-1

λ=
10

9
mg

Example14
A uniform ladderAB ofweightW,leansatan
angleαtotheverticalagainstaroughvertical
wallBC,withitsotherendonaroughhorizontal
floorAC,thecoefficientoffrictionateachpoint
ofcontactbeingμ.Themidpointoftheladderis
attached to point C by means of a taut
inextensiblestring.Iftheladderisatthepointof
slipping,provethatthetensioninthestringis
W

2μ
{(1-μ2)sinα-2μcosα}andfindthereactionsat

AandB,takingα=45°andμ=
1

4
.

Solution

LetAB=2l

l

l R
A

(90–α)

W

μR
A

A

B

μR
B

R
B

C

α
(90-α)

α

T

Resolvinghorizontally:

(→):R
B

=μR
A

+Tcos(90–α)

R
B

=μR
A

+Tsinα………………………….(i)

Resolvingvertically:

(↑):R
A

+μR
B

=W +Tsin(90–α)

⇒R
A

+μ(μR
A

+Tsinα)=W +Tcosα

R
A

=
W+T(cosα-μsinα)

1+μ2 ………………(ii)

From equation(i);

R
B

=
μ[W+T(cosα-μsinα)]

1+μ2 +Tsinα

R
B

=
μW+T(μcosα+sinα)

1+μ2 ……………..(iii)

TakingmomentsaboutC:

R
A
×2lsinα–W×lsinα=R

B
×2lcosα

2R
A
sinα-Wsinα=2R

B
cosα……….(iv)

SubstitutingforR
A

andR
B

inequation(iv):

2sinα[W+T(cosα-μsinα)]
1+μ2 -Wsinα=

2cosα[μW+T(μcosα+sinα)]
1+μ2

T=
W

2μ
{(1-μ2)sinα-2μcosα}

Whenα=450andμ=
1

4

T=
W

2×
1

4

{(1-
1

16)sin45-2×
1

4
×cos45}

=2W{15 2

32
-2

4}
T=

7 2

16
W

From equation(i):R
B

=
1

4
R

A
+

7 2W

16
× 2

2

R
B

=
1

4
R

A
+

7

16
W…………………..……..(v)

From equation(iv):2R
A
× 2

2
-2

2
W =2R

B
× 2

2

R
B

=R
A

-
1

2
W ………………………...(vi)

From equation(v)andequation(vi)

R
A

-
1

2
W =

1

4
R

A
+

7

16
W⇒R

A
=

5

4
W

R
B

=
5

4
W-

1

2
W⇒R

B
=

3

4
W

Example15

Auniform smoothrodofmassm andlength2l
rests partly inside and partly outside a fixed
smoothhemisphericalbowlofradiusa.Therim
ofthebowlishorizontalandonepointoftherod
is in contact with the rim.Prove that the
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inclinationθoftherodtothehorizontalisgiven
by2acos2θ=lcosθ.Findthereactionbetween
therodandbowlattherim.

θ

Solution

α=(180-2θ)

A

α

R
2R

1

θ

m
g

θ
θ

θ

a

a

l

θ

2θ

TakingmomentsaboutA:

R
2
×

asin(180-2θ)
sinθ

=mglcosθ

R
2
a×2cosθ=mglcosθ⇒R

2
=

mgl

2a

Resolvinghorizontally:

(→):R
1
cos2θ=R

2
sinθ

R
1

=
mglsinθ

2acos2θ

Resolvingvertically:

(↑):R
1
sin2θ+R

2
cosθ=mg

∴
mglsinθ

2acos2θ
×sin2θ+

mglcosθ

2a
=mg

l(sin2θsinθ+cos2θcosθ)=2acos2θ

2acos2θ=lcos(2θ–θ)

2acos2θ=lcosθ

Thereactionattherim,R
2

=
mgl

2a
normaltothe

rod.

Exercises

Exercise:9A
1.A heavyuniform rod oflength 2a rests in

equilibrium againstasmoothhorizontalpeg
withoneendoftherodonaroughhorizontal
floor.Iftheheightofthepegabovetheflooris
bandfrictionislimitingwhentherodmakes
anangleof30°withthefloor,show thatthe
coefficientoffrictionbetweenthefloorand

therodis
a3

(8b-3a).

2.A uniform ladderoflength6⋅5m restswith
oneendagainstasmoothverticalwallandthe
otherendonaroughhorizontalgroundata
distanceof2⋅5m from thewall.Iftheladder
isinlimitingequilibrium,findthecoefficientof
frictionbetweentheladderandtheground.

3.A uniform ladderofweightW and length l
rests with its upperend againsta smooth
verticalwall.Itslowerendrestsonarough
horizontalground,and the coefficient of
frictionbetweentheladderandthegroundis
1

2
.Theladderisinlimitingequilibrium.Find

theangletheladdermakeswiththehorizontal
andthereactionatthewall.Amanofweight
W climbstheladder.Findhow faruphecan
gobeforetheladderwillslip.Findalsohowfar
uptheladderhecangowhenaloadofweight
W isplacedonthefootoftheladder.

4.A uniform ladderoflength2landweightW
restsinaverticalplanewithoneendagainsta
rough verticalwalland theotheragainsta
roughhorizontalsurface,theanglesoffriction

at each end being tan-11

3
and tan-11

2
respectively.

(a)Iftheladderisin limiting equilibrium at
eitherend,findθ,the inclinationofthe
laddertothehorizontal.

(b)Amanofweight10timesthatoftheladder
beginstoascendit,how farwillheclimb
beforetheladderslips?

5.Anon-uniform ladderAB,10m longandmass
8kgliesinlimitingequilibrium withitslower
endA restingonaroughhorizontalground
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andtheupperendBrestingagainstasmooth
verticalwall.Ifthecentreofgravityofthe
ladderis3m from thefootoftheladderand
theladdermakesan angleof30°with the
horizontal,findthe:

(a)Coefficientoffrictionbetweentheladder

andtheground.

(b)Reactionatthewall.

6.Auniform ladderrestsinequilibrium withits
topendagainstasmoothverticalwallandits
baseonasmoothinclinedplane.Theplane
makesanangleαwiththehorizontalandthe
laddermakesanangleβwiththewall.Prove
thattanβ=2tanα.

7.Auniform rodoflength2m andweight20N
restshorizontallyonsmoothsupportsAandB.
A loadof10N isattachedtotherodata
distanceof40cm from A.Findthereactions
onthesupportsatAandB.

8.Alightinextensiblestringhasoneendfixedto
awallandtheotherendtiedtothetopendof
auniform beam ABofmass10kgasshown
below.

A

B

30°

60°

Ifthestringmakesanangleof30°withthe
beam whichisinclinedat60°tothehorizontal.
Findthetensioninthestringandthereaction
atA.

9.A uniform rodoflengthlrestsinavertical
planeagainst(andover)asmoothhorizontal
barataheighth,thelowerendoftherod
beingonlevelground.Show thatiftherodis
onthepointofslippingwhenitsinclinationto
thehorizontalisθ,thecoefficientoffriction
between the rod and the ground is

lsin2θsinθ

4h-lsin2θcosθ
.

10. A uniform rodAB ofmass1⋅5kgand
length4m issmoothlyhingedatAandhasa
particleofmass3kgattachedatB.A light

inextensiblestringisattachedtotherodatC,
whereAC=2⋅5m andtoDverticallyaboveA,
keeps the rod in horizontalposition.Ifthe
anglebetweentherodandthestringis30°,
findthe:

(i) tensioninthestring.
(ii)magnitudeanddirectionofthereaction

atthehinge.

Exercise:9B

1.Auniform rodABofweightW andlength2lis
smoothlyhingedtoawallatA.Oneendofa
lightstringistiedtotherodatBandtheother
end is tied to the wallatC,where C is
verticallyaboveAandAC=2l.Therodisin
equilibrium whenABmakesanangle2θwith
thedownwardvertical(θ<45°).Determinein
termsofW andθthe:
(i) tensioninthestring.

(ii)magnitudeanddirectionofthereaction

atthehinge.

(iii)GiventhatthestringBCiselasticwith

natural length 2l and modulus of

elasticity1⋅5W,findthevalueofθ.

2.A uniform ladder AB rests on a rough
horizontalground and againsta smooth
verticalwall.Theladderstandsatanangleα

tothehorizontalwheretanα=
3

2
.Howfarup

theladderwillamanwhoseweightisthrice
thatoftheladderclimbbeforeequilibrium is

brokenifthecoefficientoffrictionis
1

2
?

3.Auniform rodABofmass6kgandlength4
m isfreelyhingedatAtoaverticalwall.The
rodishorizontalandkeptinequilibrium bya
lightinextensible string CD with D being
verticallyaboveAasshownbelow.
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θ

R

T

D

C
BA

IfAB=AD=4m andAC=3m,findthe:
(i) tensioninthestring.

(ii) reactionRandthevalueofθ.

4.Auniform ladderofweightW
1

hasoneend

resting on a smooth verticalwalland the
otheron a rough horizontalground.Ifthe
laddermakesan angleα with theground,
provethatamanofweightW

2
willbeableto

climb up to the top ofthe ladderwithout
havingitslip,ifthecoefficientoffrictionisat

least(
1

2
W

1
+W

2

W
1
+W

2

)cotα.

5.Auniform ladderoflength2arestsinlimiting
equilibrium inaverticalplanewithitslower
end on a rough horizontalground and its
upperendonasmoothverticalwall.Ifthe
laddermakesanangleof30°withtheground

andthecoefficientoffrictionis 3
6

.How far

uptheladdercanamanwhoseweightisfour
timesthatoftheladderclimbbeforeitslips.

6.Auniform rodABoflength2landweightW
hasoneendAonaroughhorizontalground,
coefficientoffrictionμ.Therodistiedtoa
smoothpegatP whereAP=a(l<a<2l).If
therodisinlimitingequilibrium inclinedatan
angle α to the horizontaland the peg is

normaltotherod,provethatμ=
lsinαcosα

a-lcos2α
.

7.Auniform ladderrestswithitslowerendona
roughhorizontalgroundandtheupperendon
anequallyroughverticalwall,theangleof
friction being λ.Iftheladderisin limiting
equilibrium ateitherend,showthattheangle
ofinclinationtotheverticalis2λ.

8.Anon-uniform ladderABoflength3ahasits

centreofmassatG,whereAG=2a.

B

A α

G

The ladderrests in limiting equilibrium
withendBagainstasmoothverticalwall
andendArestingonaroughhorizontal
groundasshowninthediagram above.If
theangleABmakeswiththehorizontalis

α, where tanα=
14

9
, calculate the

coefficientoffrictionbetweentheladder
andtheground.

9.Auniform barABofweightW andlength4a
can turn freelyin averticalplaneabouta
hingeA.Thebarissupportedbyalightchain
oflength5a,oneendofwhichisfastenedto
thebaratC,whereAC=3aandtheothertoa
pointDverticallyaboveA,whereAD=4a.The
barcarriesaloadofweight10W,suspended
from B.Find thetension in thechain and
reactionatthehinge.

10. Auniform rodABofweightW leansagainst
asmoothverticalwallatAandrestsatB
onaroughgroundthatslopesdownwards
atanangleof30°tothehorizontal.
Given that the coefficient of friction

betweentherodandthegroundis
3

4
and

therodisinlimitingequilibrium,findthe:
(i) normalreactionsatAandB.

(ii)angle which AB makes with the

vertical.

(iii)resultantreactionatB.

Exercise:9C

1.Auniform rodABofmass10kgrestswithits
lowerend A on a rough horizontalfloor,



Page110

coefficientoffrictionμ.Oneendofastringis
attachedtoendBoftherodandtheotherend
isfixedsothatthestringisperpendicularto
therod.Iftherodrestsinequilibrium atan
angleof30°tothehorizontal,findthe:
(i) tensionTinthestring.

(ii) normalreactionRandfrictionforceF.

(iii) leastpossiblevalueofμforequilibrium
tobepossible.

2.Auniform ladderoflength2arestsinlimiting
equilibrium with itslowerend on a rough
horizontalgroundanditsupperendagainsta
smoothverticalwall.Iftheladdermakesan
angle of 60° with the ground,find the
coefficientoffriction.

3.Auniform rodABoflength4m andmass5
kgisfreelyhingedatAtoawall.Itiskeptin
horizontalposition bymeansofa forceP
actinginadirectionmakinganangleof30°
withBA.GiventhatthereactionatAmakes
anangleαwithBA,findthe:
(i) valueofP.

(ii)reactionatA.

4.Auniform ladderoflength5m andweight45
N leansagainstasmoothverticalwalland
standsonasmoothhorizontalground,keptin
equilibrium byaninelasticstringoflength4
m attachedtothefootoftheladderandthe
pointofintersectionofthewallandground.
Find the reactionsatthe walland on the
ground.

5.Auniform barABofweight2W andlength5
m isfreetoturnaboutasmoothhingeatits
upperendA,ahorizontalforceisappliedto
theendBsothatthebarisinequilibrium with
Batadistance4m from theverticalthrough
A.Showthatthereactionatthehingeisequal

to
2 13

3
W.

6.Auniform ladderofmass30kgandlength8
m restsagainstasmooth verticalwall
andonaroughhorizontalground,coefficient
offriction 0⋅3.Theladdermakesan angle
of40°withtheground.Amanofmass40kg
carryingaboxofmass5kg climbs the
ladder.Whentheladderisabouttoslip:
(i) calculatethenormalreactionatthewall.
(ii)showthatthemanhasclimbed

approximately0⋅69m.

7.A uniform beam AB oflength2lrestswith
end A in contactwith a rough horizontal
ground.ApointConthebeam restsagainsta

smoothsupport.AC isoflength
3

2
lwithC

higherthanAandACmakesanangleof60°
withthehorizontal.Ifthebeam isinlimiting
equilibrium,find the coefficientoffriction
betweenthebeam andtheground.

8.Auniform beam ABissupportedatangleθto
thehorizontalbyalightstringattachedtoend
B,and with end A resting on a rough
horizontalground(angleoffrictionλ).The
beam andthestringlieinthesamevertical
plane and the beam rests in limiting
equilibrium withthestringatrightanglesto

thebeam.Provethattanλ=
sin2θ

3-cos2θ
.

9.Auniform ladderofmass10kgandlength4
m restswithoneendonasmoothhorizontal
floorand the otherend againsta smooth
verticalwall.Theladderiskeptinequilibrium
atanangletan-12tothehorizontal,byalight
horizontalstringattachedtothebaseofthe
wall,atapointverticallybelowthetopofthe
ladder.

Amanofmass100kgascendstheladder.If
the string will break when the tension
exceeds490N,findhowfaruptheladderthe
mancangobeforethisoccurs.Whattension
mustthestringbecapableofwithstandingif
themanistoreachthetopoftheladder?

10. A non-uniform ladderAB oflength12m
andmass30kghasitscentreofgravityat
thepointoftrisectionofitslength,nearerto
A.TheladderrestswithendAonarough

horizontalground(coefficientoffriction
1

4
)

and end B againsta rough verticalwall

(coefficientoffriction
1

5
).Theladdermakes

anangleθwiththehorizontalsuchthat

tanθ=
9

4
. A straight horizontal string

connectsAtoapointatthebaseofthewall
verticallybelow B.A manofmass90kg
beginstoclimbtheladder.How farupthe
laddercanhegowithoutcausingtensionin
thestring?Whattensionmustthestringbe
capableofwithstandingifthemanisto
reachthetopoftheladdersafely?
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11. (a)ArodAB,1m longhasaweightof20N
atitscentreofgravitywhichis60cm from
A.Itrests horizontallywith A againsta
roughverticalwall.AstringBCis fastened
tothewallatC,75cm verticallyaboveA.
Findthe:

(i) normalreactionandfrictionalforceat
A.If friction is limiting,find the
coefficientoffriction.

(ii)tensioninthestring.
(b)Auniform rodLM ofweightW restswith

LonasmoothplanePO ofinclination
25°asshownbelow.

MP

L

O
25
°

45°

WhatforceparalleltoPOappliedatM will
keep the rod in equilibrium? (Give your
answerintermsofW)

AnswerstoExercises
Exercise:9A

1. 2.
5

24
3. 45°;

1

2
W ;halfthewayup,

thatis,
1

2
l;alltheway

4. (a) 39⋅8° (b) halfway,thatis,adistance

lfrom thebottom

5. (a)0⋅5196(b)40⋅74N 7.18N;12N

8. 49N;129.6418Nat19.1°tothevertical 10.

(i) 117⋅6N (ii)102⋅9Nat8⋅2°belowAB

Exercise:9B

1.(i) Wcosθ (ii) Wsinθattan-1(cotθ)tothe

upwardvertical(iii) 41∙4°

2.
5

6
AB 3.(i) 49N (ii) 35.3344N ;33.7°

4. 5.
1

6
afrom thebottom

8.
3

7
9. 17.5W ;10⋅92W at15⋅9°belowAB

10.(i)
W

39
(48+25 3);

8W

39
(4 3+3)(ii)77.9° (iii)

10W

39
(4 3+3)at53⋅1°tothesurfaceorat11°

aboveBA.

Exercise:9C

1.(i)
49 3

2
N (ii) 61.25N ;

49 3

4
N (iii)

3
5

2. 3
6

3. (i) 49N (ii)49Nat30°toAB

4. 30N ;45N 6.(i) 220⋅5N (ii)

7. 3
5

9. 3.8m;514.5N 10. 8m;126N

11 (a)(i)16N;8N;
1

2
(ii)20N (b)

0.664W
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10.JOINTEDRODS
Forjointedrods,weconsidertheequilibrium of
the system before separation and then the
equilibrium ofoneoftherodsafterseparation.

10.1 Equilibrium beforeseperation
Considertwouniform rodsABandBCofweights
W

1
and W

2
respectively resting on a rough

horizontalsurfaceandjointedatB.

B

R
A

R
C

A CF
1

F
2

W
1

W
2

 BytakingmomentsaboutAorConeof
thereactionsisobtained.

 Byresolvingverticallytheotherreaction
forceisalsoobtained.

10.2 Equilibrium afterseperation
Onseparation:

Y
y

Xx B X

Y

R
A

R
C

F
2

CA

W
1

W
2

F
1

Theotherunknownsareobtainedbyconsidering
theequilibrium ofoneoftherods
(preferablytheleastcongested).

Example1

Twouniform rodsAB,BCofmasses4kgand6
kgarehingedatBandrestinaverticalposition
onasmoothfloorasshownbelow.AandCare
connectedbyarope.

A 8m4m

B

C

(a)Findthereactionsbetweentherodsandthe
flooratAandCwhentheropeistaut.

(b)Ifnow abodyisattachedaquarterofthe
wayupCBandthereactionsareequal,find
themassofthebody.

Solution

B

R
A R

C

A T C

2m 2m 4m 4m

4gN 6gN

T

(a)

TakingmomentsaboutA:

R
C
×12=4g×2+6g×8

R
C

=
8×9∙8+48×9∙8

12
=

686

15
=45∙7333N

Resolvingvertically:

(↑):R
A

+
686

15
=4g+6g

R
A

=10×9.8-
686

15
=

784

15

⇒R
A

=52∙2667N
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A 4m2m

B

C

R

2m

T T
2m

mg6gN4gN

(b)

Resolvingvertically:

(↑):2R=4g+6g+mg

R=
1

2
g(10+m)…………………..(i)

TakingmomentsaboutA:

R×12=4g×2+6g×8+mg×10

12R=g(56+10m)

⇒12×
1

2
g(10+m)=g(56+10m)

m =1kg

Example2
Twouniform rodsAB,ACeachofweightW and
length10cm aresmoothlyhingedatA.Theends
BandCrestonasmoothhorizontalplane.An
inextensiblestringjoinsBandCandthesystem
iskeptinequilibrium inaverticalplanewiththe
stringtaut.Anotherobjectofweight2W climbs
therodAC toapointEsuchthatAE=8cm.
Giventhat〈BAC=2θ.DetermineintermsofW
andθ;

(i) ThereactionatendsBandC.

(ii)Thetensioninthestring.

Henceshow thatthereactionatthehingeAis

givenby
W

10
(49tan2θ+4).

Solution

2W

A

R
B

5cm

B T T C

W W

5cm

5cm
3cm

R
CE

θθ

(i)

TakingmomentsaboutB:

R
C
×20sinθ=W×5sinθ+W×15sinθ+2W×18sinθ

20R
C

=56W⇒R
C

=
14

5
W

Resolvingvertically:

(↑): R
B

+R
C

=W +W +2W

R
B

=4W-
14

5
W⇒R

B
=

6

5
W

(ii) Onseparation

Y
y

X A X

θ

θ
5cm

Y
6

5
W

5cm

θ

θ

θ
14

5
W

T
CB

W W 2W

T

Considerequilibrium ofrodAB:

Resolvingvertically:

(↑):Y+W =
6

5
W⇒Y=

W

5

TakingmomentsaboutB:

X×10cosθ=W×5sinθ+Y×10sinθ

10X=(5W +10×
W

5
)tanθ

X=
7

10
Wtanθ

Resolvinghorizontally:

T=X

T=
7

10
Wtanθ

ReactionatA:R= X2+Y2

R= (7

10
Wtanθ)

2

+(W

5)
2

R=
W

10
(49tan2θ+4)
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Example3

Twouniform rodsAB,BCoflength3a,4aand
weightsW,2W respectivelyaresmoothlyjoined
atB.TherodsrestwithA andC onarough
horizontalsurface,5aapartasshownbelow.

B

3a

5a

4a

A C

Ifthe coefficientoffriction ateach pointof
contactisμandonerodisabouttoslip.
(a)Findthevalueofμ.
(b)Determinethemagnitudeofthereactionat

jointBandangleitmakeswiththehorizontal.
Solution

B
3

2
a 2a

R
C

R
A

3

2
a

A
α

F

W

5a

2a

2W

F

β
C

(a)

TakingmomentsaboutA:

R
C
×5a=W×

3

2
acosα+2W×(5a-2acosβ)

5R
C

=
3

2
W×

3

5
+2W×(5-2×

4

5)
R

C
=1.54W

Resolvingvertically:

(↑):R
A

+R
C

=W +2W

R
A

=3W–1∙54W⇒R
A

=1.46W

Onseparation:

X B X

Y

1.46W

α

1.54W

F
CA

W 2W

F

Y

3

2
a

3

2
a

Considerequilibrium ofrodAB;

Resolvingvertically:

(↑):Y=1∙46W–W

Y=0.46W

TakingmomentsaboutA:

X×3asinα=Y×3acosα+W×
3

2
acosα

Xtanα=Y+
1

2
W

4

3
X=0∙46W +

1

2
W⇒X=0∙72W

Resolvinghorizontally:

(→):F=X

F=0.72W

AtA,FA

max
=μR

A
=(1.46W)×μ=1.46μW

AtC,FC

max
=μR

C
=(1.54W)×μ=1.54μW

SinceFA

max
<FC

max
,therodAB isabouttoslip;

henceatA,F=μR
A

μ×1∙46W =0.72W

μ=
36

73
=0∙493

(b) MagnitudeofreactionatjointB:

R= X2+Y2

= (0∙72W)2+(0∙46W)2

=0.8544W
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X

Y

θ

R

tanθ=
Y

X

=
0∙46W

0∙72W

θ=32.6°

Example4
Twouniform metalbarsABandACaresmoothly
jointedatAinordertomakeaframeforatent.B
isjoinedbyalightropetothemidpointofAC.
ThebarsrestwithBandConasmoothplane.If
the〈BAC=60°andthebarseachareofmass4kg
andlength2l.Determinethe:
(a)reactionsatBandC.

(b)tensioninthestring.

(c)magnitudeanddirectionofthereactionat

jointA.

Solution

30°

60°

60°
30°

30°

A

B C

l

ll

l

2l

4gN

R
B

R
C

4gN

T
T

(a) TakingmomentsaboutB:

R
C
×2l=4g×lcos60+4g×3lcos60

R
C

=39.2N

Resolvingvertically:

R
B

+R
C

=4g+4g

R
B

=8×9.8–39.2⇒R
B

=39.2N

(b) Onseparation:

Y

X A X

l
30° l

39.2N
l30°

Y
30°

T
39.2N

T

B
30°

l

60°

4gN
C

4gN

Considerequilibrium ofrodBA;

TakingmomentsaboutB:

X×2lcos30=Y×2lsin30+4g×lsin30

X=(Y+2g)tan30

X= 3
3

Y+
2 3

3
g……………………(i)

Resolvinghorizontally:

(→):X=Tcos30

T× 3
2

= 3
3

(Y+2g)

T=
2

3
Y+

4

3
g…………………….(ii)

Resolvingvertically:

Y+4g=Tsin30+39.2

Y=
1

2
T+39.2–4×9.8

⇒Y=
1

2
T……………………..(iii)

From Eqn(ii)andEqn(iii):

T=
1

2
×

2

3
T+

4

3
×9∙8⇒T=19.6N

From equation(iii):

Y=
1

2
×19.6⇒Y=9.8N

From X=Tcos30

X=19.6× 3
2

=9.8×3=
49 3

5
N
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X

Y

R
A

θ(c)

R
A

= X2+Y2

= (49 3

5 )
2

+9∙82

R
A

=19∙6N

θ=tan-1(Y

X)
=tan-1(9∙8

9∙8 3)
θ=30°

Example5

B

2W W

CA 45°

Thediagram showstwouniform rodsABandBC

ofequallength,smoothlyjointedtogetheratB.

End A is freely hinged to a rough horizontal

surface and C stands on the same surface

coefficientoffrictionμ.A,BandCalllieinthe

sameverticalplane.ABandBChaveweights2W

and W respectivelyand 〈BAC=45°.Show that

slippingwillnotoccurprovidedμ≥0∙6.Findthe

horizontal and vertical components of the

reactionatB.

Solution

B

l
l

R
Y l l R

C

A 45° 45° C
R

X F

2W W

TakingmomentsaboutA:

R
C
×4lcos45=2W×lcos45+W×3lcos45

R
C

=
5

4
W

Resolvingvertically:

(↑):R
Y

+R
C

=2W +W

R
Y

=3W-
5

4
W

R
Y

=
7

4
W

Onseparation:

7

4
W

X B X

l l

l

Y

Y 5

4
W

A
45°

l

45°

2W

C

W

R
X

F

Considerequilibrium ofrodBC;

Resolvingvertically:

(↑):Y=
5

4
W–W

Y=
W

4

TakingmomentsaboutC:

X×2lsin45-Y×2lcos45=W×lcos45

2X-2×
W

4
=W
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X=
3

4
W

Resolvinghorizontally:

F=
3

4
W

ButF≤F
max

fornoslipping

3

4
W ≤μ×

5

4
W

μ≥0∙6

ComponentsofreactionatB;

Horizontalcomponent:X=
3

4
W

Verticalcomponent:Y=
W

4

Exercises

Exercise:10A
1.Uniform rodsAB,BCofweights2W,W and

length3m and4m respectivelyaresmoothly
jointedatB.RodABissmoothlyhingedona
roughhorizontalsurfaceatA,endCofrodBC
isinlimitingequilibrium onthissurfacewhen
〈ABC=90°.Calculatethe:

(i) normalreactionsatAandC.

(ii) coefficientoffrictionatC.

(iii) reactionsatAandB.

2.Thediagram showsastepladdermodeledas
tworodsOA,ABeachoflength2l.Theangle
eachrodmakeswiththeverticalisθ.

A

θ

O

θ

B

ThemassofABis4m andthatofOAism.
Ifthesystem restsin equilibrium on a
roughhorizontalsurface;

(a) Show thatthemagnitudesofthe
normalreactionsatO and B are
7

4
mgand

13

4
mgrespectively.

(b) Find the reaction atA and also
show thatthe magnitude ofthe

frictionforceis
5

4
mgtanθ.

3.Twouniform rodsAB,ACofweightsW
1
,W

2

andofequallength,aresmoothlyhingedatA
andrestwithB,C onasmoothhorizontal
plane being kept in equilibrium by an
inextensiblestringBC.
AweightW issuspendedfrom apointinAC

atadistance
3

4
AC from A.Provethatthe

tension in the string is
1

4(W
1
+W

2
+

1

2
W)tan(1

2
A).

4.

A

B

C

30g
N

30g
N

60°

Thediagram showstwoidenticaluniform rods
ABandBCsmoothlyjointedtogetheratB.End
A is freely hinged to a rough horizontal
surfaceandendCstandsonthesamesurface,
coefficientoffrictionμ.A,BandCalllieinthe
sameverticalplane.Eachrodisofmass30kg
and 〈BAC=60°.IfC isjustonthepointof
slipping,findthe:
(a) reactionatB.

(b) horizontaland verticalcomponentsof

thereactionatA.

(c) valueofμ.

5.Twoidenticaluniform heavyrods,ABandBC
aresmoothlyjointedtogetheratBandhave
endsAandCrestingonaroughhorizontal
ground,coefficientoffrictionμ.

ThepointsA,BandClieinthesamevertical
planeand〈BAC=α.Show thatslippingwill

notoccurprovidedμ≥
1

2
cotα.

6.
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B

A θ

30gN 30g
N

C

The diagram showstwo identicaluniform
rodsAB andBC,eachofmass30kgand
lyinginthesameverticalplane.Therodsare
smoothlyjointedtogetheratBandendsA
and C reston a rough horizontalground,
coefficientoffrictionμ.

If〈BAC=θ,wheretanθ=
3

2
andtherodsare

justonthepointofslipping,findthevalueof
μandthemagnitudeofthereactionatB.

7.Two uniform rods each oflength 2a and
weightW arehingedatA.TheendsBandC
restonasmoothhorizontalplane.Theyare
joined by an inextensible string and the
system isinequilibrium inaverticalplane
withthestringtaut.Thestringisattachedto
pointsB andC.A weightW issuspended
from apointDonACsuchthatAD∶DC=4∶1.
GiventhatangleBAC=2α,findanexpression
forthetensioninthestring.Show thatthe

reactionatthehingeis
W

10
(36tan2α+1).

Exercise:10B

1.Twouniform rodsABandBCaresmoothly
hingedatB,withendsAandCrestingona
frictionlesshorizontalsurface.Therodsare
keptinequilibrium inaverticalplanebya
light inextensible string attached to the
midpointsofABandBC.TheweightsofAB
and BC are 4W and 7W respectively.
AB=BC=2m and〈ABC=90°.Findthe:

(i) reactionsatAandC.

(ii) tensioninthestring.

(iii) reactionatB.

2.Twouniform rodsABandBCofequallength
aresmoothlyjointedtogetheratB.Themass
ofABis6kgandthemassofBCis8kg.The
endCisfreelyhingedtoaroughhorizontal
surfaceandendArestsonthesamesurface.

ThecoefficientoffrictionbetweenrodABand
thesurfaceisμ.ThepointsA,BandCliein
thesameverticalplaneand∠BAC=30°.If
ABisinlimitingequilibrium,findthe:
(i) horizontalandverticalcomponentsof

thereactionatC.

(ii) reactionatB.

(iii) valueofμ.

3.Apairofstairscanberegardedasapairof
uniform rodsABandBCofweight2W andW
respectivelyandofthesamelength2a,are
freelyjointedatB.Theystandinavertical
planewiththeirfeetA andC onasmooth
horizontal floor and joined by a light
inextensible string oflength 4b,a man of
weightW climbshalfwayupAB.

FindintermsofW thereactionsatAandC,
andthehorizontalandverticalcomponents
ofthereactionsatthehingeanditsresultant
anddirection.Findalsothetensioninthe
stringintermsofα,theangleABmakeswith
thevertical.

4.Twouniform rodsABandBCareofthesame
length and have masses 3m and m
respectively.TheyaresmoothlyjointedatB
andstandinaverticalplanewithAandCon
aroughhorizontalplane.Thecoefficientof

friction between the rods and plane is
2

3
.

Equilibrium isabouttobebrokenbyoneof
therodsslippingontheplane.Find:

(a)whichrodwillslipfirstandtheangle
eachrodmakeswiththeplane.

(b)the reaction at the hinge B in
magnitudeanddirection.

5.

A

B Cθθ

1m 1
m

1
m

1m

Apairofstepscanbemodeledasauniform
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rodAB,ofmass24kgandlength2m,freely
hingedatAtoauniform rodACofmass6kg
andlength2m.Themidpointsoftherods
arejoinedbyalightinextensiblestring.The
rodsrestinaverticalplaneonasmooth
horizontalground,witheachrodinclinedto

thehorizontalatanangleθ=tan-1(5

4).Find

thetensioninthestringandthehorizontal
andverticalcomponentsoftheforceacting
onABatA.

6.Twouniform ladderseachofweightW and
length2baresmoothlyhingedattheirupper
endsandstandonasmoothhorizontalplane.
AweightW ishungononeoftheladdersata
distanced,from itslowerendandtheladders
arepreventedfrom slipping by means
ofaropeoflength2aattachedtotheirlower
ends.Provethatthe tensioninthestring

isgivenbyT=
aW(2b+d)

4b(4b2-a2)
1

2

.

7.Two equaluniform rods AB,BC smoothly
jointedatBareinequilibrium withtheendC
restingonaroughhorizontalplaneandendA
freelypivotedatapointabovetheplane.

ProvethatifαandβaretheinclinationsofCB
andBAtothehorizontal,andBCisinlimiting

equilibrium thenμ=
2

tanβ+3tanα
whereμis

thecoefficientoffrictionbetweenBCandthe
plane.

Answerstoexercises

Exercise:10A

1.(i)
49

25
W ;

26

25
W (ii)

9

13
(iii) 109

5
W at

69∙8°tothehorizontal; 13
5

W at

3.2° to the horizontal 2.(a) (b)

1

4
mg (25tan2θ+9) at tan-1(3

5
cotθ) to the

horizontal 3. 4. (a) 49 3Nhorizontally

(b) 49 3N ;294N

(c) 3
6

5. 6.
1

3
;98N 7.

T=
3

5
Wtanα

Exercise:10B

1. (i)
19

4
W ;

25

4
W (ii)

11

2
W (iii)

5∙551W at7∙8°tohorizontal
2. (i) 59∙41N ;73∙5N (ii) 59∙611Nat

4∙7°tohorizontal (iii) 0∙9326

3. R
A

=
5

2
W ; R

C
=

3

2
W ; X=

bW

a2-b2
;

Y=
W

2
;R

B
=

W

2

a2+3b2

a2-b2 ;attan-1(a2-b2

2b )
tothehorizontal;T=Wtanα 4. (a)

RodBC;45° (b) 5
2

mgat26∙6°tothe

horizontal 5. 117∙6N ;117∙6N ;
44∙1N 6. 7.
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11.PROJECTILES

Inprojectilemotion,thehorizontalandvertical
motion of a projectile can be considered
separately.When this is done each kind of
motionislinearandequationsoflinearmotion
canbeapplied.

11.1 Horizontalprojection

Thisiswhentheinitialdirectionofmotionofthe
projectile is horizontal. Consider a particle
projectedhorizontallywithinitialspeedum s-1.

um s-1

P(x,y)
v

x

α

v vy

Ifaftertimet,particlepassesthroughapoint

P(x,y):

From v=u+at

v
x

=u
x

+a
x
t,a

x
=0

v
x

=u
x

=u

vy=uy+ayt,uy=0,ay=g

vy=gt

Thespeedoftheparticleattimetisv= v2

x
+v2

y.

The direction α ofthe particle attime t,is

obtainedfrom thevelocityoftheparticle.

α

v
x

vy

v

tanα=
vy

v
x

α=tan-1(vy

v
x
)

From s=ut+
1

2
at2

s
x

=u
x
t+

1

2
a

x
t2,a

x
=0,u

x
=u

x=ut

sy=uyt+
1

2
ayt2,uy=0,ay=g

y=
1

2
gt2

Example1

AandBaretwopointsonlevelground.Avertical
towerofheight4hhasitsbaseatAandavertical
towerofheighthhasitsbaseatB.Whenastone
isthrownhorizontallywithspeedvfrom thetop
ofthetallertowertowardsthesmallertower,it

landsatapointPwhereAP=
3

4
AB.Whenastone

isthrownhorizontallywithspeedufrom thetop
ofthesmallertowertowardsthetallertower,it
alsolandsatthepointP.Showthat3u=2v.
Solution
LetAB=r

v

4h

A 3

4
r

P 1

4
r

B

h

u

From tallertower:

From x=u
x
t
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3

4
r=vt

1
⇒t

1
=

3r

4v

From y=
1

2
gt2

4h=
1

2
gt2

1
⇒4h=

1

2
g(3r

4v)
2

128hv2=9gr2…………………………………(i)

From smallertower:

From x=u
x
t

1

4
r=ut

2
⇒t

2
=

r

4u

From y=
1

2
gt2

h=
1

2
gt2

2
⇒h=

gr2

32u2

32hu2=gr2……………………..(ii)

Dividingequation(ii)byequation(i)

u2

4v2 =
1

9
⇒9u2=4v2

3u=2v

11.2 Projectionfrom levelground
Consideraparticleprojectedatanangleθwith
initialspeedu:

P(x,y)
u

α
vy

v
x

v

θ

O R
B

H

A

IftheparticlepassesthroughapointP(x,y)after

timet.

From v=u+at

v
x

=u
x

=ucosθ

vy=uy+ayt,ay=-g

vy=usinθ–gt

Theverticalcomponentofvelocityreduceswith

timeand becomeszero atpointA (maximum
height)and then increases in the downward
direction. Since the vertical component of
velocityiszeroatA,themotionoftheparticleis
saidtobehorizontal.

HenceatA,vy=0

O=usinθ–gt

t=
usinθ

g

Thisisthetimetakento reachthemaximum

height.Thespeedoftheparticleaftertime,tis

v= v2

x
+v2

y.

Thedirectionoftheparticleistheanglebetween
thehorizontalandvelocityoftheparticle.The
angleisabovethehorizontalwhentheparticleis
ascending and below thehorizontalwhen the
particleisdescending.

Ascent Descent

β

v
x

vy

v α

v
x

vy

v

α=tan-1(vy

v
x
) β=tan-1(vy

v
x
)

From s=ut+
1

2
at2

s
x

=u
x
t+

1

2
a

x
t2,a

x
=0

x=(ucosθ)t…………………….(i)

sy=uyt+
1

2
ayt2,uy=usinθ,ay=-g

y=(usinθ)t-
1

2
gt2………………..(ii)

11.2.1Equationoftrajectory
This is the equation ofthe path taken by a

projectile.

From equation(i):x=(ucosθ)t⇒t=
x

ucosθ
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Substitutinginequation(ii)

y=(usinθ)×
x

ucosθ
-

1

2
g( x

ucosθ)
2

y=xtanθ-
gx2

2u2cos2θ

y=xtanθ-
gx2sec2θ

2u2

y=xtanθ-
gx2(1+tan2θ)

2u2

11.2.2Maximum height(H)
Atmaximum heightvy=0⇒usinθ–gt=0

⇒t=
usinθ

g

From y=(usinθ)t-
1

2
gt2

H=usinθ×
usinθ

g
-

1

2
g(usinθ

g )
2

H=
u2sin2θ

2g

Alternatively;from v2=u2+2as

v2
y=u2

y–2gy,wheny=H,vy=0

O=(usinθ)2–2gH

H=
u2sin2θ

2g

11.2.3TimeofFlight(T)
Thisisthetimetakenbyaparticletoreturntothe

levelofprojection.

From y=(usinθ)t-
1

2
gt2

When the particle returns to the level of

projection,y=0

Therefore O=(usinθ)t-
1

2
gt2

Eithert=0ort=
2usinθ

g

Hencetimeofflight,T=
2usinθ

g

11.2.4Range(R)
Thisisthehorizontaldisplacementcoveredbya
particletoreturntothelevelofprojection.
From x=(usinθ)t

Whenx=R,t=T=
2usinθ

g

R=(ucosθ)×
2usinθ

g

R=
u2sin2θ

g

Foranyspeedofprojection,therangeR,varies
withtheangleofprojection.Themaximum range,

R
max

=
(u2sin2θ)

max

g
=

u2

g
×(sin2θ)

max

but(sin2θ)
max

=1when2θ=90°⇒θ=45°

henceR
max

=
u2

g
.

Note:Ifaparticleisprojectedwithacertaininitial

speed,there are always two possible

anglesofprojectionforwhichithitsthe

planeatthesamehorizontaldisplacement

from thepointofprojection.Inparticularif

theprojectionisonlevelground,thenthe

twoanglesofprojectionforagivenrange

arecomplimentary.Thatis,iftheanglesare

αandβthenα+β=90°.

Verification:

From R=
u2sin2θ

g
⇒2θ=sin-1(Rg

u2)
Letsin-1(Rg

u2)=ϕ,then2θ=ϕ,180-ϕ

∴ θ=
1

2
ϕ,90-

1

2
ϕ⇒α=

1

2
ϕ,β=90-

1

2
ϕ

Henceα+β=90°.

Example2
Aparticleisprojectedwithvelocityof40m s-1at
an angle of60°to the horizontal.Find the
maximum heightandrangeoftheparticle.
Solution

u=40m s-1,θ=60°

H=
u2sin2θ

2g
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H=
402(sin60)2

2×9∙8

H=61∙224m

R=
u2sin2θ

g

R=
402sin120

9∙8

R=141∙392m

Example3

(a)Derive an equation ofpath ofa particle
projectedfrom originOatanangleαtothe
horizontalwithinitialspeedum s-1.

(b)A particle projected from a pointO on a
horizontalgroundmovesfreelyundergravity
andhitsthegroundatA.TakingO asthe
origin,the equation of trajectory of the

particleis60y=20 3x-x2,wherexandyare
measuredinmetres.Determinethe:
(i) initialspeedandangleofprojection.

(ii)distanceOA.(Takegas10m s-2)
Solution
(a) Seeintroduction.

P(x,y)

u

θ

O A

(b)

(i) 60y=20 3x-x2⇒y= 3
3

x-
x2

60

From y=xtanθ-
gx2(1+tan2θ)

2u2

Comparingcoefficients:

tanθ= 3
3
⇒θ=30°

g(1+tan2θ)
2u2 =

1

60

10(1+
1

3)
2u2 =

1

60

u=20m s-1

(ii)AlongOA,y=0

60×0=x(20 3-x)

Eitherx=0orx=20 3

HenceAB=20 3m

Example4
Afootballplayerprojectsaballataspeedof8
m s-1atanangleof30°withtheground.Theball
strikesthegroundatapointwhichislevelwith
the pointofprojection.Afterimpactwith the
ground,the ballbounces and the horizontal
componentofvelocityremainsthesamebutthe
verticalcomponentisreversedindirectionand
halvedinmagnitude.Theplayerrunningafterthe
ballkicksitagainatapointwhichisahorizontal
distanceof1m from thepointwhereitbounced,
sothattheballcontinuesinthesamedirection.
Findthe:
(a)horizontaldistance between the points of

projection and thepointatwhich theball
strikestheground.

(b)(i)timeintervalbetweentheballstrikingthe
groundandtheplayerkickingitagain.
(ii)heightoftheballabovethegroundwhen

itiskickedagain. (Takeg=10m s-2)
Solution

8m s-1

O

v'

A1m B

30°
R

θ
h

(a) From y=(usinθ)t-
1

2
gt2

AtA,y=0

O=(usinθ)t-
1

2
gt2

Eithert=0ort=
2usinθ

g

∴t=T=
2usinθ

g
From x=(ucosθ)t

Whenx=R,t=T

R=ucosθ×
2usinθ

g
=

u2sin2θ

g

R=
82sin60

10

R=5∙5426m
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(b) (i) T=
2usinθ

g
=

2×8sin30

10

T=0∙8s

v
x

=ucosθ

=8cos30

v
x

=4 3m s-1

vy=usinθ–gt

=8sin30–10×0∙8

vy=-4m s-1

Onbouncingfrom ground:

v'

x
=v

x
=4 3m s-1

v'
y=2m s-1

θ

4 3

2
v'

tanθ=
2

4 3

θ=16∙1°

v'= 22+(4 3)2

=7∙211m s-1

From x=u
x
t

=(8cos30)t

1=4 3t

t=0∙1443s

(ii) From y=v'
yt-

1

2
gt2

h=2×0∙1443-
1

2
×10×0∙14432

h=0∙1845m

11.3 Projectionfrom aheight
abovelevelground

11.3.1Projectionatananglebelowthe
horizontal

Consideraparticleprojected from aheighth,
above levelground atan angle θ below the
horizontal.

u
x

P(x,y)
v

x

α

v vy

uy

θ

h

u

IftheparticlepassesthroughapointP(x,y)after

timet:

From v=u+at

v
x

=u
x

=ucosθ

vy=uy+ayt,ay=g

vy=usinθ+gt

Thespeedoftheparticleaftertimetisv= v2

x
+v2

y.

Thedirectionoftheparticleatthistime:

α

v
x

vy

v

tanα=
vy

v
x

⇒α=tan-1(vy

v
x
)

From s=ut+
1

2
at2

x=u
x
t+

1

2
a

x
t2,a

x
=0

x=(ucosθ)t

y=uyt+
1

2
ayt2,ay=g

y=(usinθ)t+
1

2
gt2
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11.3.2 Projectionatanangleabovethe
horizontal

Consideraparticleprojected from aheighth,
above levelground atan angle θ above the
horizontal.

u uy

u
x

h

P(x,y)
θ

α

v
vy

v
x

Verticalmotiongoesabovethelevelofprojection
andthenbelow thelevelofprojection.Thesign
ofgdependsontheinitialdirectionofmotion.If
theinitialdirectionisupwards,weusea=-gand
iftheinitialdirectionisdownwards,weusea=g.
Positiveverticaldisplacementsarethoseabove
the levelofprojection,zero the atlevelof
projection and negative below the levelof
projection.
IftheparticlepassesthroughapointP(x,y)after

timet:

From v=u+at

v
x

=u
x

=ucosθ

vy=uy–gt

vy=usinθ–gt

Speedofparticle;v= v2

x
+v2

y.

Directionoftheparticle:

α
v

x

vy

v
β

v
x

vy

v

Ascent Descent

tanα=
vy

v
x

tanβ=
vy

v
x

⇒α=tan-1(vy

v
x
) ⇒β=tan-1(vy

v
x
)

From s=ut+
1

2
at2

x=u
x
t+

1

2
a

x
t2,a

x
=0

x=(ucosθ)t

y=uyt+
1

2
ayt2,ay=-g

y=(usinθ)t-
1

2
gt2

From equation(i):x=(ucosθ)t⇒t=
x

ucosθ

Substitutinginequation(ii)

y=(usinθ)×
x

ucosθ
-

1

2
g( x

ucosθ)
2

y=xtanθ-
gx2

2u2cos2θ

y=xtanθ-
gx2sec2θ

2u2

y=xtanθ-
gx2(1+tan2θ)

2u2

Note:-h=xtanθ-
gx2(1+tan2θ)

2u2

Example5
A particle is projected with a speed of

10 2gm s
-1

from thetopofacliff50m high.The
particlehitstheseaatadistanceof100m from
theverticalthroughthepointofprojection.Show
that there are two possible directions of
projection which are perpendicular.Determine
thetimetakenfrom thepointofprojectionin
eachcase.
Solution
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10 2gm s-1

θ

50m

100
m½RA

From y=xtanθ-
gx2(1+tan2θ)

2u2

-50=100tanθ-
g×1002(1+tan2θ)

2(10 2g)2

-50=100tanθ-
10000g(1+tan2θ)

2×200g

-2=4tanθ–(1+tan2θ)

tan2θ-4tanθ-1=0

(tanθ-2)2=5

tanθ=2± 5

Iftheanglesareθ
1

andθ
2

then;tanθ
1

=2+ 5

andtanθ
2

=2-5

Thedirectionsofprojectionareperpendicularif
tanθ

1
×tanθ

2
=-1

From tanθ
1
×tanθ

2
=(2+ 5)(2-5)

=4-5=-1

Hencethetwodirectionsareperpendicular.

Whentanθ
1

=2+ 5

θ
1

=76∙7°

From x=u
x
t

100=(10 2×9∙8cos76∙7)t
1

t
1

=9∙8313s

Whentanθ
2

=2-5

θ
2

=-13∙3°

=13∙3°belowthehorizontal

From x=u
x
t

100=(10 2×9∙8cos13∙3)t
2

t
2

=2∙3209s

Note: Angle between directions of
projection can also be obtained
from,

θ
1

-θ
2

=76∙7°--13∙3°=90°

Example6
ApointOisdirectlyabovepointAofahorizontal
plane.A particleP isprojectedfrom O witha

speed of5v atan angle cos-1(3

5)above the

horizontaland hits the plane atpointB ata

distance
48v2

g
from A.

(i) ShowthattheheightofOaboveAis
64v2

g
.

(ii)Find thedistanceofP from O when itis
directlyonlevelwithit.
- Asecondparticleisnowprojectedwitha

speedof24wfrom Oatanangleαabove
thehorizontalandalsohitstheplaneatB.
Findtheequationinvolvingv,wandα.

- Giventhatthevalueofαis45°,findw in
termsofvandshow thattheothervalue
occurssuchthat7tan2α–6tanα–1=0.

Solution

48v2

g

O

A
B

5v

h

R

(i)

4
5

θ

3

From y=xtanθ-
gx2

2u2cos2θ

-h=
48v2

g
×

4

3
-

g×(48v2

g )
2

2×(5v)2×(3

5)
2
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-h=
64v2

g
-

128v2

g
⇒h=

64v2

g

(ii) R=
u2sin2θ

g

R=
2×(5v)2×sinθcosθ

g

R=
50v2

g
×

4

5
×

3

5
=

24v2

g

48v2

g

α
O

A
B

24w

64v2

g

From y=xtanα-
gx2sec2α

2u2

-64v2

g
=

48v2

g
tanα-g(48v2

g )
2

×
sec2α

2×(24w)2

2v2sec2α

w2 =48tanα+64

v2sec2α=4w2(6tanα+8)

Whenα=45°

2v2=4w2(6+8)

w2=
v2

28

Substitutingforw2;

v2sec2α=4×
v2

28
(6tanα+8)

7(1+tan2α)=6tanα+8

7tan2α–6tanα–1=0

Example7
Twoequalparticlesareprojectedatthesame
instantfrom pointsAandBonhorizontalground,
thefirstfrom A with speed u atan angleof
elevationαandthesecondfrom Bwithspeedv
atanangleofelevationβ.Theycollidedirectly
whentheyaremovinghorizontallyinopposite
directions.Findvintermsofu,αandβ,andshow

thatAB=
u

2
sinαsin(α+β)

gsinβ
.

Solution

O

u

θ

1

2
R

A

H

1

2
R

B

v

β
B

H=
u2sin2α

2g
=

v2sin2β

2g

v=
usinα

sinβ

R
A

=
u2sin2α

g

R
B

=
v2sin2β

g
=(usinα

sinβ)
2

×
sin2β

g
=

2u2sin2αcosβ

gsinβ

AB=
1

2
(R

A
+R

B
)

=
1

2(u2sin2α

g
+

2u2sin2αcosβ

gsinβ )

=
u2sinα

g (sinβcosα+cosβsinα

sinβ )
AB=

u2sinαsin(α+β)
gsinβ

Example8
(a)A particle is projected vertically upwards

from apointO withspeed
4

3
v.Afterithas

travelled a distance
2

5
x above O,on its

upward motion, a second particle is
projectedverticallyupwardsfrom thesame
pointwiththesameinitialspeed.

Giventhattheparticlescollideataheight
2

5
x

aboveO,xandvbeingconstant,showthat:
(i) atmaximum heightH,8v2=9gH.

(ii)whentheparticlescollide9x=20H.

(b)A stone projected atan angle α to the

horizontalwithspeed,um s-1 justclearsa

verticalwall4m highand10m from the
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point of projection when travelling

horizontally.Findtheangleofprojection.

Solution

1

2
t

1

t
1

4

3
v

s
1

=
2

5
x

s
2

(a)

(ii)(i)Atmaximum height,vy=0

From v=u–gt

0=
4

3
v–g(3

2
t

1)
t

1
=

8v

9g

From s=ut-
1

2
gt2

H=
4

3
v×(3

2
×

8v

9g)-
1

2
g×(3

2
×

8v

9g)
2

H=
8v2

9g

8v2=9gH

(iii)For1stparticle:

t=2t
1

=
16v

9g
ands=

2

5
xwhentheparticles

collide

s=
4

3
v×

16v

9g
-

1

2
g(16v

9g)
2

2

5
x=

64v2

27g
-

128v2

81g

81gx=160v2

From 8v2=9gH⇒v2=
9gH

8

Hence81gx=160×
9gH

8

9x=20H

u
4m

α

10m

(b)

Aparticletravelshorizontallywhenvy=0,that

is,atmaximum height.

H=4m and
1

2
R=10m⇒R=20m

From H=
u2sin2α

2g

4=
u2sin2α

2g

u2sin2α=8g……………………….(i)

From R=
u2sin2α

g

20=
u2sin2α

g

10g=u2sinαcosα………………….(ii)

Dividingequation(i)byequation(ii)

tanα=
8

10

α=38∙7°

Example9
Thehorizontalandverticalcomponentsofthe
initialvelocityofaparticleprojectedfrom pointO
onahorizontalplanearepandqrespectively.
(a)Expresstheverticaldistancey,travelledin

terms of horizontaldistance x,and the
componentspandq.

(b)Find the greatestheightH,attained and
rangeR,onthehorizontalplanethroughO.

Henceshowthaty=
4Hx(R-x)

R2 .Giventhatthe

particlepassesthroughthepoint(20,80)and
H=100m,findthevelocityofprojection.

Solution
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O

u

θ

20m 20m

y-axis

x-axis

H=100m

u
x

=p,uy=q

(a) From y=uyt-
1

2
gt2

y=qt-
1

2
gt2………………………..(i)

From x=u
x
t

x=pt………………………………..(ii)

(b) Atmaximum height,vy=0

From vy=uy–gt

vy=q–gt⇒0=q–gt⇒t=
q

g

From equation(i)

H=q×
q

g
-

1

2
g(q

g)
2

H=
q2

2g
……………………………(iii)

Whenx=R,y=0

From equation(i)

O=qt-
1

2
gt2⇒t=

2q

g

From equation(ii)

R=p×
2q

g

R=
2pq

g
……………………………..(iv)

From equation(ii)t=
x

p

Substitutingfortinequation(i)

y=
q

p
x-

gx2

2p2………………………….(v)

DividingEqn(iii)byEqn(iv)

H

R
=

q

4p
⇒

q

p
=

4H

R

SquaringEqn(iv)anddividingbyEqn(iii)

R2

H
=

8p2

g
⇒p2=

R2g

8H

Hencefrom equation(v)

y=
4Hx

R
-

gx2

2
×

8H

R2g

y=
4Hx(R-x)

R2

Theparticlepassesthrough(20,80)andH=100

m

80=
4×100×20(R-20)

R2

R2–100R+2000=0

(R-50)2=502-2000

R=50±10 5

EitherR=72.36m orR=27.64m

SinceR>40m⇒R=72.36m

From equation(iii):100=
q2

2×9.8

⇒q=44.272

From equation(iv):72.36=
2p×44∙272

9∙8

⇒p=8.0088

Speedofprojection:

u= 8.00882+44.2722=44.9m s-1

Angleofprojection:

From tanθ=
q

p
⇒tanθ=

44∙272

8∙0088
⇒θ=79.7°

Example10

(a)A particleisprojectedfrom apointO with

initialvelocity3i+4j.Findinvector form

thepositionvectoroftheparticleatanytime

t.

(b)AparticlePisprojectedfrom apointAwith

aninitialvelocityof60m s-1 atanangleof

30°tothehorizontal.Atthesameinstanta

particleQ isprojectedinoppositedirection

withaninitialspeedof50m s-1from apoint

atthesamelevelwithAand100m from A.

Giventhattheparticlescollide,findthe:

(i) angleofprojectionofQ.

(ii) timewhenthecollisionoccurs.

Solution

(a) u=(3i+4j)m s-1

x=u
x
t

x=3t

y=uyt-
1

2
gt2
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=4t-
1

2
×9∙8t2

=4t–4∙9t2

r(t)=xi+yj

r(t)=3ti+(4t–4∙9t2)j

(b) u
P

=60m s-1,θ=30°andu
Q

=50m s-1

60m s-1

y

30°
(100–x)

50m s-1

α
A x

ForP:

x=(60cos30)t

x=(30 3)t……………………….(i)

y=(60sin30)t-
1

2
gt2

y=30t-
1

2
gt2……………………(ii)

ForQ:

(100–x)=(50cosα)t……………….(iii)

y=(50sinα)t-
1

2
gt2……………(iv)

(i) From equation(ii)andequation(iv):

(50sinα)t-
1

2
gt2=30t-

1

2
gt2

50sinα=30⇒sinα=
3

5

5

3

4

α

α=36.9°

(ii) From equation(i)andequation(iii):

100-30 3t=(50cos α)t

100=(30 3+50×
4

5)t

t=1∙0874s

Example11
(a)Aparticleisprojectedatanangleof

elevation30°withaspeedof21m s-1.Ifthe

pointofprojectionis5m abovethe

horizontalgroundfindthehorizontal

distancethattheparticletravelsbefore

strikingtheground.

(b)Aboythrowsaballataninitialspeedof

40m s-1atanangleofelevationα.Show

thatthetimesofflightcorrespondingtoa

horizontalrangeof80m arepositiverootsof

theequationT4–64T2+256=0.(Takeg=10

m s-2)

Solution

21m s-1

30°

5m

x

(a)

From y=uyt-
1

2
gt2

-5=(21sin30)t-
1

2
×10t2

-5=
21

2
t–5t2⇒t2-

21

10
t–1=0

(t-
21

20)
2

-(21

20)
2

-1=0⇒t=
21

20
±

29

20

Either=
21

20
-

29

20
=-

2

5
ort=

21

20
+

29

20
=

5

2

Hencet=
5

2
s

x=u
x
t

x=(21cos30)×
5

2
=45∙466m

(b) u=40m s-1,g=10m s-2,R=80m
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T=
2usinα

g

T=
2×40sinα

10
⇒sinα=

T

8

8

64-T2

α

T

R=
u2sin2α

g

80=
402×2sinαcosα

10
⇒

1

4
=sinαcosα

1

4
=

T

8
×

64-T2

8

162=(T 64-T2)2
⇒256=T2(64-T2)

T4–64T2+256=0

Example12
Aboythrowsastoneataverticalwalladistance
daway.GiventhatRisthemaximum rangeon
thehorizontalthroughthepointofprojectionthat
canbeattainedbythespeedofprojection,show
that:
(a)theheightabovethepointofprojectionof

highestpointonthatwallthathecanhit

is(R2-d2

2R ).

(b)in this case the angle of projection is

tan-1(R

d).

Solution

u

θ

d

h

R=
u2

g
⇒u= Rg

From x=u
x
t

d=(ucosθ)t………………………..(i)

From y=uyt-
1

2
gt2

y=(usinθ)t-
1

2
gt2…………………(ii)

From equation(i)t=
d

ucosθ

Substitutinginequation(ii)

y=usinθ×
d

ucosθ
-

1

2
g( d

ucosθ)
2

y=dtanθ-
gd2(1+tan2θ)

2u2

Butu= Rg,y=h

∴h=dtanθ-
d2(1+tan2θ)

2R

Forh
max

;
dh

dθ
=0

dh

dθ
=dsec2θ-

d2

2R
(2sec2θtanθ)

∴dsec2θ(1-
d

R
tanθ)=0

1-
d

R
tanθ=0⇒tanθ=

R

d

(b) θ=tan-1(R

d)
(a) h

max
=d×

R

d
-

d2

2R(1+
R2

d2)
h

max
=R-

d2+R2

2R

h
max

=(R2-d2

2R )
Example13
Astoneisthrownfrom aheightof1∙5m abovea
levelgroundwithaspeedof10m s-1 andhitsa
bottlestandingonawall4m highand5m away.
(i) Show thatifαistheangleofprojectionof

thestonethentan2α-4tanα+3=0.

(ii)The horizontalcomponentofthe stones

velocityhasto beatleast6m s-1 forthe

bottle to be knocked off.By solving the
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aboveequation,orotherwise,show thatα

hastobe45°forthebottletobeknockedoff.

(iii)Ifαis45°,findthedirectioninwhichthe

stoneismovingwhenithitsthebottle.

(iv)Ifthebottlehasavelocityof3m s-1 after

beingstruckfindwhereithitstheground.

(Useg=10m s-2)

Solution

10m s-1

α

1.5m 1.5m

2.5m

5m

(i) Aftertimet:

x=(10cosα)t……………………..(i)

y=(10sinα)t-
1

2
gt2………………(ii)

From equation(i):t=
x

10cosα

Substitutinginequation(ii)

y=10sinα×
x

10cosα
-

1

2
g( x

10cosα)
2

y=xtanα-
gx2(1+tan2α)

200

Whenx=5m,y=2.5m

2.5=5tanα-
10×52(1+tan2α)

200

2.5=5tanα-
5

4
(1+tan2α)

5tan2α–20tanα+15=0

tan2α–4tanα+ 3=0

(ii)tan2α–4tanα+ 3=0
(tanα-2)2-4+3=0

tanα=2±1

Eithertanα=2⇒α=63∙4°ortanα=1

⇒α=45°

Whenα=63∙4°;

v
x

=u
x

=10cos63∙4=4∙472m s-1

Whenα=45°;

v
x

=u
x

=10cos45=5 2m s-1

=7.071m s-1

Hence forthe bottle to be knocked off

α=45°sinceinthiscaseu
x

≥6m s-1

(iii) v
x

=u
x

=5 2m s-1

From x=u
x
t

Whenx=5m

5=(10cos45)t⇒t= 2
2

s

vy=uy–gt

vy=10sin45–10t

⇒vy=5 2-10× 2
2

=0

Henceitwillbemovinghorizontally

3m s-1

4m

d

Wall

(iv)

From y=
1

2
gt2

4=
1

2
×10t2⇒t=0∙8944s

From x=ut

d=3×0∙8944=2∙68m

Exercises

Exercise:11A
1.Astoneisthrownhorizontallywithspeedu

from theedgeofaverticalcliffofheighth.
Thestonehitsthegroundatapointwhichis
adistancedhorizontallyfrom thebaseofthe
cliff.Showthat2hu2=gd2.

2.(a)Aparticleisprojectedwithspeeduatan
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angleofelevationθfrom Oon
levelground.Showthattheequationofits
trajectoryis

y=xtanθ-
gx2(1+tan2θ)

2u2 .

(b)A particle is projected with speed
10 gm s-1from apointOontheground
atan elevation θ.Iftheparticlemust
clearaverticaltowerofheight40m and
atahorizontaldistance40m from O,
provethat2≤tanθ≤3.

3.A particle is projected with a speed of
28m s-1atanangleθtothehorizontalwhere

tanθ=
4

3
.Findthe:

(i) speedanddirectionofmotionafter2s.

(ii) horizontal and vertical distance
travelledinthistime.

4.A particleisprojectedfrom alevelground
towardsaverticalpole4m highand30m
away from the pointofprojection.Itjust
clearsthepoleinonesecond,find:
(a)itsinitialspeedandangleofprojection.

(b)thedistancebeyondthepolewherethe

particlewillfall.

5.Aparticleisprojectedfrom apointO,24∙5m
aboveahorizontalplane.After5secondsit
hitstheplaneatapointwhosehorizontal
distancefrom Ois100m.Findthehorizontal
andverticalcomponentsoftheinitialvelocity
of the particle and the greatest height
reachedabovetheplane.

6.Ifthehorizontalrangeofaparticleprojected
withvelocityuisR,show thatthemaximum
heightH attained isgiven bytheequation
16gH2–8u2H+gR2=0.

7.(a)A stone thrown atan angle θ to the
horizontaltakesTseconds initsflight
andmovesRmetresonthehorizontalrange,
showthat2Rtanθ=gT2.
(b)Ifthestonein(a)aboveisnow thrown

from apointO withaninitialspeedof
30m s-1soastopassthroughapoint40
m from Ohorizontallyand10m aboveO.
Showthattherearetwopossibleangles
ofprojectionforwhichthisispossible.If
theseanglesareθ

1
andθ

2
,show that

tan(θ
1
+θ

2
)+4=0.

(Takeg=10m s-2).

8.A particle P,projected from a pointA on
horizontalground,movesfreelyundergravity
andhitsthegroundagainatB.TakingAas
theorigin,ABasthex-axisandtheupward
verticalatA asthey-axis,theequationof

path ofP is y=x-
x2

40
,where xand yare

measuredinmetres.Calculatethe:
(i) distanceAB.

(ii)greatestheightaboveABattainedbyP.

(iii)magnitudeanddirectionofthevelocity

ofPatA.

(iv)timetakenbyPtoreachBfrom A.

9.Aballisprojectedfrom apointAandfallsat
apointBwhichisinlevelwithA andata
distanceof160m from A.Thegreatestheight
attainedbytheballis40m.Find the:
(a)angleandspeedatwhichtheballis

projected.

(b)timetakenfortheballtoattainits

greatestheight. [Useg=10m s-2]

10. A particleisprojectedfrom apointO on
horizontalground with an initialvelocity
whosehorizontalandverticalcomponents
are3uand5um s-1 respectively.Findthe
equationofthetrajectoryoftheparticle.
Giventhatitjustclearsanobstacle5m
highand9m from O,findthevalueofuand
thedistancefrom O ofthepointatwhich
theparticlestrikestheground.

11. Aballisprojectedfrom ahorizontalground
andhasaninitialvelocityof20m s-1 atan

angleofelevationtan-1(7

24).Whentheball

istravellinghorizontally,itstrikesavertical
wall.How highabovethegrounddoesthe
impactoccur?

12. Astoneisthrownfrom thetopofavertical
cliff,100 m above sea level.The initial
velocityofthestoneis13m s-1atanangle

ofelevation oftan-1(5

12).Find the time

takenforthestonetoreachtheseaandits
horizontaldistancefrom thecliffatthat
time.(Takeg=10m s-2)
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Exercise:11B

1.Aparticleprojectedfrom pointAwithspeedu
atan angle α to the horizontalhits the
horizontalplanethroughAatB.Show thatif
theparticleistobeprojectedfrom Awiththe
sameangleofelevationtothehorizontalso
astohitatargetataheighthaboveB,the
speedofprojectionmustbe

u2sinα

(u2sin2α-
1

2
gh)

1

2

2.A particlethatisprojectedfrom apointon
levelgroundandattainsamaximum heightH,
justclearstwoverticalwallseachofheighth.
Provethatthetimetakenbytheparticletofly

betweenthewallsis
8(H-h)

g
.

3.Aparticleisprojectedupwardswithaspeed
of20m s-1 atan angleθ tothehorizontal
from a pointh metres above a horizontal
plane.Theparticletakestsecondstohitthe
plane.
(i) Show thattis a positive rootofthe

equation5t2–20tsinθ–h=0.
(ii)Given that the particle is moving

horizontallyafter1secondandthetotal
timeofflightis3seconds,calculatethe
valueofθandshowthath=15m.

(iii) Determinethehorizontaldistance
travelled and thegreatestheight
attainedbytheparticleabovethe
horizontalplane.

(iv) Show thattheangleatwhichthe
particle strikes the plane is

tan-1(2

3).(Takeg=10m s-2)

4. (a)A particleisprojected with aspeed of

2 70m s
-1

atan angleofelevation θ.The
particlejustclearsawall5m highand20m
awayfrom thepointof projection.Findthe
possiblevaluesofθ.
(b)Aparticleisprojectedfrom thetopofa

cliffH metresabovethegroundatan
angle α above the horizontal.Ifthe
particlehitsthehorizontalplanethrough
thebottom ofthecliff,atadistanceD
from thebaseofthecliff.Showthatthe
maximum heightattainedbytheparticle
abovethegroundisgivenby

4H(H+Dtanα)+D2tan2α

4(H+Dtanα)

5.A particle is projected with a speed of

2 ghm s
-1

atanangleαtothehorizontal.Ifit
clearsaverticalpoleofheighthwhichisata
horizontaldistance 2h from the pointof
projectionprovethat1<tanα<3.

6.A particleisprojectedfrom apointO ona
levelgroundatanelevationα,andwhilestill
risingitpassesthroughapointPwithspeed
vinadirectionβtothehorizontal.Provethat

thetimeittakestoreachpointPis
vsin(α-β)

gcosα
.

7.(a)A particle is fired with a velocity of
35m s-1 from theedgeofaverticalcliffof
height20m andhitstheseaatadistance50
m from thefootofthe cliff.Show thatthe
two possible angles of projection are
perpendicularand findtheangles.

(b)Two points P and Q on a horizontal
groundare30m apart.A ballisthrown
from Pwithavelocityof20m s-1at30°to
PQ.Asecondballisthrownfrom Qat60°
toQPatthesametime.Findthespeedof
projectionofthesecondballiftheycollide.
Alsofindthetimetakenforthecollisionto
occur.

8.A boy ofheight1∙5 m throws a ballat
20m s-1from thelevelofhisheadtolandata
pointwhichis25m from hisfeet,onalevel
ground.Findthe:
(i) twopossibleanglesofprojection.
(ii)velocityoftheballasitpassesthrougha

point1m abovethegroundifheused
thesmallerangleofprojection.

9.Two particles P and Q are projected
simultaneouslyfrom apointOwiththesame
speedbutatdifferentanglesofelevationand
theybothpassthroughapointCwhichisata
horizontaldistance2hfrom Oandataheight
h above the levelofO.The particle P is
projected at an angle tan-12 above the
horizontal.Showthat:

(i) thespeedofprojectionis
10gh

3
.

(ii)Qisprojectedatanangletan-1(4

3)tothe

horizontal.

(iii)thetimeintervalbetweenthetimesof
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arrival of the two particles at C is

(3-5)(2h

3g).

10. Two particlesareprojected atthesame
instantfrom pointsA andB atthesame
level,the firstfrom A towards B with a
velocityuat45°aboveABtowardsBanda
secondfrom BtowardsAat60°aboveBA
withspeedv.Iftheparticlescollidewhen
eachreachesitsmaximum heightfindthe
ratiov2∶u2andgiventhatAB=a,provethat

u2=ga(3-3).

11. Two particles A and B are projected
simultaneously,Afrom thetopofavertical
cliffand B from the base.Particle A is
projectedhorizontallywithspeed3um s-1

andBisprojectedatanangleθabovethe
horizontalwithspeed5um s-1.Theheight
ofthecliffis56m andtheparticlescollide
after 2 seconds.Find the verticaland
horizontaldistances from the point of
collisiontothebaseofthecliffandthe
valuesofuandθ.

Exercise:11C

1.Initiallyaparticleisatan origin O and is
projectedwithavelocityofaim s-1.Aftert
seconds,the particle is ata pointwith
positionvector(30i–10j)m.Findthevalues
oftanda.

2.A stoneisthrownwithaninitialvelocityof
(24i+10j)m s-1from theedgeofaverticalcliff.
Thestonehitstheseaatapointlevelwiththe
baseofthecliffandatadistanceof72m
from it.Findthe:
(i) timeforwhichthestoneisinair.

(ii) heightofthecliff.

(iii) maximum heightreachedbythestone.

(iv) velocitywithwhichthestonehitsthe

sea.

3.(a)Aparticleisprojectedfrom thetopofa
cliff87∙5m high.Ittakes5stohit the
ground.Ifitcoversahorizontaldistanceof
120m,calculatethespeedanddirectionof
projection.

(b)Aparticleisprojectedverticallyupwards
from groundlevelwithaspeedofum s-1

andclearsthetopofapoleHmetreshigh

intsandreturnstothetopofthepole

after
1

2
ts.Showthat:

(i) 12u2=25gH.

(ii) thespeedatthetopofthepoleis

1

5
u.

4.Aparticleisprojectedfrom theoriginandhas
aninitialvelocityof(7i+5j)m s-1.Giventhat
the particle passes through the pointP,
positionvector(xi–30j)m,findthetimetaken
forthistooccurandthevalueofx.(Take
g=10m s-2)

5.Aparticleprojectedfrom originOwithinitial
velocityui+vjpassesthroughpointsAandB
with position vectors 20(i+j) and 25i
respectively.Findthevaluesofuandv.Show
thataparticleprojectedfrom Owithvelocity
vi+ujalsopassesthroughB. (Useg=10
m s-2)

6.(a)Initially a particle is projected with a

velocity(20
0)m s-1 from apointwithposition

vector (10
90)m.Find the distance ofthe

particlefrom theoriginafter4seconds.
(b)Afootballerkicksaballwithavelocityof

52m s-1 atan angle tan-1(5

12) to the

horizontal.Determinethe:
(i) timeforwhichtheballisatleast

12m abovethegroundlevel.
(ii) maximum heightandtimetakento

reachit.

7.Two particles A and B are projected
simultaneouslyundergravity,A from O on
horizontalgroundandBfrom apoint40m
verticallyaboveO.Bisprojectedhorizontally
withspeed28m s-1.Iftheparticleshitthe
ground simultaneously atthe same time;
determinethe:

(a)timetakenforBtoreachthegroundand
horizontaldistancetravelled.

(b)magnitudeand direction ofthevelocity
withwhichAisprojected.Show thatjust
beforehittingtheground,thedirectionof
the motion of A and B differ by
approximately18∙4°.
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8.A particleisprojectedfrom apointA with

speedum s-1atanangleθ,wherecosθ=
4

5
.

ThepointB,onhorizontalground,isvertically
below AandAB=45m.Afterprojection,the
particlemovesfreelyundergravitypassing
throughpointC,30m abovethegroundand
landsatpointD,asshowninthediagram
below.

θ

um s-1

30m

45m

A

B

C

D

GiventhattheparticlepassesthroughCwith
speed24⋅5m s-1,findthe:

(a) valueofspeedu.

(b) directionoftheparticleatC.

(c) distanceBD.

9.Theaim ofagameistothrowaballBfrom a
pointAtohitatargetTwhichisplacedatthe
topofaverticalpoleasshowninthediagram
below.

30°
A

10m

C

T

2m

11m s
-1

1m

ThepointAis1m abovethehorizontalground
andtheheightofpoleis2m.Iftheballhits
thepoleatC,wherethepoleisatahorizontal
distance of10 m from A and the ballis
projectedfrom Awithaspeedof11m s-1atan

angleof30°.
(a) (i) CalculatethetimetakenbyB to

movefrom AtoC.
(ii) FindthedistanceCT.

(b)Theballisthrownagainfrom Awiththe
speedofprojectionofB increasingto
vm s-1 and the angle of elevation
remaining 30°.Given thatB hits T,
calculatethevalueofv.

10.Aparticleisfiredwithspeeduatanangleθ
to the horizontalata heighth,above the
horizontalground.IttakesatimeT,toreach
thehorizontalground.Provethat

T=
usinθ

g {1±(1+
2gh

u2sin2θ)
1

2}

Answerstoexercises
Exercise:11A

1. 2.(a)(b)3.(i) 17∙032m s-1 ;9∙5°above

horizontal(ii)33∙6m ;25∙2m

4. (a)31∙292m s-1 ; 16∙5°tothehorizontal

(b) 24∙42m

5. 20m s-1;19∙6m s-1;44∙1m

8. (i) 40m (ii) 10m (iii) 20m s-1at45°

tohorizontal (iv) 2 2s

9. (a) 45°;40m s-1 (b) 2 2seconds

10.y=
5

3
x-

49x2

90u2 ;2∙1m s-1 ;13∙5m 11.

1∙6m 12. 5s;60m

Exercise:11B

1.2.3.(i)(ii) 30° (iii)30 3m;20m (iv)

4.(a) 40.6° ; 63∙4° 7.(a) 10.9°below

horizontal; 79.1° above horizontal (b)

11∙547m s-1;1.299s 8.(i)15.0°;71⋅5°

(ii) 20.24m s-1 at 17∙4° below

horizontal 9. (i) (ii) (iii)

10.2∶3 11. 36.4m ;42m ;7m s-1;53.1°
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Exercise:11C

1.
10

7
;21 2. (i) 3s (ii) 14∙1m (iii)

19∙2 m (above the sea level) ; (iv)

(24i-19∙4j)m s-1

3. (a) 25m s-1 ;16∙3°abovehorizontal (b)

(i) (ii)

4. 3s;21m 5.5;25

6. (a) 90∙744m (b) (i) 2∙62s (ii)

20∙4m ;2∙04s

7. (a)
20

7
s ;80m (b) 14 5m s-1 at

26∙6°tothehorizontal

8. (a) 17∙5m s-1 (b) 55∙2°below

horizontal (c) 60m

9. (a) (i) 1∙05s (ii) 0∙626m (b)

11∙699m s-1 10.
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12.IMPULSEANDMOMENTUM

12.1 Theimpulseofaforce
WhenaconstantforceFactsforatimet,then
theimpulseoftheforceisdefinedasthevector
quantityFt.Unitsofimpulseare(Ns).

WhenavariableforceFactsfrom timet
1

totime

t
2

thentheimpulseoftheforceisdefinedas∫
t

2

t
1

Fdt.

Example1

A particlemovingundertheactionofaforce
F=i–3t2j+2tkattimet,findtheimpulsegivento
theparticleintheinterval1≤t≤4.
Solution

Impulse=∫
t

2

t
1

Fdt

=∫4

1
(i-3t2j+2tk)dt

=[ti-t3j+t2k]4

1

=(4i–64j+16k)–(i–j+k)

=3i–63j+15k

Supposethatattimet,aparticleofmassm is
movingwithvelocityv,undertheactionofaforce
F,letI,betheimpulsegiventotheparticlebyFin
thetimeintervalt

1
≤t≤t

2
.WhetherFisvariable

orconstant,I=∫
t

2

t
1

Fdt.

From Newton’ssecondlaw;F=
d(mv)

dt
wheremv

isthemomentum oftheparticle.

I=∫
t

2

t
1

d(mv)

dt
×dt

I=[mv]
t

2

t
1

I=(mv)
att

2

-(mv)
att

1

HenceImpulse=changeinmomentum

Example2

A stoneofmass2kgisfallingataspeedof
18m s-1 whenithitstheground.Ifthestoneis
broughttorestbytheimpact,findtheimpulse
exertedbytheground.
Solution

Impulse,I=Changeinmomentum

I=2×18=36Ns

Example3

Aballofmassm kgismovingwithavelocityof
(5i–3j)m s-1 when itreceives an impulse of
(-2i–4j)N s.Immediatelyafterthe impulse is
applied,theball’snewvelocityis
(3i+λj)m s-1.Findthevaluesofλandm.
Solution

Impulse=Changeinmomentum

-2i–4j=m[(3i+λj)–(5i–3j)]

-2i–4j=m[-2i+(λ+3)j]

i:-2m =-2⇒m =1

j:-4=m(λ+3)

-4=1(λ+3)⇒λ=-7

Example4

Twoequalparticleseachofmassm,areplaced
closetogetherandareattachedtotheendsofan
inextensible string oflength a and are on a
horizontalplane.Ifone particle is projected

verticallyupwardswith a velocity 2gh where
h>a,
(a)show thatthe otherparticle willrise a

distance
1

4
(h-a)beforecomingtorest,

(b)determinethelossinkineticenergywhenthe
stringbecomestautifa=20m,h=54m
andm =4∙8kg.

Solution

m

m

B

T

A

a

(a)

From v2=u2+2as

v2=(2gh)2
–2ga
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v= 2g(h-a)

Letv
1

bethevelocityofthesystem duetojerking

ofthestringasaresultofimpulsivetensionin
thestring.
Impulse,I=Changeinmomentum

ForB: I=m 2g(h-a)-mv
1
………….(i)

ForA: I=mv
1

……………………….……(ii)

From Eqn(i)andEqn(ii)

mv
1

=m 2g(h-a)-mv
1

v
1

=
1

2
2g(h-a)

From v2=u2-2gs

WhenAreachesgreatestheight,v
A

=0

0=
1

4
×2g(h–a)–2gs

s=
1

4
(h–a)

(b) Lossinkineticenergyduetojerking

=
1

2
m(2g(h-a))2

–[2×
1

2
m×(1

2
2g(h-a))

2

]
=mg(h–a)-

1

2
mg(h–a)

=
1

2
mg(h–a)

=
1

2
×4∙8×9∙8(54–20)

=799∙68J

12.2 Momentum
Momentum ofabodyisaproductofitsmass
andvelocity.Ifabodyofmassm kgmoveswith
avelocityvthenitsmomentum ismv.

12.2.1Conservationofmomentum
Considerabodyofmassm

1
movingwithvelocity

u
1

collidingwithabodyofmassm
2

movingwith

velocityu
2
.Ifaftercollisiontheirvelocitiesarev

1

andv
2

respectively.

F
1

F
2

v
1

u
1

v
2

u
2

m
1 m

2

m
1

m
2

Ifthecollisionlaststseconds,from Newton’s2nd

law;

F
1

=
m

1
(v

1
-u

1
)

t

F
2

=
m

2
(v

2
-u

2
)

t

Wheretisthetimetakenduringcollision.

From Newton’sthirdlaw;F
2

=-F
1

m
2
(v

2
-u

2)

t
=

-m
1
(v

1
-u

1
)

t

m
2
v

2
–m

2
u

2
=-m

1
v

1
+m

1
u

1

m
1
u

1
+m

2
u

2
=m

1
v

1
+m

2
v

2

Momentum before impact= Momentum after

impact.

Note:

 Inanycollision,momentum isconserved.

 In an elasticcollision both momentum

andkineticenergyareconserved.

 Momentum isavectorquantity.

Example5
A particle ofmass 2 kg moving with speed
10m s-1 collides with a stationary particle of
mass7kg.Immediatelyafterimpacttheparticles
move with the same speed butin opposite
directions.Findthelossinkineticenergyduring
collision.
Solution

2kg 7kg10m s
-1 vm s

-1
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Byconservationofmomentum:

2×10=-2×v+7×v

v=4m s-1

Kineticenergybeforecollision=
1

2
×2×102=100J

Kineticenergyaftercollision

=
1

2
×2×42+

1

2
×7×42=72J

Lossinkineticenergy=100–72=28J

Example6

Aballofmass0∙2kgstrikesawallwhenmoving
horizontally at12m s-1.Ifthe ballrebounds
horizontallyat8m s-1,findtheimpulseexertedby
thewall.
Solution
Impulseexertedbywall=Lossinmomentum

I=m(u–v)

=0∙2(12–-8)

=4Ns

Example7

Abulletofmass0∙03kgisfiredintoablockof
wood ata speed of400m s-1.Ifthebulletis
broughtto restin 0∙02 s,find the average
resistanceexertedbythewood.
Solution

LetFbetheaverageresistanceexertedbythe

wood.

Ft=m(u–v)

F×0∙02=0∙03(400–0)

F=600N

Example8
Aparticleofmass0∙5kgismovingwithvelocity
u=6i–7jwhenitisgivenanimpulseI=3i+11j.
Findthenewvelocityoftheparticle.
Solution
Impulse=Changeinmomentum

m(v–u)=I

0∙5[v–(6i–7j)]=3i+11j

v=(6i–7j)+(6i+22j)

v=(12i+15j)m s-1

Example9

Astoneofmass5kgisdroppedfrom aheightof
10m aboveahorizontalground.Findtheimpulse
exertedbythegroundonthestoneifit:
(i) comestorestwithoutrebounding.

(ii)raisestoamaximum heightof0∙1m after

impact.

Solution

(i) From v2= 2gh

v= 2×9∙8×10

=14m s-1

I=m(u–v)

=5(14–0)

=70Ns

(ii) v
1
=14m s-1,v

2
=?

From v2=u2–2gh

O=v2

2
–2×9∙8×0∙1

v
2
=1∙4m s-1

I=m(v
1
–v

2
)

=5(14--1∙4)

=77Ns

Example10
Apile-driverofmass1500kgfallsfrom aheight
of1∙6m andstrikesapileofmass500kg.After
theblowthepileanddrivermoveontogether.If
thepileisdrivenadistanceof0∙3m intothe
ground,findthespeedatwhichthepilestartsto
moveintothegroundandtheaverageresistance
ofthegroundtopenetration.
Solution

1∙6m

From v2=u2+2gh,u=0

v= 2×9∙8×1∙6=5∙6m s-1

Letv
1

betheInitialspeedofpileintoground,by

conservationofmomentum:
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1500×5∙6=(1500+500)v
1

v
1

=4∙2m s-1

From v2=u2+2as

0=4∙22+2×a×0∙3

a=-29∙4m s-2

2000g–R=2000×-29∙4

R=2000(29∙4+9∙8)

R=78400N

Example11

Particles P and Q ofmasses1 kg and 2 kg
respectivelyareconnectedbyalightinextensible
stringwhichpassesoverasmoothlightpulley.
Thesystem isreleasedfrom restwiththestring
tautandthehangingpartsvertical.After4∙5s,P
picksupastationaryparticleofmass3kg.Find
the velocity ofthe system immediately after
impactandthefurthertimewhichelapsesbefore
thesystem firstcomestoinstantaneousrest.
Solution

T T

a P Q a

gN 2gN

1kg 2
kg

For1kgmass:

T–g=1×a

T–g=a………………………………(i)

For2kgmass:

2g–T=2a………….……………(ii)

Addingequation(i)andequation(ii):

g=3a⇒a=
1

3
g

From v=u+at,u=0

v=
1

3
×9∙8×4∙5⇒v=14∙7m s-1

WhenPpicksamassof3kg:

T' T'
a'

um s-1 um s-1 a'

4g
N

2gN

Letubetheimmediatevelocityafterimpact;

Byconservationofmomentum duringimpact:

(1×14∙7+2×14∙7)=4×u+2×u

u=7∙35m s-1

Forcombinedmass:

T'–4g=4a'………………………(iii)

For2kgmass:

2g–T'=2a'…………………………(iv)

Addingequation(iii)andequation(iv)

-2g=6a'

a'=-
1

3
gm s-2

From v=u+at

v=7∙35-
1

3
gt,butv=0

t=
7∙35×3

9∙8

t=2∙25s

Exercises

Exercise:12A
1.A particleofmass3 kg ismoving with a

speedof6m s-1 whenitreceivesanimpulse
ofmagnitude24N s.Findthespeedofthe
particleimmediatelyaftertheimpulseandthe
changeinkineticenergyoftheparticleifthe
directionofimpulseandoriginaldirectionof
motionare:
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(a) thesame.

(b) oppose.

(c) perpendicular.

2.Acarofmass12tonnesismovingalonga
straightleveltrackat14m s-1 collideswith
anothercarofmass8tonnesmovinginthe
samedirectionat4m s-1.Aftercollision,the
vehicles move on together. Find their
commonspeed.

3.Apile-driverofmass1200kgfallsfreelyfrom
a height of 3∙6 m and strikes without
reboundingapileofmass800kg.Theblow
drivesthepileadistanceof0∙36m intothe
ground.Findtheaverageresistanceofthe
groundandthetimeforwhichthepileisin
motion.

4.AparticleAofmass5kgisconnectedtoa
particleBofmass2kgbymeansofalight
inextensible string which passes over a
smoothfixedpulley.Thesystem isreleased
from restwithbothpartsofthestringtaut
andvertical.After3∙5sparticleA hitsthe
ground withoutrebounding.Assuming that
particleB doesnothitthepulley,find the
furthertimewhichelapsesbeforethestringis
again taut.Find the speed with which A
leavestheground.

5.Aparticleofmassm
1

movingwithvelocityu
1

collideshead-onwithaparticleofmassm
2

movingwithvelocityu
2
.Iftheparticlesform a

compositeparticleoncollision,findthespeed
ofthisparticle.Show thatthecollisionleads
to a loss in kinetic energy equal to

1

2(m
1
m

2

m
1
+m

2
)(u

1
+u

2)2.

6.A bulletofmass200gisfiredintoafixed
blockofwoodwithavelocityof300m s-1and
isbroughttorestin2s.Findtheresistance
exerted by the wood and the distance it
penetrates.

7.TwoparticlesAandBofmasses2m and3m
respectivelyareattached to theendsofa
lightinextensiblestringoflengthcandare
placedclosetogetheronahorizontaltable.
TheparticleAisprojectedverticallyupwards

withspeed (6gc).
(i) Show that,attheinstantimmediately

afterthestring tightensB ismoving

withvelocity
4

5
(gc).

(ii)Statetheimpulseofthetensioninthe
string.

(iii)FindtheheighttowhichArisesabove
the table before it comes to
instantaneousrest.

(iv)Calculatethelossinkineticenergydue
totighteningofthestring.

8.Twoparticlesofmasses4kgand3kgare
lyingonasmoothhorizontaltableandare
connectedbyaslackstring.Thefirstparticle
isprojectedalongthetablewithavelocityof
21m s-1 inadirectionawayfrom thesecond
particle.Find the velocity ofeach particle
afterthestringhasbecometautandalsofind
thedifferencebetweenthekineticenergiesof
thesystem whenthestringisslackandwhen
itistaut.Ifthesecondparticleisattachedto
athirdparticleofunknownmassbyanother
slackstring,andifthevelocityofthesystem
afterbothstringshavebecometautis8m s-1,
findthemagnitudeoftheunknownmass.

9.Aparticleofmass2kg,initiallymovingwith
constant velocity (3i+11j)m s-1, has a
constantforce(5i+2j)Nappliedtoitfor3s.
Findthemagnitudeoftheimpulse and
speedoftheparticleafter3seconds.

10.A bulletofmass50gfiredhorizontallyat
500m s-1 passesthroughawoodenblockof
thickness0∙05m.Thebulletleavestheblock
at 50m s-1. If the block offers uniform
resistance,calculatethe:
(a)timetakenbythebullettopassthrough

theblock.

(b)resistanceoftheblock.

(c) lossinkineticenergyofthebullet.

Exercise:12B

1.AparticlePofmass4kgisconnectedtoa
particleQofmass3kgbymeansofalight
inextensible string which passes over a
smoothfixedpulley.Thesystem isreleased
from restwithbothstringstautandvertical.
After3∙5secondsparticlePhitstheground
withoutrebounding.IfparticleQdoesnothit
thepulleyfindthe:
(a)furthertimewhich elapsesbefore the

stringisagaintaut.
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(b)speedwithwhichPleavestheground.

2.AforceF=(4+t2)i+2tjactsonaparticleof
mass0∙5kgfrom timet=0tot=2s.Find
the:
(a)powerdevelopedwhent=1second.

(b)impulseoftheforceduringtheinterval

t=0tot=2s.

3.PandQaretwoparticlesofmass4kgand8
kgrespectivelylyingincontactonasmooth
horizontaltable,andconnectedbyastring3
m long.Qis7m from thesmoothedgeofthe
table and is connected by a tautstring
passingovertheedgetoaparticleRofmass
4kghangingfreely.Ifthesystem isreleased
from rest,findthe:
(a)speedwithwhichPbeginstomove.

(b)newaccelerationofthesystem afterPis

inmotion.

(c)tensionsin thestringswhen theyare

bothtaut.

4.Aparticleofmass0∙4kgismovingsothat
itspositionvectorrmetresattimetisgiven
byr=(t2+4t)i+(3t-t3)j.
(a)Calculatethespeedoftheparticlewhen

t=3.

(b)When t=3,the particle is given an

impulse (8i–12j)N s.Determine the

velocityoftheparticleimmediatelyafter

impulse.

5.A hammerofmass6kg moving vertically
downwardswithaspeedof36km h-1 strikes
thetopofastationaryverticalpostofmass4
kg withoutrebounding.If the two move
togetherfor1secondbeforecomingtorest,
findtheaverageresistancetomotion.

6.Thenetforceactingonaparticleofmass10
kgincreasesuniformlyfrom 56Nto84Nin
thefirst5secondsofitsmotion.Duringthe
next10secondsitremainsconstantat84N
anddecreasesuniformlyto0Ninthelast5
seconds.Find thevelocityacquired bythe
particleattheendofthe20secondsgivenit
wasinitiallyatrest.

7.A bulletofmass50g,movinghorizontally,
strikesastationarytargetat486m s-1 and
becomesembeddedinit.Thetargetisona
smoothhorizontalsurfaceandisofmass4
kg.Calculatethe:

(i) speedatwhichthetargetandembedded
bulletmove.

(ii)impulseimpartedtothetargetbythe
bullet.

(iii)kineticenergylostintheimpact.

8.A piledriverofmass6tonnesfallsfrom a
heightof4 metresonto a pileofmass2
tonnes.If the average resistance of the
ground is 2×103 kN,find the distance in
metersthepilepenetrates.

9.TwoparticlesP andQ,havingmasses3m
andm respectivelyareconnectedbyalight
inelasticstring and arefreeto moveon a
smoothhorizontaltable.Pisinitiallyatrest
and Q is projected with speed u in the
directionPQ.Thediagram below showsthe
system justbeforethestringistaut.Findthe
speedoftheparticleswhenthestringfirst
becomestaut,theimpulseandthelossin
kineticenergyduetotheimpact.

P Q

10.A brickofmass2kgfallsfreelyfrom rest
downawell.Afterfalling98m from rest,it
strikesthesurfaceofwater.Itthencontinues
todescendthroughthewateracceleratingat
1

3
gm s-2untilitreachesthebottom ofthewell,

37∙5m belowthesurfaceofthewater.Given
thattheimpulseofthewateronthebrick
wouldcompletelydestroythemomentum ofa
bodyofmass0∙5kgwhichhasfallen32m
from rest.Calculatethe:

(a)timethebricktakesfrom resttothe
bottom ofthewell.

(b)momentum of the brick when it
reachesthebottom ofthewell.

Answerstoexercises

Exercise:12A

1.(a) 14m s-1;240Jgain (b) 2m s-1;48J

loss (c) 10m s-1;96Jgain

2.10m s-1 3. 90160N ;
1

7
s 4. 3s;
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4∙2m s-15.(m
2
u

2
-m

1
u

1

m
1
+m

2
)6. 30N;300m

7. (i) (ii)
12

5
m gc (iii)

33

25
c (iv)

12

5
mgc 8. 12m s-1;378J;3∙5kg

9. 16∙155 N s ;17∙5m s-1 10. (a)

1∙82×10-4s(b)123750N (c) 6187∙5J

Exercise:12B

1. (a) 1s (b) 2⋅1m s
-1

2. (a)

47
1

3
W (b) (32

3
i+4j)Ns

3. (a) 3⋅32m s
-1

(b) 2⋅45m s
-2

(c) PQ:9⋅8N ;QR:29⋅4N
4. (a) 26m s

-1
(b) (30i-54j)m s

-1
5.

158N 6. 140m s
-1

7 (i) 6m s
-1

(ii) 24Ns (iii) 5832
J 8. 0⋅0918m

9.
1

4
u;

3

4
mu;

3

8
mu

2
10. (a) 5⋅4s

(b) 81⋅4kgm s-1
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13.WORK,ENERGYANDPOWER

13.1 Workdonebyaconstant
force
IfaconstantforceFmovesthroughadistances,
inthedirectionoftheforcethentheworkdone
W =F×s.

F F

s

Considertheforceactingatanangleθtothe
directionofs.

θ θ

s

F F

Workdone=(Fcosθ)×s

W =F×scosθ
W =F⦁s

Hence workdoneisadotproductofforceand
displacement.A force acting normalto the
directionofmotiondoesnowork.

Example1

Aforceofmagnitude20Nactinginthedirection
of3i–4j,movesaparticlefrom A(-1,5)toB(7,10).
Calculatetheworkdonebytheforce.
Solution

⃗
AB=(7i+10j)–(-i+5j)=8i+5j

F=|F|
̂
F=20×

1

5
(3i–4j)=12i–16j

W =F⦁
⃗
AB

=(12i–16j)⦁(8i+5j)

=12×8+-16×5=16J

13.1.1Workdoneagainstaforce
Ifaforceactsinadirectionoppositetothat
inwhichdisplacementiscovered,thenwork
isdoneagainstsuchaforce.

Workdoneagainstaforce=magnitudeof

force×distancemovedinoppositedirection.

13.1.2Workdoneagainstgravity
Whenabodyofmassm kgascendsavertical
distance h,the work done against gravity,
W =mgh.

13.1.3Workdoneagainstfriction
Ifanobjectmovesalongaroughsurfaceitdoes
workagainstfriction.
Workdoneagainstfriction=F×s.

F–magnitudeoffrictionforce.
s–distancemovedinoppositedirection.

13.2 Energy
Thisisthemeasureofabody’scapacitytodo

work.

13.2.1Kineticenergy(K.E)
Thisistheenergypossessedbyabodybyvirtue
ofitsmotion.ConsideraconstantforceFacting
onabodyofmassm,initiallyatrestonasmooth
horizontalsurfaceandaftermovingadistances
alongthesurfaceithasaspeedv.

Workdoneonbody=F×s

From v2=u2+2as,u=0

a=
v2

2s

F=ma=
mv2

2s

Workdoneonthebody=
mv2

2s
×s=

1

2
mv2

Thisisthekineticenergyofabodyofmassm

movingwithvelocityv.

13.2.2PotentialEnergy(P.E)
Thisistheenergypossessedbyabodybyvirtue
ofitsposition.Whenabodyofmassm kgis
raised through averticaldistanceh,thework
doneonthebodyismgh.Thisisstoredasthe
potentialenergyofthe body.Hence potential
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energy=mgh.

Principleofconservationofenergy:
Ifa body moves withoutdoing work against
friction and gravity is the only externalforce
affecting motion ofthe body,thesum ofthe
body’s kinetic energy and potentialenergy is
constant.Thisiscalledthemechanicalenergyof
thebody.

Mechanicalenergy=K.E+P.E

Example2

Aparticleofmass2kgisprojectedverticallywith
a speed of 10m s-1.Using the principle of
conservationofenergy,finditsspeedafterithas
moved a vertical distance of 4 metres
downwards.
Solution
LossinP.E=gaininK.E

mgh=
1

2
m(v2-u2)

v= u2+2gh

v= 102+2×9∙8×4=13∙36m s-1

Example3
Amassissuspendedfrom afixedpointObyan
elasticstringofnaturallengtha,andwhenthe
massishangingfreely,thelengthofthestringis
5

3
a.

(a)Show by the principle ofconservation of
energy,thatifthemassisallowedtofall
from restatO themaximum lengthofthe
stringinthesubsequentmotionis3a.

(b)Find the speed with which the mass is
movingwhenitisadistance2afrom O.

(c)Determine the acceleration of the mass
whenthestringisatitsmaximum length.

Solution

O

T

mg

5

3
a

(a)

Inequilibrium:T=mg

From Hooke’slaw

T=
λx

l
0

,x=
5

3
a-a=

2

3
a,l

0
=a.

T=

λ(2

3
a)

a
=

2

3
λ

∴
2

3
λ=mg⇒λ=

3

2
mg

O
u=0

v=0

a

x

mg

T

Byconservationofenergy:

Lossinpotentialenergy=ElasticP.Estored

mg(a+x)=
λx2

2a

mg(a+x)=
3

2
mg×

x2

2a

4a(x+a)=3x2

3x2-4ax=4a2⇒x2-
4

3
ax=

4

3
a

2

(x-
2

3
a)

2

=(2

3
a)

2

+
4

3
a2⇒x=

2

3
a±

4

3
a

Either x=
2

3
a-

4

3
a=-

2

3
a or

x=
2

3
a+

4

3
a=2a

∴x=2a

Hencel
max

=a+2a=3a

(b)Lossinpotentialenergyandkineticenergy=

Elasticpotentialenergystored

mg(2a–a)+
1

2
m(u2-v2)=

λa2

2a
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mga+
1

2
m(2ag-v2)=

3

2
mg×

a

2

v=
1

2
10ag

O
u=0

v=0

3a

mg

̈
x

T'

(c)

mg–T'=m
̈
x

mg-
λx

a
=m

̈
x

mg–
3

2
mg×

(3a-a)
a

=m
̈
x

̈
x=-2g=-2×9∙8=-19∙6m s-2

̈
x=19∙6m s-2upwards.

Example4

PointAisatthebottom ofaroughplanewhichis
inclinedatanangleθtothehorizontal.Abodyof
massm isprojectedfrom A,alongandupalong
alineofgreatestslope.Thecoefficientoffriction
betweenthebodyandtheplaneisμ.Thebody
comestorestatapointB,adistancexfrom A.
Showthatthe:
(a) workdoneagainstfrictionwhenthebody

movesfrom AtoBandbacktoAisgiven
by2μmgxcosθ.

(b) initial speed of the body is

2gx(sinθ+μcosθ).

(c) body returns to A with speed

2gx(sinθ-μcosθ).

(d) Arethereanycircumstancesunderwhich
thebodywillnotreturntoA?

Solution

u
A

R

D
A

mgsinθ

F

mgcosθ
mg

θ

x

B

v
B
=0m s-1

(a)Resolvingnormaltoplane

R=mgcosθ

From F=μR⇒F=μmgcosθ

Workdoneagainstfrictionismovingfrom

AtoBandbackis:

W =(μmgcosθ)×2x

W =2μmgxcosθ

(b)Letu
A

betheinitialspeedofthebody.

LossinKineticenergy=Workdoneagainst
frictionandgravityfrom AtoB.

1

2
m(u2

A
-0)=μmgcosθ×x+mgsinθ×x

u
A

= 2gx(sinθ+μcosθ)

(c)Letv
A

bethespeedwithwhichthebody

returnstoA.

LossinKineticenergyfrom AtoBand
backtoA=Totalworkdoneagainst
friction.

1

2
m(u2

A
-v2

A)=2μmgxcosθ

u2

A
–v2

A
=4μgxcosθ

v2

A
=2gx(sinθ+μcosθ)-4μgxcosθ

v
A

= 2gx(sinθ-μcosθ)

(d) AttheinstantwhenthebodyreachB,
v

B
=0
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B

R

mg

mgsinθ

mgcosθ

F

θ

Resolvingnormaltoplane:R=mgcosθ

ThebodyremainsatBifF
max

≥mgsinθ,

F
max

=μR

μmgcosθ≥mgsinθ⇒μ≥tanθ

HencethebodywillnotreturntoAifμ≥tanθ,
thebodyremainsatrestatB.

13.3 Work-Energytheorem
Itstatesthattheworkdonebytheresultantforce
actingonabodyisequaltothechangeinkinetic
energyofthebody.
Proof:

Considerabodyofmassm actedonbya
resultantforce F,initially moving with
velocityuandattainsafinalvelocityv
through a distance s.Work done by
resultantforce,W =F×s.
ButF=ma

W =m×as

From v2=u2+2as

a=
v2-u2

2s

W =ms×
v2-u2

2s

W =
1

2
mv2-

1

2
mu2=Changeinkineticenergy

Example5

Whent=0abodyofmass5kgisatrestata
pointA,positionvector(3i+7j+2k)m.Thebodyis
then subjected to a constant force
F=(10i+15j–5k)Ncausingittoaccelerateand2

secondslater,thebodypassesthroughthepoint
B.Find:
(a) The acceleration ofthe bodyin vector

form.

(b) The velocity ofthe body as itpasses

throughB.

(c) Thekineticenergyofthebodywhent=2

seconds.

(d)
⃗
AB

(e) ThepositionvectorofpointB.

(f) F⦁
⃗
AB,theworkdonebytheforceinthese

first2secondsandverifythatthisequals
thechangeinkineticenergyofthebodyin
travellingfrom AtoB.

Solution:

(a) m =5 kg, r(0)=(3i+7j+2k) m,

F=(10i+15j–5k)N

From F=ma

5a=10i+15j–5k

a=(2i+3j–k)m s-2

(b) v
B

=v
A

+at,v
A

=0

v
B

=(2i+3j–k)×2=(4i+6j–2k)m s-1

(c) Kineticenergy=
1

2
mv2=

1

2
mv⦁v

KineticenergyatB=
1

2
mv

B
⦁v

B

=
1

2
×5×(4i+6j–2k)⦁(4i+6j–2k)

=
5

2
(16+36+4)=140J

(d) From s=ut+
1

2
at2,u=0

⃗
AB=

1

2
×(2i+3j–k)×22

⇒
⃗
AB=(4i+6j–2k)m

(e) r
B

=r
A

+
⃗
AB

=(3i+7j+2k)+(4i+6j–2k)
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=(7i+13j)m

(f) F⦁
⃗
AB =(10i+15j–5k)⦁(4i+6j–2k)

=40+90+10=140J

=Changeinkineticenergyfrom AtoB.

13.4 POWER
Poweristherateatwhichworkisdone.

Power=
Timetaken
Workdone

13.4.1 Pumpraisingwaterandejecting
water

Whenapumpisusedinraisingandalsoejecting
wateratacertainspeed,thetotalworkdoneis
thepotentialenergyandkineticenergygivento
thewatereachsecond.
Thedensityofwater,ρ=1000kgm-3.

(i) Pumpraisingwater:

Whenapumpraiseswaterofmassm kgthrough
a verticaldistance h,in a time t,the power

developedbythepumpisP=
mgh

t
.

(ii) Pumpejectingwater:

Ifthepumpisusedinejectingm kgofwater
from anhorizontalpipeatavelocityuintimet,
the power developed by pump is given by

P=

1

2
mu2

t
.

(iii) Pumpraisingandejectingwater:

Ifthepumpisusedinraisingm kgof
waterthroughaverticalheighthintimet
and ejects itata speed u,the power
developedbypumpisgivenby

P=
mgh

t
+

1

2
mu2

t
.

Example6
Ineachminuteapumpdraws2∙4m3 ofwater
from awell5m below groundandissuesitat

groundlevelthrough apipeofcross-sectional
area50cm2.Findthe:
(a) speedatwhichwaterleavesthepipe.

(b) rateatwhichthepumpisworking.Ifin
factthepumpisonly75% efficient,find
therateatwhichitmustwork.

Solution
V=2⋅4m3

m =2∙4×1000=2400kg

h=5m

A=50cm2=5×10-3m2

(a)
V

t
=A×

l

t
=Au,whereuistheSpeed

2∙4

60
=5×10-3u

u=8m s-1

(b) P=

1

2
mu2

t
+

mgh

t

=
1

2
×

2400

60
×82+

2400×9∙8×5

60

=3240W

P=3∙24kW

LetP'betherateatwhichthepumpmust

work

75%ofP'=P

75

100
×P'=3∙24

P'=4∙32kW

13.4.2Vehiclesinmotion
Consideravehiclebeingdrivenalongaroadbya
forwardforceFappliedbytheengine.Suppose
theengineisworkingataconstantrateofP
watts,then;
P=Workdonepersecond

Power=
Timetaken

×
Workdone

Force
Timetaken

Distance=

ThisimpliesthatP=F×v

HenceF=
P

v
givesthetractiveforceofferedby
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theengine.Ifthevelocitychangeswithtime,the
tractive force also changes ifthe engine is
assumedtoworkataconstantrate.
Thepowerofamovingvehicleissuppliedbyits
engine.Thetractiveforceofan engineisthe
pushingforceitexerts.

Tosolveproblemsinvolvingmovingvehicles:

1.Drawaclearforcediagram.

Note:‘Non-gravitationalresistance’means

‘frictionalforce’.

2.Resolve perpendicular to the direction of

motion.

3.Ifthevelocityis;

(a)constant(vehicle moving with steady

speed),then resolveforcesparallelto

thedirectionofmotion(Newton’sfirst

law.)

(b)notconstant(vehicleaccelerating),then

findtheresultantforceactingandwrite

down the equation ofmotion in the

directionofmotion.

4.Use,Power=Tractiveforce×Speed
Note:Atmaximum speed,theaccelerationis

zero.

Commonsituations:
Thefollowingaresomecommoncaseswhich
ariseinproblems;
1. Vehiclesonthelevel:

(a)Movingwithsteadyspeedv

N

R F

W

Resolve(↑):N=W

Resolve(→):F=R

Power:P=Fv

(b)Moving with acceleration a and

instantaneousspeedv

a

N

R F

W

Resolve(↑):N=W

Resolve(→):F–R=ma

Power:P=Fv

NotethatifthevehicleisretardingR>F,thena
willbeintheoppositedirection.

Example7
Acarofmassm developsaconstantpowerλ
while moving along a levelroad againsta
resistancewhichisdirectlyproportionaltothe
car’s velocity at any time. Given that the
maximum velocityisαprovethatitsacceleration

atalowerspeedβis
λ(α+β)(α-β)

mβα2 .

Solution

R

F

mg

D=
λ

v

a

F∝v⇒F=kv

λ

v
-kv=ma

Atv
max

=α,a=0

λ

α
-kα=0⇒k=

λ

α2

Atalowerspeedβ:

λ

β
-

λβ

α2 =ma⇒ma=
λ(α2-β2)

βα2

a=
λ(α+β)(α-β)

mβα2

2.Vehicleonaslopeofinclinationθ:

(a) Movingwithsteadyspeedv

(i) Uptheslope
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R

N F

Wθ

Resolvingnormaltoplane:

N=Wcosθ

Resolvingalongplane:

F=R+Wsinθ

Power:P=Fv

(ii) Downtheslope

F

N R

Wθ

Resolvingnormaltoplane:

N=Wcosθ

Resolvingalongplane:

R=F+Wsinθ

Power:P=Fv

(b)Moving with acceleration a and

instantaneousspeedv

(i)Uptheslope

R

N F

Wθ

Resolvingnormaltoplane:

N=Wcosθ

Equationofmotionalongtheplane:

F–(R+Wsinθ)=ma

Power:P=Fv

(ii) Downtheslope

F

N R

Wθ

Resolvingnormaltoplane:

N=Wcosθ

Equationofmotionalongtheplane:

(F+Wsinθ)-R=ma

Power:P=Fv

Example8

Acarofmass1∙2tonnesistravellingalonga
straight,horizontalroadataconstantspeedof
120km h-1 against a resistance of 600 N.
Calculate in kW,the effective power being
exerted.Giventhattheresistanceisproportional
tothesquareofthevelocity.Calculatealsothe:
(i) powerrequiredtogodownahillof1in30

(along the slope)ata steady speed of
120km h-1.

(ii)accelerationofthecarupthishillwiththe
engineworkingat20kW attheinstantwhen
thespeedis80km h-1.

Solution

P

v

F=600N

v=120km h-1=(120×
1000

60×60)m s-1

=
100

3
m s-1

P

v
=600⇒P=600v

P=600×
100

3
=20000W

P=20kW

If F∝v2⇒F=kv2, F– resistance, k–

constant

When F=600 N, v=
100

3
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m s-1⇒600=k×(100

3 )
2

⇒k=
27

50

∴F=
27

50
v2

1200gsinθ

R

1200gcosθ

θ=sin-1(1

30)
1200gN

F

v=
100

3
m s-1

θ

D=
P

v

(i)

(D+1200gsinθ)=F

P

(100

3 )
+1200×9∙8×

1

30
=

27

50
×(100

3 )
2

P=6933
1

3
W

1200gsinθ

R

1200gcosθ

1200gN

F

θ

D=
P

v
a(ii)

v=
200

9
m s-1

θ=sin-1(1

30)
P

v
-(1200gsinθ+F)=1200a

20×103

(200

9 )
-1200×9∙8×

1

30
-

27

50
×(200

9 )
2

=1200a

a=0∙201m s-2

Example9
Alocomotiveofmass20000kgisconnectedto
carriagesoftotalmass130000kgbymeansof
coupling.The train climbs a straight truck

inclinedatsin-1(1

200)tothehorizontalwiththe

engineofthelocomotiveworkingat350kW.The
non-gravitational resistances opposing this
motion areconstantand total2000N forthe

locomotiveand8000N forthecarriages.Given
thatataparticularinstantthetrainismovingat
15m s-1,calculatethe:
(a)drivingforceproducedbytheengineofthe

locomotive.

(b)accelerationofthetrain.

(c)tension in the coupling between the

locomotiveandthecarriages.

(d)Showthatthegreateststeadyspeedthatthe

traincanachieveupthisinclineunderthe

given conditions is 20m s-1.Ifthe train

sustains this speed for2 km,measured

alongthetrack,calculatetheworkdoneby

theengineofthelocomotiveincoveringthis

distance.(Useg=10m s-2)

Solution

D=
350000

v

130000g
N

20000gN
F

2

F
1

θ 130000gcosθ

R
2

R
1

T

20000gcosθ130000gsinθ

20000gsinθ

a

θ=sin-1(1

200);F
1

=2000N;F
2

=8000N

(a) D=
350000

15
=

70000

3
N

=23333
1

3
N

(b)Forlocomotive:

70000

3
-(T+20000gsinθ+2000)=20000a

64000

3
-20000×10×

1

200
-T=20000a

61000

3
-T=20000a…………………(i)

ForCarriages:

T–(130000gsinθ+8000)=130000a

T-130000×10×
1

200
-8000=130000a

T–14500=130000a………………(ii)

Addingequation(i)andequation(ii):
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17500

3
=150000a

⇒a=
7

180
m s-2

(b)From equation(ii):

T=14500+130000×
7

180

T=19555∙56N

(c)Forlocomotive:

350000

v
-(T+20000×10×

1

200
+2000)=20

000a…………….(iii)

Forcarriages:

T-(130000×10×
1

200
+8000)=130

000a……………………..(iv)

Addingequation(iii)andequation(iv):

350000

v
-17500=150000a

At v
max

; a=0⇒
350000

v
max

-17

500=0⇒v
max

=20m s-1

Atv
max

=20m s-1;F=
350000

20

⇒F=17500N
W =F×s⇒W =17500×2000

⇒W =3∙5×107J

Example10
AcarofmassM kghasanenginewhichworksat
aconstantrateof2HkW.Thecarhasaconstant
speedvm s-1alongahorizontalroad.
(a)Find in terms ofM,H,v,g and θ the

accelerationofthecarwhentravelling:
(i) uparoadofinclinationθwithaspeed

of
3

4
vm s-1.

(ii)downthesameroadwithaspeedof
3

5
v

m s-1,theresistancetomotionofthe
carapartfrom thegravitationalforce
beingconstant.

(b)Ifthe acceleration in a(ii)above is three
timesthatofa(i)above,findtheangleof
inclinationθoftheroad.

(c)Ifthecarcontinuesdirectlyuptheroad,in

case a(i)above,show thatits maximum

speedis
12

13
vm s-1.

Solution:
Onhorizontalroad

D=
2000H

v

vm s-1

R

F

Mg

D=F⇒F=
2000H

v
(a)(i)ascendingwithaccelerationa

1

D=
2000H

3

4
v

⇒D=
8000H

3v

R

Mgsinθ

F

MgN

D

Mgcosθθ

8000H

3v
-(Mgsinθ+F)=Ma

1

8000H

3v
-Mgsinθ-

2000H

v
=Ma

1

a
1

=
2000H

3Mv
-gsinθ

(ii) descendingwithaccelerationa
2

R

D

Mgsinθ

θ

F

Mgcosθ
Mg
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D=
2000H

(3

5
v)

=
10000H

3v

(D+Mgsinθ)–F=Ma
2

10000H

3v
+Mgsinθ-

2000H

v
=Ma

2

a
2

=
4000H

3Mv
+gsinθ

(b) From:a
2

=3a
1

4000H

3Mv
+gsinθ=3(2000H

3Mv
-gsinθ)

4gsinθ=
2000H

3Mv
⇒sinθ=

500H

3Mvg

θ=sin-1(500H

3Mvg)
R

Mgsinθ
F

MgN

D

Mgcosθθ

(c)

Atv
max

;a=0⇒D=
2000H

v
max

2000H

v
max

-(F+Mgsinθ)=0

2000H

v
max

-
2000H

v
-Mg×

500H

3Mvg
=0

v
max

=
12

13
vm s-1

Example11

(a) A pumpraises2m3 ofwaterthrougha
verticaldistanceof10m in90seconds,
discharging itata speed of2∙5m s-1.
Showthatthepoweritdevelopsis
approximately2∙25kW.

(b) Acarofmass1000kghasamaximum

speedof150km h-1onalevelroughroad
withtheengineworkingat60kW.

(i) Calculatethecoefficientoffriction
betweenthecarand theroadifallthe
resistanceisduetofriction.

(ii) Given that the tractive force
remains constant and the non-
gravitational resistance in both cases
variesasthesquareofthespeed,findthe

greatestslopeonwhichaspeedof
120km h-1 couldbemaintained.

Solution
(a) Volume,V=2m3

Densityofwater,ρ=1000kgm-3

h=10m

m =ρ×V=1000×2=2000kg

t=90s

velocity,u=2⋅5m s-1

Power=P.Epersecond+K.Epersecond

P=
mgh

t
+

1

2
mu2

t

P=
2000×9∙8×10

90
+

1

2
×2000×2∙52

90

P=2247∙22W≃2∙25kW

a

R

F

1000gN

D=Power
Speed

(b)

150km h-1=150×
1000

60×60
=

125

3
m s-1

Equationofmotion:

D–F=ma

(60000

v )-F=1000a

Atmaximum speed,a=0

60000

(125

3 )
-F=0⇒F=1440N

Resolvingvertically:

R=1000g
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R =1000×9∙8=9800N

(i) From:F=μR

1440=μ×9800

μ=0∙15

(ii) IfF∝v

F=kv2,whenF=1440N;v=
125

3
m s-1

1440=(125

3 )
2

k⇒k=
2592

3125

⇒F=
2592

3125
v2

Whenv=120km h-1=
100

3
m s-1

F=
2592

3125
×(100

3 )
2

=921∙6N

R

1000gsinθ
F

1000gN

D=1440N

1000gcosθθ

D=F+1000gsinθ

1440=921∙6+1000×9∙8sinθ

θ=3∙0°

Example12
A train ofmassM startsfrom restatA and
travelswithuniform accelerationforatimet

1
.

Steam isthenshutoffandthetraincomestorest
atB(withoutbreaksbeingapplied).Thedistance
from AtoBisxandthetotaltimetakenist.The
resistanceduetofrictionisβtimestheweightof
thetrain.

(i) Provethatt–t
1

=
2x

βgt
.

(ii)Thegreatestrateofworkingoftheengine

duringthejourneyis
2xMβ2g2t

(βgt2-2x)
.

Solution

R

F

Mg

a

D

D–F=Ma;butF=βR=βMg

D–βMg=Ma⇒a=(D

M
-βg)

From v=u+at

v=(D

M
-βg)t

1

F

D=0

a'

0–βMg=Ma'⇒a'=-βg

From v=u+at

0=(D

M
-βg)t

1
-βg(t–t

1
)

D=
βMgt

t
1

………………………….(i)

From s=ut+
1

2
at2

s
1

=
1

2(D

M
-βg)t2

1
=

1

2(βgt

t
1

-βg)t2

1

s
1

=
1

2
βgt

1(t-t
1)…………………..(ii)

s
2

=(D

M
-βg)t

1(t-t
1)-

1

2
βg(t-t

1)2

s
2

=(βgt

t
1

-βg)t
1(t-t

1)-
1

2
βg(t-t

1)2

=
1

2
βg(t-t

1)2

(i) Buts
1

+s
2

=x

1

2
βgt

1(t-t
1)+

1

2
βg(t-t

1)2=x

βgt(t–t
1
)=2x
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⇒t–t
1

=
2x

βgt
……………………..(iii)

(ii) From equation(i):D=
βMgt

t
1

Butfrom equation(iii):t
1

=
βgt2-2x

βgt

Hence:D=
βMgt×βgt

βgt2-2x
=

Mβ2g2t2

βgt2-2x

P
max

=D×v
max

v
max

=(D

M
-βg)t

1
=(βgt

t
1

-βg)t
1

=βg(t–t
1)=βg×

2x

βgt
=

2x

t

P
max

=
Mβ2g2t2

βgt2-2x
×

2x

t

P
max

=
2xMβ2g2t

(βgt2-2x)

Example13
(a)AparticleAofmass1kgismovingwitha

velocity of3m s-1 when itcollides with
particleBofmass2kgwhichismovingwith
avelocityof1m s-1inthesamedirectionas
A.Aftercollisiontheparticlesseparatewitha
relativevelocityof1m s-1.Findthe:

(i) velocitiesoftheparticlesaftercollision.

(ii)lossinkineticenergy.
(b)Theforceopposingmotionofacaris(α+βv2)

N,wherevisthespeedofthecarinm s-1.
The powerrequired to maintain a steady
speedof20m s-1onthelevelroadis6∙3kW,
andat30m s-1itis15∙3kW.Findthevalues
ofαandβ,andhencecalculatethepower
requiredforasteadyspeedof40m s-1

Solution
(a) (i) Byconservationofmomentum

A B BA
3m s-1 1m s-1

v
1

v
2

1×3+2×1=1×v
1

+2×v
2

v
1

+2v
2

=5……………………………..(i)

Also: v
2
–v

1
=1……………………….(ii)

Addingequation(i)andequation(ii)

3v
2

=6⇒v
2

=2m s-1

From equation(i):2–v
1

=1⇒v
1

=1m s-1

(ii)Thelossinkineticenergy:

Initialkineticenergy

=
1

2
×1×32+

1

2
×2×22=5∙5J

Kineticenergyafterimpact

=
1

2
×1×12+

1

2
×2×22=4∙5J

Lossinkineticenergy=5∙5-4∙5=1J

(b)

D=
P

v
;F =α+βv2

vm s-1

F

Atsteadyspeed:D=F

Whenv=2m s-1andP=6∙3kW

6∙3×103

20
=α+β×202

α+400β=315…………………(i)

Whenv=30m s-1andP=15∙3kW

15∙3×103

30
=α+β×302

α+900β=510…………………(ii)

Subtractingequation(i)from equation(ii)

500β=195⇒β=0.39

From equation(i):α=510–900×0∙39=159

Hence
P

v
=159+0∙39v2

Whenv=40m s-1

P

40
=159+0∙39×402

⇒P=31320W =31∙32kW

Example14
A locomotiveofmass15tonnes,workingata
rateof220kW,pullsatrainofmass35tonnesup
atrackofinclination1in50.Whenthespeedis
10m s-1,theaccelerationis0∙23m s-2.Findthe
frictionalresistanceatthisspeed.Giventhatthe
resistanceisproportionalto thespeed ofthe
train,findthegreatestspeedofthetrainupthe
slopeiftherateofworkingisunchanged.(Take
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g=10m s-2)
Solution

D=
220000

v

35000gN

15000gN
F

2

F
1

θ 35000gcosθ

R
2

R
1

T

15000gcosθ35000gsinθ

15000gsinθ

a

θ=sin-1 1

50

Forlocomotive:

220000

v
-15000gsinθ–T-F

1
=15000a

220000

10
-15000×10×

1

50
-T–F

1

=15000×0∙23

T+F
1

=15550…………………….(i)

Fortrain:

T–35000gsinθ–F
2

=35000a

T–F
2

=35000×10×
1

50
+35000×0.23

T–F
2

=15050…………………..(ii)

Subtractingequation(ii)from equation(i);

F
1

+F
2

=500N

F=500N,whereF=F
1

+F
2

SinceF∝v⇒F=kv

WhenF=500N,v=10

500=10k⇒k=50 ∴ F=50v

Forlocomotive:

220000

v
max

-15000×10×
1

50
–T-F

1
=15000×0

220000

v
max

=3000+T+F
1

……………….(iii)

Fortrain:

T–35000×10×
1

50
–F

2
=3500×0

T=7000+F
2

……………………….(iv)

From equation(iii)andequation(iv)

22×104

v
max

=(F
1
+F

2)+10000

But(F
1
+F

2)=F=kv⇒F=50v
max

220000

v
max

=50v
max

+10000

Letx=v
max

4400

x
=x+200

x2+200x=440

(x+100)2=4400+1002

⇒x=-100±120

Eitherx=20orx=-220

Hencex=20

Implyingthatv
max

=20m s-1

Exercises

Exercise:13A
1.Ablockofmass6∙5kgisprojectedwitha

velocityof4m s-1 upalineofgreatestslope
ofaroughplane.Calculatetheinitialkinetic
energyoftheblock.Thecoefficientoffriction

betweentheblockandtheplaneis
2

3
andthe

planemakesanangleθwiththehorizontal

where sinθ=
5

13
. The block travels a

distanceofdm uptheplanebeforecoming
instantaneouslytorest.Expressintermsofd
the:
(i) potentialenergygainedbytheblockin

comingtorest.

(ii)workdoneagainstfrictionbytheblockin
comingtorest.Hence calculated.
(Useg=10m s-2)

2.Acarofmass1600kgisfreewheelingdown
ahillofslope1in25.Whenthecardescends
200m alongtheplane,itsspeedincreases
from 3m s-1to10m s-1.Findthe:
(i) changeinkineticenergyofthecar.

(ii)averagefrictionalresistancetomotion.

3.Abulletofmass20gisfiredwithavelocityof
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400m s-1 intoawoodenblockofmass2kg
onasmoothhorizontalsurface.Ifthebullet
getsembeddedintheblock,findthelossin
kineticenergyofthesystem.

4.A boxofmass16kgispulledfrom resta
distanceof5m acrossasmoothhorizontal
floor by a cable inclined at60° to the
horizontal.Findtheworkdonebythetension
inthecablegivenitsmagnitudeis25N.

5.Aparticleofmass6kgslidingacrossarough
horizontalplanecomestorestinadistance
of8 m.Given ithad an initialspeed of
10m s-1,findtheworkdoneagainstfriction.
Findalsothecoefficientoffrictionbetween
theparticleandtheplane.

6.Findthekineticenergygainedbyabodyof
mass2kgfallingfreelyfrom restthrougha
distanceof10m.IfaverticalforcePNbrings
thebodytorestinafurtherdistanceof8m,
findthevalueofP.

7.Aparticleofmass5kgslidesadistanceof9
m downaroughplaneinclinedatanangleα

to the horizontal, where sinα=
3

5
. The

coefficientoffrictionis0∙5.Findthework
done by gravity and work done against
friction.Findalsothevelocityattainedbythe
particle.

8.Aballisthrownverticallydownwardswitha
speedof3∙5m s-1.Finditsspeedwhenithas
travelledadistanceof5m.

9.Aparticleisprojectedverticallyupwardsfrom
apointA withaspeedof21m s-1.Findits
positionrelativetoAwhenitsspeedis:

(a) 4∙2m s-1

(b) 35m s-1

10.A particleismoving ata speed of7m s-1

whenitbeginstoascendaslopeinclinedat

anangleαtothehorizontalwheresinα=
5

13
.

The coefficient of friction between the

particleandtheslopeis
5

8
.Findthe:

(a)speed of the particle when ithas
travelled1⋅95m uptheslope.

(b)totaldistancetheparticletravelsupthe
slopebeforecomingtorest.

11.A block ofmass 5 kg is projected with

velocity5∙6m s-1 upalineofgreatestslope
ofaroughplaneinclinedatanangleαtothe

horizontal,where sinα=
3

5
.If the block

travels2m uptheslopebeforecomingto
rest,findtheworkdoneagainstfriction.Find
alsothecoefficientoffrictionbetweenthe
blockandtheplane.

12. A particleofmass4kgmovesunderthe
actionofaforceFintheintervaloftime
from t=0tot=2.Whent=0,thevelocity
of the particle is 2i–3j. Given that
F=6ti+2j,findthe:

(a) impulseofF.

(b) velocityoftheparticlewhent=2.

(c) gaininkineticenergy.

13. A bulletofmass 0∙04 kg travelling at
300m s-1 hitsa fixed wooden blockand
penetratesa distanceof4 cm.Find the
averageresistanceofthewood.

14. Aparticlereleasedfrom restonasmooth
plane inclined at an angle α to the
horizontalreachesaspeedof6m s-1 after
travelling3m downtheplane.Findsinα.

15. A bodyofmass10kgmovingunderthe
actionofaconstantforceacceleratesfrom
2m s-1to5m s-1.Findtheworkdonebythe
force.Giventhatthemagnitudeoftheforce
is7N,findthedistancemovedbythebody.

16. Abrickofmass3kgslidesinastraightline
onaroughhorizontalfloorwithaninitial
speedof8m s-1.Ifthebrickisbroughtto
restaftermoving 12 m bythe constant
frictionalforce,calculatethe:

(a)kinetic energy lostby the brick in

comingtorest.

(b)coefficientoffriction between the

brickandthefloor.

17. Acarofmass650kgistravellingonaroad
whichisinclinedat5°.AtacertainpointP
ontheroad,thecar’sspeedis15m s-1.The
pointQis0∙4km downthehillfrom Pand
atQ the car’s speed is 35m s-1.Ifthe
drivingforceonthecarisconstantasit
movesdownthehillfrom PtoQandthat
any resistance is negligible, find the
magnitudeofthedrivingforceofthecar’s
engine.

18. A blockofmass5kgisslidingdowna
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roughplaneinclinedat35°tothehorizontal.
Iftheaccelerationoftheblockis3∙2m s-2

andthedistancemovedbytheblockis0∙5
m,findthecoefficientoffrictionandwork
doneagainstfriction.

19. Findtheworkdoneagainstgravitywhena
person ofmass 80 kg climbsa vertical
distanceof25m.

20. A rough surface is inclined atan angle

tan-1(5

12)tothehorizontal.Abodyofmass

130 kg is pulled ata uniform speed a
distanceof50m upthesurfacebyaforce
actingalongalineofgreatestslope.The
coefficientoffrictionbetweenthebodyand

thesurfaceis
2

7
.Findthe:

(a) frictionalforceacting.

(b) workdoneagainstfriction.

(c) workdoneagainstgravity.

Exercise:13B

1.Aparticleisactedonbyaforce(7i+2j–4k)N
anddisplacesitfrom apointwithposition
vector(i+2j+3k)m toapointwithposition
vector(5i+4j+k)m.Findtheworkdonebythe
force.

2.A carofmass1000 kg travelling along a
straighthorizontalroadacceleratesuniformly
from 15m s-1to25m s-1inadistanceof320
m.Iftheresistancetomotionis145N,find
thedrivingforceoftheengine.

3.A particleofmass5kgatrestatapoint
(1,-4,4)isacteduponbyforcesF

1
=3i+3jN,

F
2

=2j+4kNandF
3

=2i+6kN.

(i) Findthepositionandmomentum ofthe
particleafter4seconds.

(ii)Workdonebytheforcesin4seconds.

4.Atrainofmass300tonnesistravellingupa
hillofslope1in200.Theresistancedueto
frictionis0∙0688Nperkgmassofthetrain.
Ifthetractiveforceoftheengineis39200N,
findhow farthetraintravelsandthetime
takenforittoattainaspeedof18km h-1from
rest.

5.5.Ifthe effective powerdeveloped by a
craneis15kW,findthetimetakentolifta

loadof50kN throughaverticaldistanceof
12m.

6.Iftheengineofatraintravellingatasteady
speedof25m s-1isworkingatarateof1800
kW,findthemagnitudeoftheresistanceto
motion.

7.Aconstantforceactingonaparticleofmass
15kgmovesitalongastraightlinewitha
speedof10m s-1,therateatwhichworkis
donebytheforceis50W.Iftheparticlestarts
from rest,determinethetimeittakestomove
adistanceof100m.

8.Ablockispulledupaninclineofsin-1 1

20
to

thehorizontalatasteadyspeedof6m s-1.If
theworkdoneagainstgravityinonesecond
is400J,findthemassoftheblock.

Exercise:13C

1.A pumpraises40kgofwaterpersecond
through a verticaldistance of10 m and
deliversitinajetwithspeed12m s-1.Findthe
effectivepowerdevelopedbythepump.

2.Apumpraiseswateratarateof250litresper
minutethroughaverticaldistanceof 8m
andprojectsitintoalakeat2m s-1.Findthe
powerdevelopedbythepump.

3.Apumpraiseswaterthroughaverticalheight
of15m anddeliversitataspeedof10m s-1

throughacircularpipeofinternaldiameter12
cm.Findthemassofwaterraisedpersecond
andeffectivepowerofthepump.

4.Apumpraiseswateratarateof500kgper
minutethroughaverticaldistanceof3m.If
thewaterisdelivered at2∙5m s-1,find the
powerdeveloped.

5.Ineveryminuteapumpdraws6m3 ofwater
from awellandissuesitataspeedof5m s-1

from anozzlesituated4m abovethelevel
from whichthewaterwasdrawn.Findthe
averagerateatwhichthepumpisworking.

6.Ineveryminuteapumpdraws5m3 ofwater
from awellandissuesitataspeedof6m s-1

from anozzlesituated6m abovethelevel
from whichthewaterwasdrawn.Findthe
averagerateatwhichthepumpisworking.
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7.Apumpdrawswaterfrom atankandissuesit
ataspeedof8m s-1from theendofapipeof
cross-sectionalarea0∙01m2,situated10m
abovethelevelfrom whichwaterisdrawn.
Findthe:

(a) mass ofwaterissued from the

pipeineachsecond

(b) rateatwhichthepumpisworking.

8.Apumpdrawswaterfrom atankandissuesit
ataspeedof10m s-1from theendofahose
ofcross-sectionalarea5cm2,situated4m
abovethelevelfrom whichthewaterisdrawn.
Findtherateatwhichthepumpisworking.

Exercise:13D

1.(a)Aroughslopeoflength10m isinclinedat

tan-1(3

4)tothehorizontal.A block of

mass50kgisreleasedfrom restatthetopof
theslopeandtravels down the slope
reachingthebottom withaspeedof8m s-1.
Findthework done againstfriction and
thecoefficientoffrictionbetweentheblock
andthe surface.

(b)The maximum powerdeveloped bythe
engineofacarofmass200kgis44kW.
Whenthecaristravellingat20km h-1 up
aninclineof1in8itacceleratesat2m s-2.
At what rate willit accelerate when
travellingdownaninclineof1in16at20
km h-1 when the non-gravitational
resistancetomotionisthesame.

2.A cartravelling at80km h-1 up a rough
inclinedplaneofinclination1in80hasan
accelerationof1∙5m s-2atthisinstant.Ifthe
carhasamassof420kgandtheengineis
workingataconstantrateof56kW.
(i) Findthefrictionforce.

(ii) Whatwouldbethemaximum speedthe
carattainson a levelroad with the
sameresistance.

3.(a)A truckofmass18tonnestravelsupa

slope of inclination sin-1 1

50
against a

resistanceof0∙1N perkilogram.Findthe
tractiveforcerequiredtoproduce an
accelerationof0.05ms-2andpowerwhichis
developedgiventhespeedis10m s-1 atthis
instant.

(b)A second truck of mass 25 tonnes
experiencing the same resistance and a
maximum powerof120kW followsthefirst
truck up the slope. If the first truck
maintains the same powerwhile on the
slope,show thatthe distance between
them willdecreasewhenbotharetravelling
atmaximum speed.(Useg=10m s-2)

4.Acarofmass900kgistravellingat20m s-1

along a horizontalroad againstconstant
resistance of 600 N. Find the power
developedbytheengineifthecaris:
(a)movingwithconstantspeed.

(b)acceleratingat0∙15m s-2.

(c) deceleratingat0∙5m s-2.

5.Acarofmass1000kgistravellingdownan
incline of 1 in 28 against a constant
resistance of750 N.Find the maximum
speedthatcanbereachedbythecarwhen
theengineisworkingattherateof12kW.

6.Alorryofmass2400kgismovingatasteady
speed of 60km h-1 against a constant
frictionalresistanceof2kN.Findthepower
developed by the engine if the lorry is
travelling:
(a)alongahorizontalroad.

(b)upahillofinclinationsin-1(1

21).

(c)downthesamehill.

7.A trainofmass50tonnesisascendingan
inclineof1in60withtheengineworkingata
rateof200kW.Whenthetrainistravellingat
10m s-1,itsaccelerationis0∙1m s-2.Findthe
frictionalresistancetomotion.
Assumingthattheresistanceandthepower
ofthe engine remain constant,find the
maximum speedthetraincanattainupthis
slope.

8.Theconstantnon-gravitationalresistanceto
themotionofacarofmass1500kgis750N.
Theengineofthecarworksataconstantrate
of20kW.
(a)Findinkm h-1themaximum speed:

(i) onlevel,and
(ii)directlyup aroad inclined atan

anglearcsin(1

12)tothehorizontal.

(b)Findalsoinm s-2,theaccelerationofthe
carwhenitistravellingat72km h-1ona
levelroad.(Useg=10m s-2).
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9.A carhasamaximum speedof108km h-1

whenmovingalongahorizontalroadwiththe
engineworkingat36kW.Calculatethetotal
resistancetomotionofthecar.

Thecarwhichisofmass800kgcanmove
downaroadinclinedatanangleαtothe
horizontalatamaximum speedof108km h-1

withtheengineworkingat30kW againstthe
sametotalresistance.Calculatesinα.

Giventhatthetotalresistancevariesasthe
squareofthespeed,findtherateatwhichthe
engineisworkingattheinstantwhenthecar
ismoving along ahorizontalroad with an
acceleration of 0∙5m s-2 at a speed of
54km h-1.

(Takeg=10m s-2)

10. A carofmass2tonnesmovesfrom rest

downaroadofinclinationsin-1(1

20)tothe

horizontal.Giventhattheenginedevelopsa
powerof64∙8kW andtheresistanceto
motionis500N,findtheaccelerationofthe
carwhenitsvelocityis10m s-1.

11. Acarofmass750kgistravellingalonga
horizontalroad.Iftheresistancetomotion
totals240Nandthecar’sengineisworking
ataconstantrateof12kW.Findthe:

(a)maximum velocityofthecar.

(b)car’saccelerationwhenitsvelocityis
30m s-1.

12. A carofmass 1500 kg is capable of
workingatamaximum rateof20kW.Itis
beingdrivenupahillwhoseslopeis1in12
at8m s-1.Ifthenon-gravitationalresistance
to motion is 150 N,find the greatest
accelerationitcanhaveatthatspeed.

13. Theresistancetomotionofalorryofmass
10tonnesisproportionaltothesquareof
its speed.The lorry maintains a steady
speedof54km h-1whentravellingupahill
ofinclination 1 in 120 with its engine
working at 60 kW. Determine the
accelerationofthelorrywhenitistravelling
down the same incline with its engine
workingat35kW attheinstantwhenthe
speedis27km h-1.

14. A carofmass 900 kg travels up a hill
inclinedat10°tothehorizontal,againsta
constantresistanceforceof250N.Ifthe

maximum speedis45km h-1,determinethe
poweroutputoftheengine.

15. Abusofmass5tonnesfreewheelsdowna
slopeofinclination1in40ataconstant
speed. Assuming the non-gravitational
resistanceremainsthesame,findtherate
atwhichtheenginemustworkinorderto
drive the bus up the same incline ata
steadyspeedof12km h-1.Ifthepoweris
suddenlyincreasedto10kW,findinm s-2,
theimmediateaccelerationofthebus.

16. Abrickofmass0∙8kgslides6m downan

inclineofsin-1(3

5)tothehorizontalwithan

initialspeedof0∙4m s-1.Ifatthebottom it
hasaspeedof5∙4m s-1,calculatethework
doneagainstresistiveforces.

17. Determinetheworkdonewhentheforce
(3i+4j)N moves its pointofapplication
alongthecurve(1+3cosθ)i+(2+3sinθ)j
from the pointwhere θ=0 to the point

whereθ=
2

3
π.(Theunitofdistancebeinga

metre)

18. A carofmass 2 tonnes developing a
constantpowerof20 kW travelswith a
constant velocity against a constant
resistanceof2500N.Findthe:

(i) constantvelocity.

(ii)accelerationofthecarwhiletravelling

athalfofthevelocityin(i)above.

19. A car of mass 2000 kg developing a
constant power of 12 kW attains a
maximum speed of 108km h-1 while
travellingalongalevelpartofaroadthat
offers a constant non-gravitational
resistance.
(a)Findthenon-gravitationalresistance.

(b)Whiletravellingatmaximum speedthe
carstartstodescendaslopeof1in20
along the road, calculate the
accelerationofthecarwhenitsspeed
is 120km h-1. (Assuming power
developedremainsconstantat12kW)

20. Acarofmass500kgtowsanotherofmass

100kgupahillinclinedatsin-1 1

10
tothe

horizontal.The resistance to motion of
eachcaris0∙5Nperkg.Findthetensionin
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thetowbarattheinstantwhentheirspeed
is 10m s-1 and the poweroutputofthe
towingcaris150kW.

Exercise:13E

1.(a)Aparticleofmassm kgisprojectedwith
avelocityof10m s-1uparough plane
ofinclination30°tothehorizontal.Ifthe
coefficientoffrictionbetween the

particleandtheplaneis
1

4
calculatehow

faruptheplanetheparticletravels.
(b)Acarisworkingat5kW andistravelling

ataconstantspeedof75km h-1.Findthe
resistancetomotion.

2.Atrainisrunningat12∙5m s-1,whenitisa
distanceof500m from astation.Poweris
then shutoffand thetrain runsagainsta

uniform resistanceequalto
1

100
oftheweight

ofthetrain.Iftheuniform breakingforcethat
can be exerted on the train provides an

additionalresistanceequalto
1

10
ofthe

weightofthetrain,find how farfrom the
stationthebrakesmustbeappliedsothatthe
trainmaystopthere.

3.Aroughsurfaceisinclinedatanangleθto
thehorizontal.Abodyofmassm ispulledat
auniform speedadistancexupthesurface
bya forceacting along a lineofgreatest
slope.Thecoefficientoffrictionbetweenthe
body and the plane is μ. If the only
resistancestomotionarethoseduetogravity
andfriction,showthatthetotalworkdoneon
thebodyismgx(sinθ+μcosθ).

4.PointAissituatedatthebottom ofarough

planewhichisinclinedatanangletan-1(3

4)to

thehorizontal.A bodyisprojectedfrom A
withaspeedof14m s-1alongandupalineof
greatestslope.The coefficientoffriction
betweenthebodyandtheplaneis0∙25.The
bodyfirstcomestorestatapointB.Findthe
distanceAB.

5.Acyclistandhisbikehaveacombinedmass
of75kgandthemaximum rateatwhichthe
cyclistcan workis392 W.Ifthegreatest

speedwithwhichthecyclistcanridealonga
levelroadis8m s-1,findthemagnitudeofthe
constant resistance to motion.With the
resistance unchanged, find the greatest
speedatwhichthecyclistcanascendahillof

inclinationsin-1(1

15).

6.Whenacarismovingonanyroadwithspeed
vm s-1 theresistancetoitsmotionis(a+bv2)
N,where a and b are positive constants.
Whenthecarmovesonalevelroadwiththe
engineworkingatasteadyrateof53kW,it
movesasteadyspeedof40m s-1.Whenthe
engineisworkingatasteadyrateof24kW
thecarcantravelonlevelroadatasteady
speedof30m s-1.Findaandbandhence
deduce thatwhen the caris moving with
speed34m s-1,theresistancetoitsmotionis
992N.Giventhatthecarhasamassof1200
kg,finditsaccelerationonalevelroadatthe
instantwhenthecarengineisworkingata
rateof51kW and thecarismoving with
speed 34m s-1 so thatthe resistance to
motionis992N.Thecarcanascendahillat
a steady speed of 34m s-1 with engine
workingatasteadyrateof68kW.Findthe
angleofinclinationofthehilltothehorizontal.

7.Acarofmass4tonnesdevelopsaconstant
powerof29∙4kW whileascendingahillof1
in 20 againsta constantnon-gravitational
resistanceof2000N.
(a)Calculatethe:

(i) maximum speedofthecarupthe

hill.

(ii)speedofthecarwhileaccelerating

at0∙5m s-2.

(b)Determine the acceleration ofthe car
down the samehillifitdevelopsthe
samepower,whiletravellingatthesame
speedasina(i)above.

8.Withitsengineworkingataconstantrateof
9∙8kW,acarofmass800kgcandescenda
slopeof1in56attwicethesteadyspeedthat
itcanascendthesameslope,theresistances
to motion remaining thesame throughout.
Findthemagnitudeoftheresistanceandthe
speedofdescent.
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Answerstoexercises
Exercise:13A

1. 52J (i) 25d (ii) 40d;d=0∙8m 2.

(i) 72800J (ii) 263∙2N

3. 1584∙16J 4. 62∙5J 5. 300J ;

125

196
6. 196J;44∙1

7. 264∙6J ; 176∙4J ;5∙94m s-1 8.

10∙5m s-1 9. (a) 21∙6m aboveA

(b) 40m belowA 10. (a) 3∙5m s-1

(b) 2∙6m 11. 19∙6J;
1

4

12. (a) (12i+4j)Ns (b) (5i-2j)m s-1 (c)

32J 13. 45kN

14.
30

49
15. 105J ;15m 16. (a) 96J

(b) 0∙272 17. 257∙318N

18. 0∙3016 ;6∙0526J 19. 19600J 20.

(a) 336N (b) 16800J

(c) 24500J

Exercise:13B

1. 40J 2. 770N 3. (i) (9i+4j+20k)m ;

(20i+20j+40k)kgm s-1

(ii)240J 4. 971∙5026m ;388∙6s

5.40s 6. 72kN 7. 10 6s

8. 136∙054kg

Exercise:13C

1.6∙8kW 2. 335W 3. 113kg ;22∙3kW

4. 271∙042W 5. 5∙17kW

6. 6∙4kW 7. (a) 80kg (b) 10∙4kW 8.

446W

Exercise:13D

1. (a) 1340J;0∙342(b)3∙8375m s-2 2. (i)

1838∙55N (ii)30∙46m s-1

3. (a) 6∙3kN;63kW (b) v
max

=11
2

3
m s-1;

v́
max

=16m s-1sincev
max

<v́
max

distancedecreases 4. (a) 12kW (b) 14∙7

kW (c) 3kW

5. 30m s-1 6.(a) 33
1

3
kW (b) 52kW (c)

14
2

3
kW

7. 6
5

6
kN ;13

1

3
m s-1 8. (a) (i) 96km h-1

(ii) 36km h-1 (b)
1

6
m s-2

9. 1200N;
1

40
;10∙5kW 10.3∙48m s-2 11.

(a) 50m s-1 (b)
16

75
m s-2

12.
3

4
m s-2 13.

15

32
m s-2 14. 22∙3kW 15.

8∙17kW ;0∙11m s-2

16. 16∙624J 17. -3∙108J

18. (i) 8m s-1 (ii) 1∙25m s-2 19. (a)

400N (b) 0∙47m s-2

20. 2500N

Exercise:13E

1. (a)7.12m (b) 240N 2.29∙72m 3.

4. 12∙5m

5. 49N ;4m s-1 6. a=125;b=
3

4
;0∙42

m s-2 ;4∙9°

7. (a) (i) 7∙424m s-1 (ii) 4∙933m s-1 (b)

0∙98m s-2

8. 420N ;35m s-1
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14.ELASTICITYANDHOOKE’SLAW
Weshallconsiderthebehaviorofspringsand
elastic strings.The un-stretched length ofan
elasticstringiscalleditsnaturallength.

14.1 Hooke’slaw
Hooke’slaw foran elastic string orspring is

T=
λx

l
,whereTisthetensioninthestringor

spring,λisthemodulusofelasticity,xisthe
extensionandlisitsnatural(un-stretched)length.
A negative extension of a spring is a
compression.Workdoneinstretchingthestring

orspringisgivenby
λx

2l

2

.

14.2 Conservationofenergyof
anelasticstring

Ifthereisnoworkdoneagainstfrictionandthe
onlyexternalforcewhichdoesworkisgravity,
then;

Totalenergy=P.Eduetogravity+P.Einspring+
Kineticenergy=Constant

Whensolvingproblemsitisusefultowritethe
principleofconservationofenergyintheform:

Initialtotalenergy=Finaltotalenergy

Potentialenergystoredinanelasticstring:

Theworkdoneinstretchinganelasticstringis
storedasitselasticpotentialenergy,whenthe
stretchingforceisremovedthestringusesthis
energystoredtoregainitsnaturallength.This
energyisalsoaform ofpotentialenergy.

Consideran elastic string ofmodulus λ and
naturallengthl,havingoneendattachedtopoint
Aandtheothertoaparticlerestingonasmooth
horizontalsurface.

l
x=0 x=a

A B C

Ifxistheextensionofthestringandtheparticle
isinitiallyatapointB,wherex=0andispulled
to point C,where x=a,the work done in

stretching the string from pointP to pointQ
throughasmalldisplacementδxisδW =Fδx.

A

B P Q C

x
δx

T

Sinceδxisverysmalltheforceinthestringis

almostconstant

F=T=
λx

l
.

δW≃
λx

l
δx

Thetotalworkdoneinstretchingthestringfrom
BtoCis

W≃lim
δx→0

x=a

∑
x=0

λx

l
δx

⇒W =∫
a

0

λx

l
dx

W =
λa2

2l

Hence the elastic potentialenergyin a string
stretchedbydistanceafrom itsnaturallengthlis
λa2

2l
.

Example1
Anelasticstringfixedatoneendhaslengthx,
when supporting amassm kg and itslength
increasedtox'whenanadditionalmassM kgis
supported.Provethatthenaturallengthofthe

stringisx–α(x'–x),whereα=
m

M
.

Solution

A

x T
1

mg

Letl
0

bethenaturallengthofthestringandλits

modulusofelasticity.
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Resolvingvertically:

T
1

=mg

From Hooke’slaw:

T
1

=
λ(x-l

o
)

l
o

⇒
λ(x-l

o
)

l
o

=mg

λ=
mgl

o

x-l
o

……………………………….(i)

x'
2

T
2

(m +M)g

Resolvingvertically:

T
2

=(m +M)g

From Hooke’slaw:

T
2

=
λ(x'-l

o
)

l
o

⇒
λ(x'-l

o
)

l
o

=(m +M)g………(ii)

From equation(i)andequation(ii):

mgl
o

x-l
o

×
(x'-l

o
)

l
o

=(m +M)g

m(x'–l
0
)=(m +M)(x–l

0
)

⇒α(x'–l
0
)=(α+1)(x–l

0
)

l
0

=x-α(x'–x)asrequired.

Example2

An elasticstringofnaturallength 1∙2m and
modulusofelasticity8N isstretcheduntilthe
extendingforceis6N.Findtheextensionand
workdone.
Solution:

l
0

=1∙2m,λ=8N

T=
λx

l
0

6=
8x

1∙2
⇒x=0∙9m

W =
λx2

2l
0

=
8×0∙92

2×1∙2
=2∙7J

Example3

A smooth surface is inclined at30°to the
horizontal.AbodyAofmass2kgisheldatrest
onthesurfacebyalightelasticstringofmodulus
2gN.Iftheotherendofthestringisatapointon
thesurfacewhichis1∙5m awayfrom Aupaline
ofgreatestslope,findthenaturallengthofthe
string.
Solution

R 1∙5m
T

2gsin30

30°
2gN

2gcos30

Resolvingalongtheplane:

T=2gsin30

From Hooke’slaw,T=
λx

l
0

T=
2g(1∙5-l

0)
l
0

∴2gsin30=
2g(1∙5-l

0)
l
0

1

2
l
0

=1∙5-l
0

l
0

=1m

Example4
Aparticleofmass2kgisattachedtooneendof
astringofnaturallength1m.Theotherendis
attachedtoafixedpointA.Initiallytheparticleis
heldatAandisthenreleased,itfallsvertically
downwardsandcomestorestatapoint1∙5m
below A.Usingtheprincipleofconservationof
energy or otherwise, find the modulus of
elasticityofthestring.
Solution
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A

1
m

B

C

T

1∙5m

mg

From AtoapointB,1m belowA:
Lossinpotentialenergy=Gaininkineticenergy

Gaininkineticenergy=2g×1

=2×9∙8

=19∙6J

From BtoapointC,1∙5m belowA:

Lossin potentialenergyand kineticenergy=

Elasticpotentialenergystored

19∙6+2gx=
λx2

2l
0

19∙6+2×9∙8×(1∙5-1)=
λ(1∙5-1)2

2×1

λ=235∙2N

Example5

Find the work done in stretching a spring of
naturallength1∙5m andmodulus9N from a
lengthof2m toalengthof2∙5m.
Solution

W =
λx2

2l
0

W
1

=
9×(2-1∙5)2

2×1∙5

=0∙75J

W
2

=
9×(2∙5-1∙5)2

2×1∙5
=3J

ΔW =W
2
–W

1

=3–0∙75=2∙25J

Example6

AC,BCandCDareidenticalstringsofdifferent
lengths.

A B

C
120° 150°

D

AC and CD have naturallengths l
0

and l

respectively and modulus ofelasticity ofthe
stringsis3mg.Aparticleofmassm restsatD.

(a)Showthattheequilibrium lengthofACis
7

6
l
0

andDrestsatadistance
1

12
(7l

0
+16l)below

thesupport.
(b)FindthenaturallengthBC.

Solution

A B

30° 60°

T
1

T
2

30° 60°

T
3

D

mg

C

(a) Inequilibrium:

ForD:T
3

=mg

Equilibrium offorcesatpointC:

Resolvinghorizontally:

T
1
cos30=T

2
cos60

T
1
× 3

2
=T

2
×

1

2

T
2

=T
1

3……………………..(i)

Resolvingvertically:

T
1
sin30+T

2
sin60=T

3
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1

2
T

1
+ 3

2
T

2
=mg

T
1

+ 3T
2

=2mg………………..(ii)

From equation(i)andequation(ii)

T
1

+ 3(3T
1)=2mg

T
1

=
1

2
mg

T
2

= 3
2

mg

ForstringAC;letl
1

bethelengthofACin

equilibrium;

From Hooke’slaw:

T
1

=
λx

l
0

∴
1

2
mg=

3mg(l
1
-l

0)
l
0

⇒
1

6
l
0

=l
1

-l
0

l
1

=
7

6
l
0

ForCD:Letl'be the length ofCD in

equilibrium;

From Hooke’sLaw:

T
3

=
λx

l

∴mg=
3mg(l'-l)

l

1

3
l=l'–l

l'=
4

3
l

DistancebelowAB=
7

6
l
0
sin30+

4

3
l

=
7

12
l
0

+
4

3
l

=
1

12(7l
0
+16l)

(b) ForBC:

Letl
2

bethenaturallengthofBCandl'

2
the

lengthinequilibrium position

tan60=
AC

BC

BC=
AC

tan60

l'

2
=

7

6
l
0

÷tan60

l'

2
=

7 3

18
l
0

From Hooke’slaw

T
2

=
λx

l
2

3
2

mg=
3mg(l'

2
-l

2)
l
2

⇒ 3
6

l
2
=l

'

2

–l
2

l
2
(3+6)=

7 3

3
l
0

l
2

=
7 3l

0

3(3+6)
⇒l

2
=

7l
0

3(1+2 3)

Example7

Thediagram showsabodyofmass10kgfreely
suspendedfrom alightelasticspringofnatural
length0∙5m andmodulus25gN.

Mas
s

Findtheextensioninthespringwhenthe:
(a)bodyisatrest.

(b)top ofthe spring ismoved upwardswith
constantvelocity.

(c)topofthespringismovedupwardswitha
constantaccelerationof4∙9m s-2.

(d)topofthespringismoveddownwardswitha
constantaccelerationof4∙9m s-2.

Solution
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Mass
10kg

10gN

T

T=
λx

l
0

(a) T=10g⇒T=10×9∙8⇒T=98N

∴98=
25×9∙8×x

0∙5

x=0∙2m

(b) T–10g=10×0⇒T=10×9∙8

⇒T=98N

∴98=
25×9∙8×x

0∙5
x=0∙2m

(c) T–10g=10×4∙9

T=10(9∙8+4∙9)=147N

∴147=
25×9∙8×x

0∙5

x=0∙3m

(d) 10g–T=10×4∙9

T=10(9∙8–4∙9)=49N

∴49=
25×9∙8×x

0∙5

x=0∙1m

Exercises

Exercise:14A

1.Anelasticstringofnaturallength2m is
stretched to 2∙5 m.Ifits modulus of
elasticityis20N,findthetensioninthe

string.

2.A spring ofnaturallength 60 cm is
stretched to 1 m.Ifthetension in the
spring is 6 N,find the modulus of
elasticity.

3.A spring ofnaturallength 10 cm is
compressedtoalengthof8cm.Ifits
modulusofelasticityis12 N,find the
thrustinthespring.

4.Whenthetensioninanelasticstringis8
N,itslengthis1∙6m.Ifthemodulusof
elasticityofthestring is24N,find its
naturallength.

5.Anelasticstringofnaturallength3ais
fixedatoneendandaparticleofweight
W isattachedtotheotherend.Whenthe
particlehangsfreelyin equilibrium,the
lengthofthestringis5a.Ifthestringis
heldatanangleθtotheverticalbya

horizontalforceofmagnitude
1

2
W,find

thevalueofθ and provethatthenew
lengthofthestringisa(3+5).

6.A particle ofmass 3 kg is suspended
from anelasticstring ofnaturallength
0∙5m andmodulus48N.Iftheparticleis
pulled vertically downwards and then
releasedwhenthelengthofthestringis1
m,finditsaccelerationattheinstantthat
itisreleased.

7.AnelasticstringABofnaturallength1∙2
m andmodulus10Nliesalongalineof
greatestslopeofasmoothplaneinclined
at30°tothehorizontal.TheendAisfixed
andtotheendBisattachedaparticleof
weight10N.Findthelengthofthestring
whentheparticleatBrestsinequilibrium
ontheplane.

8.Theendsofanelasticstringofnatural
length4aarefixedtopointsAandBon
thesamehorizontallevel,whereAB=3a.
AparticlePofweightW isattachedtothe
midpointof the string and hangs in
equilibrium atadepthof2abelow the
levelAB.Findthemodulusofelasticityof
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thestringintermsofW.

9.AspringPQofnaturallength1∙5m and
modulusλNisfixedatP.Theotherend
isjoinedtoasecondspringQRofnatural
length1m andmodulus2λN.Aparticle
ofweight15Nisthenattachedtotheend
Rofthesecondspring.Whenthesystem
is hanging freely in equilibrium the
distancePRis4m.Findthevalueofλ.

10.Aparticleofmass3m istiedtotheendC
andaparticleofmassm istiedatthe
midpointBofalightun-stretchedelastic
string ABC.Theend A ofthestring is
fixedandahorizontalforceofmagnitude
4mgisappliedtotheparticleatCsothat
the system hangs in equilibrium as
shownbelow.

A

B

C

mg
3mg

4mg

Calculatethe:
(i) tensionsinABandBC.

(ii) inclinationsofABandBCtothe
vertical.

(iii) Given that the modulus of
elasticityofthestringis6mg,
show thatforthisposition of
equilibrium AB∶BC=(6+42)∶11.

11.Findtheworkdoneinstretchingaspring
ofnaturallength1m andmodulus10N
toalengthof:

(a) 1∙2m (b) 2m

12.

Q

45°

P
R

Thediagram aboveshowsaparticlePof
mass1∙6kgwhichisattachedtoalight
inextensiblestringPQ andtoastringPR
ofnaturallength12cm andmodulusof
elasticity40N.ThestringPRishorizontal
andthestringPQmakesanangleof45°
withthehorizontal.Findthe:

(i) tensioninthestringPQ.

(ii) extensionofthestringPR.

13.In the diagram below AB isan elastic
stringofnaturallength1m andmodulus
147N,P isthehorizontalforceapplied
onto body B of mass 53 kg. At
equilibrium θ=30°.

A
θ

B
P

Findthe:

(i) magnitudeofP.

(ii) extensioninthestringAB.

Exercise:14B

1.Findtheenergystoredinanelasticstringof
naturallength4m andmodulus2Nwhenits
lengthis:
(a)5m (b) 10m

2.Theworkdoneinstretchinganelasticstring
ofnaturallength2∙5m from 3m to4m in
lengthis6J.Findthemodulusofthestring.

3.Whenamassof5kgisfreelysuspended
from oneendofalightelasticstringtheother
endofwhichisfixed,thestringextendsto
twiceitsnaturallength.Findthemodulusof
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thestring.

4.Theworkdoneinextendingaspringfrom its
naturallength6atoalength7aiska.Findthe
modulusofthespringintermsofkandthe
work done in extending the length ofthe
springfrom 7ato8a.

5.Aparticleofmass8kgissuspendedfrom a
fixedpointbyaspringofnaturallength0∙5
m and modulus 140 N.Ifthe particle is
releasedfrom restwiththespringverticaland
un-stretched,findthedistanceitfallsbefore
comingtorestinstantaneously.

6.Aparticleissuspendedfrom afixedpointA
byalightelasticstringofnaturallength2m.
When theparticlehangsinequilibrium the
lengthofthestringis2∙5m.Giventhatthe
particleisnow releasedfrom restatA,find
thedistanceithasfallenwhenitfirstcomes
torest.

7.Anelasticstringofnaturallength0∙6m is
stretchedby8cm byamassof1kghanging
onit.Determinetheworkdoneinstretchingit
from 0∙65m to0∙7m.

8.A smooth surface inclined at30°to the
horizontalhasabodyofmass6kgheldat
restonthesurfacebyalightelasticstring
attached to a fixed point2∙5 m from the
particle on the line ofgreatestslope,the
particlebeing below thefixed point.Ifthe
modulusofelasticityofthestringis3gN,find:

(i) itsnaturallength.

(ii)theextensioninthisposition.

9.Abodyofmassm liesonasmoothhorizontal
surfaceandisconnectedtoapointOonthe
surfacebya lightelasticstring ofnatural
length land modulus λ.When the body
moves with constant speed v around a
horizontalpath,centreatO,theextensionin

thestringis
1

4
l,showthatλ=

16mv2

5l
.

10.Anelasticstringisofnaturallength4m and
modulus24N.Findtheworkthatmustbe
donetostretchthestringfrom alengthof5
m toalengthof6m.

11.Alightelasticstringisofnaturallength50cm
andmodulus147N.Oneendofthestringis
attachedtoafixedpointandabodyofmass
3kgisfreelysuspendedfrom theotherend.
Findthe:

(a)extensionofthestringintheequilibrium

position.

(b)energystoredinthestring.

12.A spring is ofnaturallength 50 cm and
modulus60N.Howmuchenergyisreleased
whenthelengthofthespringisreducedfrom
1∙5m to1m?

Answerstoexercises

Exercise:14A

1. 5N 2.9N 3. 2∙4N 4.1∙2m 5.26∙6°

6.6∙2m s-2(upwards)7.1∙8m

8.
5

2
W 9.20 10.(i)4 2mg;5mg (ii) 45°;

53∙1° (iii)

11.(a) 0∙2J (b) 5J 12. (i)

22∙175N (ii) 0∙047m

13.(i)49 (ii)
2

3
m

Exercise:14B

1.(a)0∙25J (b) 9J 2.15N 3. 49N 4.

12k;3ka5.0∙56m 6. 4m 7.0∙46J

8.(i)1∙25m (ii)1∙25m

9.10. 9J 11. (a) 0∙1m (b) 1∙47J

12. 45J
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15.USEOFCALCULUS

Foruniformlyacceleratedmotionthefollowing

equationsareused:

v=u+at

s=ut+
1

2
at2

v2=u2+2as

However when the acceleration is variable,
differentiationandintegrationareemployed.
Velocity=Rateofchangeofdisplacement

v=
ds

dt
=

̇
s

From v=
ds

dt

s=∫vdt+constant

Acceleration=Rateofchangeofvelocity

a=
dv

dt
=

d

dt(ds

dt)=
d2s

dt2 =
̈
s

Note:From a=
dv

dt
⇒v=∫adt+ constant

15.1 Motionini–jplane
Formotionwithnon-uniform accelerationini–j
plane we employ calculus to each direction
separately.

Ifs=xi+yjors=(x
y),wherexandyarefunctions

oftime.

Thenv=
̇
xi+

̇
yjorv=

̇

(
x

̇
y)

anda=
̈
xi+

̈
yjora=(

̈
x

̈
y)

15.2 Motionini–j–kspace

Ifs=xi+yj+zkors=(
x
y
z

)wherex,yandzare

functions oftime then; v=
̇
xi+

̇
yj+

̇
zk or

v=(
̇
x

̇
y

̇
z

)anda=
̈
xi+

̈
yj+

̈
zkora=(

̈
x

̈
y

̈
z

).

15.3 Velocityasafunctionof

displacement

From a=
dv

dt
=

dv

ds
×

ds

dt
=v

dv

ds
sincev=

ds

dt

Theabovetwo equationsare employed when
velocityisafunctionofdisplacement.

15.3.1 Averagevelocityofaparticle

movingalongacurvedpath

Ifaparticlepassesthroughapointwithposition
vectorr(t

1
)attimet

1
andthroughr(t

2
)attimet

2
,

thenaveragevelocityv=
Δr

Δt
.

Henceaveragevelocityisgivenby:

v=
r(t

2)-r(t
1
)

t
2
-t

1

.

Example1
Thepositionvectorofaparticleofmass2kgis

givenas r=t3i+(t2+5t)j m.
Determine:

(i) itsaveragevelocityinthetimeintervalt=1

tot=2s.

(ii) itsspeedatt=2s.

(iii) thepowerdevelopedatt=2s.

Solution

(i) Averagevelocity=
Δr

Δt
=

r
2
-r

1

t
2
-t

1

When t=1 s;r
1

=i+6j; when t=2 s;

r
2

=8i+14j

Averagevelocity=
(8i+14j)-(i+6j)

2-1
=(7i+8j)m s-1
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(ii)v=
dr

dt
⇒v=3t2i+(2t+5)j;att=2s;

v=12i+9j

|v|= 122+92⇒|v|=15m s-1

(iii) a=
dv

dt
=

d

dt
(3t2i+(2t+5)j)

a=6ti+2j

Whent=2s;a=(6×2)i+2j
⇒a=(12i+2j)m s-2

F=ma⇒F=2(12i+2j)=(24i+4j)N

Whent=2s;v=(12i+9j)m s-1

P=F⦁v⇒P=(24i+4j)⦁(12i+9j)
P=24×12+4×9=324W

15.3.2 Averageaccelerationofaparticle
alongacurvedpath

Ifaparticlehasavelocityv(t
1
)attimet

1
anda

velocity v(t
2
) at time t

2
then its average

accelerationinthetimeintervalt
1

tot
2

isgivenby:

averageacceleration=
Δv

Δt
.

Hence average acceleration is given by:

a=
v(t

2)-v(t
1
)

t
2
-t

1

.

Example2
Thepositionvectorofaparticleatanytimets,is

r=4t2i+
3

π
sinπtjm.Findthemagnitudeofthe

averageaccelerationoftheparticleinthetime
intervalt=1tot=2s.
Solution

v=
dr

dt
=

d

dt(4t2i+
3

π
sinπtj)

⇒v=8ti+3cosπtj
Whent=1s;v

1
=8i+3cosπj⇒v

1
=8i-3j

Whent=2s;v
2

=16i+3cos2πj

⇒v
2

=16i+3j

Averageacceleration,a=
Δv

Δt
=

v
2
-v

1

t
2
-t

1

a=
(16i+3j)-(8i-3j)

2-1
a=(8i+6j)m s-2

|a|= 82+62⇒|a|=10m s-2

15.4 Variableforce

Avariableforceactingonabodyinaconstant
directionproducesavariableacceleration.
From F=ma

The acceleration a is given by;

a=
dv

dt
=

dv

ds
×

ds

dt
=v

dv

ds

Depending on the given information we can

employcalculustofindthesolutiontothegiven

problem.

Example3
Aparticleofmass2kginitiallyatrestat(0,0,0)is

acteduponbytheforce(
2t
t

3t
)N.Findthe:

(i) accelerationatanytimet.

(ii) velocityafter3seconds.

(iii) distancetravelledafter3seconds.

Solution

(i) 2a=(
2t
t

3t
)⇒a=(

t

1

2
t

3

2
t)m s-2

(ii)v=∫(
t

1

2
t

3

2
t)dt⇒v=(

1

2
t2

1

4
t2

3

4
t2)+c

1

Att=0;v=0⇒c
1

=0

Hencev=(
1

2
t2

1

4
t2

3

4
t2)

Att=3s;v=(
1

2
×32

1

4
×32

3

4
×32)⇒v=(

4⋅5
2⋅25
6⋅75

)
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(iii) r=∫(
1

2
t2

1

4
t2

3

4
t2)dt⇒r=(

1

6
t3

1

12
t3

1

4
t3)+c

2

Whent=0;r=0⇒c
2

=0

Hencer=(
1

6
t3

1

12
t3

1

4
t3)

Whent=3s;r(3)=(
1

6
×33

1

12
×33

1

4
×33)

⇒r(3)=(
4∙5

2∙25
6∙75

)
|r(3)|= 4∙52+2∙252+6∙752

⇒|r(3)|=8∙4187m

15.5 Motioninaresistive
medium

Whenmotiontakesplaceinaresistivemedium,
we apply Newton’s second law to obtain the
equationofmotionforthebody.

Example4
Abodyofmass1kgisreleasedfrom restand

fallsundergravityagainstaresistanceof
7

s+1
N,

wheresisthedistance(inmetres)thatthebody
hasfallensincerelease.Findthespeedofthe
bodywhenithasfallenadistanceof6∙4m.
(Takeg=10m s-2)
Solution

R=(7

s+1)

mg

a

mg-
7

s+1
=ma;m =1kg;g=10m s-2

a=10-
7

s+1

Buta=
dv

dt
=

dv

ds
×

ds

dt
=v

dv

ds

v
dv

ds
=10-

7

s+1
⇒∫vdv=∫(10-

7

s+1)ds

1

2
v2=10s-7ln(s+1)+c

Att=0,v=0,s=0

⇒0=10×0-7ln(1)+c⇒c=0

1

2
v2=10s-7ln(s+1)

⇒v= 2[10s-7ln(s+1)]
When s=6∙4 m ;

v= 2[10×6∙4-7ln(6∙4+1)]⇒v=10m s-1

15.6 Workdonebyavariable
force

15.6.1Variableforceactinginastraightline
(constantdirection)

ConsideravariableforceFwhichactsonabody
andmovesitalongastraightlinefrom pointAto
pointBthroughadisplacements.

F
A

δx

P Q

x=s

B

x=0

TheworkdoneδW inmovingthebodyfrom Pto
QthroughasmalldisplacementδxisδW≃Fδx.

ThetotalworkdonebyFinmovingthebodyfrom

AtoBisW =∫x=s

x=0
Fdx.

Example5
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Aparticleofmass2kgisacteduponbyaforce
24t2i+(36t–6)j–12tk.Initiallytheparticleisata
point (3,-4,4) and moving with velocity
16i+15j–8k.Findthe:
(a)speedoftheparticleafter2seconds.

(b)distancecoveredbytheparticleinthefirst2

seconds.

(c)rateofdoingworkwhent=2seconds.
Solution

(a) 2a=24t2i+(36t-6)j-12tk

⇒a=12t2i+(18t-3)j-6tk

v=

∫[12t2i+(18t-3)j-6tk]dt⇒v=4t3i+(9t2-3t)j-3t2k+c
1

At t=0 ;

v=16i+15j–8k⇒c
1

=16i+15j–8k

∴v=(4t3+16)i+(9t2-3t+15)j-(3t2+8)k

When t=2 s ;

v=(4×23+16)i+(9×22-3×2+15)j-(3×22+8)k

v=48i+45j-20k

|v|= 482+452+(-20)2 ⇒|v|=68∙7677

m s-1

(b) r=∫[(4t3+16)i+(9t2-3t+15)j-(3t2+8)k]dt

r=(t4+16t)i+(3t3-
3

2
t2+15t)j-(t3+8t)k+c

2

Att=0;r=3i-4j+4k⇒c
2

=3i-4j+4k

r(t)=(t4+16t+3)i+(3t3-
3

2
t2+15t-4)j+

(4-8t-t3)k

Whent=2s;

r(2)=(24+16×2+3)i+(3×23-
3

2
×22+15×2-4)j+

(4-8×2-23)k

r(2)=51i+14j-20k

s=r(2)-r(0)=(51i+14j-20k)-(3i-4j+4k)

s=48i+18j-24k

|s|= 482+182+(-24)2⇒|s|=56∙604m

(c) When t=2 s ;

F=24×22i+(36×2-6)j-12×2k

HenceF=96i-66j-24k

v=48i+45j-20k

Rateofdoingwork=Power

P=F⦁v

⇒P=(96i-66j-24k)⦁(48i+45j-20k)

=96×48-66×45-24×-20

=2118W

15.6.2 Variableforceactingalongacurved
path

ConsideravariableFactingonaparticlePand
movesitfrom AtoB.

A

P F
Qvδt

B

IfthevelocityatPisvthen
⃗
PQ≃vδt,workdone

byFtomovetheparticlefrom PtoQisδW≃F⦁

⃗
PQ.

δW≃F⦁(vδt)=(F⦁v)δt…………………(i)

Therateatwhichtheforceisworkingwhenthe

particleisatPis:lim
δt→0

(F⦁v)δt

δt
=F⦁v.

HenceforavariableforF(t)actingonaparticle

and causing itto movewith velocityv(t),the

powerdevelopedbytheforceattime,tisP=F⦁v.

From equation(i),thetotalworkdoneoverABis:

W =lim
δt→0

∑t
B

t
A

(F⦁v)δt,

wheret
A

andt
B

aretimes,whentheparticleisatA
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andBrespectively.

ByusingcalculusweobtainW =∫
t

B

t
A

(F⦁v)dt

HenceforavariableforceF(t)actingonaparticle

andcausingittomovewithvelocityv(t)thetotal

workdonebytheforceinthetimeintervalfrom t
A

tot
B

isgivenby: W =∫
t

B

t
A

(F⦁v)dt.

Example6

A carofmass3000kgdevelopingaconstant

powerof10kW increasesitsspeedfrom 4m s-1

to 14 m s-1 covering a distance d,taking T

secondsintheprocess.FindTandshow that

d=268m.

Solution

3000kg 3000kgF=
104

v

u=4m s-1
a

d

v=14m s-1

104

v
=3000a,buta=

dv

dt

104

v
=3000

dv

dt

∫T

0

10

3
dt=∫14

4
vdv

[10

3
t]

T

0

=[1

2
v2]

14

4

10T

3
=

1

2
(142-42)

T =27s

Also
104

v
=3000a,buta=

dv

dt
=v

dv

dx

104

v
=3000v

dv

dx

∫d

0

10

3
dx=∫14

4
v2dv

[10

3
x]

d

0

=[1

3
v3]

14

4

10d

3
=

1

3
(143-43)

d=268m

Example7

Aparticlemovingwithanaccelerationgivenby

a=4e-3ti+12sintj–7costkislocatedatthepoint

(5,-6,2)andhasvelocityv=11i–8j+3kattime

t=0.Findthe:

(i) magnitudeofaccelerationwhent=0.

(ii) velocityatanytimet.

(iii) displacementatanytimet.

Solution
(i)Att=0;a=4e-3×0i+12sin0j-7cos0k

a=4i-7k⇒|a|= 42+(-7)2

⇒|a|= 65=8∙062m s-2

(ii)v=∫[4e-3ti+12sintj-7costk]dt

v=-
4

3
e-3ti-12costj-7sintk+c

1

Att=0;11i-8j+3k=-
4

3
i-12j+c

1

⇒c
1

=
37

3
i+4j+3k

Hence

v=
1

3
(37-4e-3t)i+(4-12cost)j+(3-7sint)k

(iii) r=∫[1

3
(37-4e-3t)i+(4-12cost)j+(3-7sint)k]dt

r=

[1

3(37t+
4

3
e-3t)i+(4t-12sint)j+(3t+7cost)k]+

c
2

Att=0;5i-6j+2k=
4

9
i+7k+c

2

⇒c
2

=
41

9
i-6j-5k

∴
r(t)=

[1

3(41

3
+37t+

4

3
e-3t)i+(4t-6-12sint)j+(3t-5+7cost)k]

Displacementatanytime,t:s=r(t)-r(0)

s=

[1

3(41

3
+37t+

4

3
e-3t)i+(4t-6-12sint)j+(3t-5+7cost)k]-

[5i-6j+2k]

s=[1

3(37t+
4

3
(e-3t-1))i+4(t-3sint)j+(3t-7(1-cost))k]

Exercises

Exercise:15A
1.A particle ofmass m moves so thatits
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positionvectorattimetisr.Finditsvelocityv
andforceFactingonitgiventhat;

(a) r=4t2i+(3t3–2t)j

(b) r=5i–2t3j+(t2–1)k

(c) r=(2t–t2)i+(3sin2t)j

(d) r=te-ti–2tj
2.2.Aparticleofmass10kgmovessuchthat

itsposition vectoraftertime tsecondsis
r=(cos2t)i+(4sin2t+3)j.Findthe:

(a) speedoftheparticlewhent=
π

3
.

(b) forceactingontheparticlewhen

t=
π

2
.

3.3.Aparticleofmass4kgstartsfrom restat
apointwithpositionvector2i–3jandmoves
under the action of a constant force,
F=8i+20jN.Findthevelocityandposition
vectoroftheparticleafter5seconds.

4.Attimettheforceactingonaparticleof
mass3kgisF=6i-3t2j+54tk.Atthetimet
= 0theparticleisatapointwithposition
vectori–5j–kanditsvelocityis3i+3j.Find
thepositionvectoroftheparticleattimet=1.

5.5.Aparticleofmass2kgisacteduponat
timetbyaforceF=8i–4costj+2tk.When
t=0,thevelocityoftheparticleis6i.Findan
expressionforthevelocityoftheparticleat
timet.

6.Aparticlemovessuchthatitspositionvector
at any time t is given by
r=(3t2–1)i+(4t3+t–1)j.Findthe:

(a)speed,

(b)magnitudeofacceleration,att=2.
7.Anobjectofmass5kgisinitiallyatrestata

pointwithpositionvector-2i+j.Ifitisacted
onbyaforceF=2i+3j–4k,findits:

(i) acceleration.

(ii) velocityafter3s.

(iii) distancefrom theoriginafter3s.

8.Thepositionvectorrofaparticleinmotionis
givenbyr=5i+t3j+t2k,wheretisthetimein
seconds.Determinethe:

(i) velocityandaccelerationoftheparticle

atanytime.

(ii)speedattimet=4seconds.

9.Aparticleofmass3kgisacteduponattimet
byaforce F=6i–36t2j+54tk.Attimet=0,
theparticleisatapointwithpositionvector
i–5j–kandits velocityis3(i+j).Findthe

positionvectoroftheparticleanytimet.
10.A body ofmass 3 kg moves so thatits

position vector at time t is given by
r=t2i+sintj+costk.
(i) Findthemagnitudeoftheresultantforce.

(ii) Show that the velocity is initially

perpendiculartothedirectionofmotion

ofthebody.

Exercise:15B

1.Thepositionvectorofaparticleisgivenby

r=sin
π

6
ti+cos

π

6
tj+t2k.Findthespeedand

magnitudeofaccelerationoftheparticleafter
3s.

2.Thevelocityofa particleatanytimetis
v(t)=-asinωt+bωcosωt. Find an
expressionforthedisplacementxatanytime,
giventhatx=0whentimet=0.

3.A forceF=t2i+3tj+4kactsonabodyof
mass2kg.Initiallythebodyisatrestata
point2i-j+k.Findthe:
(i) speedofthebodyafter5s.

(ii) distanceofthebodyfrom theoriginafter

2s.

(iii)workdonebyFintheintervalfrom t=0

tot=4s.

4.The force acting on a 4 kg particle is
F=(5+4t)Nwheretisthetimeinseconds.If
itisinitiallymovingataspeedof5m s-1,find
itsspeedafter3seconds.

5.A particle starting with an initialvelocity
3i–6j–3k m s-1 has an acceleration of
6ti+6j–2katanytimet.Findthevelocityand
speedoftheparticleatt=2s.

6.AresultantforceF=[(4t–1)i+4j)]Nactson
aparticleofmass0∙5kginitiallyatrestatan
originO.Calculatethespeedoftheparticle
after2seconds.

7.Abodystartsfrom theoriginwithavelocity
of3 m s-1 and an acceleration given by
a=6t–4.Findthevelocityanddisplacement
attimet.

8.Ifv=(3t–2)(t–4)ands=8m whent=1s,
findthe:
(a)initialspeedofthebody.

(b)valuesoftwhenthebodyisatrest.
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(c) accelerationofthebodywhent=3s.

(d)distancethebodyisfrom Owhent=2s,
whereO isthelocationofthebodyat
t=0.

Exercise:15C
1.A particleofmass4 kg movessuch that

r=(t3-t2-4t+3

t3-2t2+3t-7).

(a)Calculate the times when the particle

crossestheliney=x.

(b)Findthevelocityoftheparticleatt=4s.

(c)Findanexpressionfortheaccelerationa
intermsoftandhencecalculatetheforce

actingontheparticleatt=
2

3
s.

2.If
̇
r=4t3i+6tj–3t2k and, when t=1 s,

r=(14i+6j–3k)m,find:

(a)
̈
rwhent=3s.

(b) rwhent=0s.
3.A particle starts from restat(2,0,0)and

movessuchthat
̈
r=(

16cos4t

8sin2t

sint-2sin2t
).Findthe:

(a) accelerationwhent=πs.

(b) velocitywhent=
π

2
s.

(c) displacementwhent=
π

4
s.

4.Ifv=2r+3,findtwhenr=3m giventhat
r=0whent=0.

5.If
̈
r=4r+2andinitiallyr=0and

̇
r=1m s-1,

findthe:

(a)valueof
̇
rwhenr=3m.

(b)valueoftwhenr=3m.

6.If
̈
r=r+2andinitiallyr=0and

̇
r=2m s-1,

findanexpressionfor:

(a)
̇
rasafunctionofr.

(b) tasafunctionofr.

7.A bodymovesalongastraightlinewithits
acceleration attime tgiven by a=(5–2v)
m s-2,wherevisthevelocityofthebodyat

timet.Whent=0,thebodyisatrest.Show

thatt=
1

2
ln(5

5-2v)s,and hence obtain an

expressionforvasafunctionoft.Showthat
asthemotioncontinues,thevelocityofthe
bodyapproachesamaximum valueandfind
thismaximum value.

8.A bodyofmass8kgisprojectedvertically
upwardswithaninitialspeedof10m s-1.The

bodyexperiencesaresistingforceof
v

5
N,v

beingthespeedofthebody.Findtheheight
above its point of projection when it
instantaneouslycomestorest.

9.Abodyofmass10kgisprojectedvertically
upwards through a viscous liquid with an
initial speed of 12 m s-1. The body

experiencesaresistingforceof
1

2
v2N,where

visthespeedofthebody.Findthedistance
above its pointofprojection atwhich it
instantaneouslycomestorest.

Answerstoexercises

Exercise:15A

1.(a) v=8ti+(9t2-2)j ; 2m(4i+9tj) (b)

F=-6t2j+2tk;2m(-6tj+k)

(c) v=(2-2t)i+6cos2tj;

F=-2m(i+6sin2tj)

(d) v=e-t(1-t)i-2j;F=me-t(t-2)i 2.

(a) 19 m s-1 (b) 40iN

3. (10i+25j)m s-1 ; (27i+59∙5j)m 4.

5i-
25

12
j+2k

5. (4t+6)i-2sintj+
1

2
t2k 6. (a)

50∙448m s-1 (b) 48∙3735m s-2

7. (i)
1

5
(2i+3j-4k) (ii)

3

5
(2i+3j-4k) (iii)

5∙1662m

8. (i) (3t2j+2tk) ; (6tj+2k) (ii)

48∙662m s-1
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9. (t2+3t+1)i+(3t-t4-5)j+(3t3-1)k

10. (i) 3 5N (ii)

Exercise:15B

1.6∙02m s-1; 2∙0187m s-2 2.

r(t)=
a

ω
(cosωt-1)+bsinωt

3.(i)29.76m s-1 (ii)5.754m (iii)321.78J

4.13∙25m s-1 5. (15i+6j-7k);17∙61m s-1 6.

20m s-1

7.v=3t2-4t+3;s=t3-2t2+3t

8.(a) 8m s-1 (b)
2

3
s;4s (c) 4m s-2

(d) 2m

Exercise:15C

1. (a) 2s ;5s (b) (36
35)m s-1 (c)

(6t-2
6t-4);(8

0)N

2. (a) (108i+6j-18k)m s-2 (b) (13i+3j-2k)

m

3. (a) (
16
0
0

)m s-2 (b) (
0
8
-1

)m s-1 (c)

(
4

π-2

1

2
-

1

2
)m

4. 0.549s 5.(a)7m s-1 (b) 0.973s

6. (a)
̇
r=r+2 (b) t=ln(r+2

2)
7. v=

5

2
(1-e-2t);2∙5m s-1 8. 5∙02m 9.

5∙51m
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16.CIRCULAR MOTION

Therearedifferentkindsofcircularmotionandin
this chaptermotion in horizontaland vertical
circlesistobeconsidered.

16.1 Motioninahorizontalcircle
ConsideraparticleP ofmassm,movingina
horizontalcircle,centreO,radiusr,withconstant
speedv.

v

P
ω r

O

Thelinearspeed vofP isdirected along the
tangenttothecircleatP.Theconstantangular

velocityω ofPisω=
v

r
measuredinradiansper

second(rads-1).Thereisnoaccelerationalong
the tangent since the particle moves with
constant speed around the circle. The

accelerationofPisinthedirection
⃗
PO,thatis,

towardsthecentreofthecircleandisgivenby

a=
v2

r
.

ByNewton’s2nd law,thisaccelerationmustbe
produced by a force which is also directed
towardsthecentreofthecircle.

From F=ma⇒F=
mv2

r
.

Thisforcemaybetensioninastring,africtional
force,etc…,and becauseitisalwaysdirected
towardsthecentre,itiscalled thecentripetal
force.

16.1.2Derivation
Considerabodydescribingacircleofradiusrat
aconstantspeedvasshown:

r

θ

θ

B

A

O

v
A

v
B

-v
A

v
B

δv=v
B

-v
A

r

(90-θ)
s

C

From
s

2πr
=

θ

2π
⇒s=rθ

Thespeedv=
s

t
⇒v=

rθ

t
=r(θ

t)
Thequantityω=

θ

t
iscalledtheangularvelocity

ofthebody.
Hencev=ωr

Theaccelerationa=
v

B
-v

A

t
=

δv

t

Butt=
s

v
⇒t=

rθ

v
andsinθ=

δv

|vA|
=

δv

v

⇒δv=vsinθ
Butforsmallanglesinradiansasθ→0,

sinθ→θ⇒δv=vθ

Hencea=
vθ

(rθ

v)
⇒a=

v2θ

rθ
⇒a=

v2

r
.

Sinceδvistowardsthecentre,thatis,alongline
CO,theaccelerationisalsodirectedtowardsthe
centreandiscalledcentripetalacceleration.

From Newton’ssecondlaw:F=ma⇒F=
mv2

r
.

Thisforceistowardsthecentreofthecircular
pathandisthuscalledcentripetal(centreseeking)
force.Thisforceenablesabodytomoveina
circularpath.

Problem solving:
WhensolvingproblemsinwhichPdescribesa
horizontalcircle,centreO,withconstantspeedor
constantangularvelocity.
1. Drawaclearforcediagram.
2. Resolvevertically.Sincetheparticledoesnot
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moveupordown,forcesmust balance in
thisdirection.

3. Writedownanequationformotionalongthe
radius.

Somecommonsituations:

1. Particleonastring:

A particleattachedtooneendofastring,the
otherendbeingonasmoothhorizontalsurface.
Whentheparticledescribescircularmotion,the
forcetowardsthecentreisprovidedbytensionin
thestring.

v R

P

mg

r
T

O

Resolvingvertically:R=mg

Resolvinghorizontally:T=
mv2

r

2. Aparticleonarotatingdisc:

Ifaparticlerestsonarotatinghorizontaldisc,the
onlyhorizontalforceactingontheparticleisthe
frictionalforce between the particle and the
surfaceofthedisc.Foranyparticularsurface,
there willbe a maximum value ofF,thatis
F

max
=μRandthentheparticlewillbeatthepoint

ofslipping.

R

m
g

ω

r
O

F

(↑):R=mg

(→):F=
mv2

r

3.Beadonacircularwire:

Ifabead isthreaded on asmooth horizontal
circular wire and moves at speed v, the
necessary force towards the centre of the
circularwireisprovidedbytheforcebetweenthe

beadandthewire.Inadditionthewiresupports
theweightofthebead,andtheverticalreactionR
equalsmg.

R

m
g

v2

r

r
O

F

ω

(↑):R=mg

(→):F=
mv2

r

4. Theconicalpendulum:

θ

mg

T

r

O

(↑):Tcosθ=mg

(→):Tsinθ=
mv

2

r

5. Aparticlefixedalongastringwhoseother
endsarefixedandiswhirledinahorizontal
circle:

A

m
g

r

T
2

B

β

α

T
1
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(↑):T
1
sinα-T

2
sinβ=mg

(→):T
1
cosα+T

2
cosβ=

mv2

r

6. A particleP movinginsideahollow cone,
withfriction:
(a)P aboutto move up the cone (v– a

maximum)

R

O
r

P

F

α mg

(b)(↑):Rsinα-Fcosα=mg

(c)(→):Rcosα+Fsinα=
mv2

r
(d)Pabouttomovedownthecone(v– a

minimum)

R

O
r P

F

β mg

(↑):Rsinβ+Fcosβ=mg

(→):Rcosβ–Fsinβ=
mv2

r

7. Acarroundingaroughhorizontaltrack:

v R

mg

O
F

r

(↑):R=mg

(→):F=
mv2

r

8. Acarroundingabankedtrack:

(a)Carcorneringatmaximum speed

O
r

R

P

mg
θ

F

(↑):Rcosθ-Fsinθ=mg

(→):Rsinθ+Fcosθ=
mv2

r

(b) Carcorneringatminimum speed

O
r

R

P

mg
θ

F

(↑):Rcosθ+Fsinθ=mg

(→):Rsinθ-Fcosθ=
mv2

r

(c) Carcorneringatthedesignspeed

O
r

R

P

mg
θ

(↑):Rcosθ=mg

(→):Rsinθ=
mv2

r

16.2 Motioninaverticalcircle
Ifa particle describes a verticalcircle when

whirledattheendofastringorbyslidingona

smoothsphericalsurface,weapplytheprinciple

ofconservationofenergytoanalyseitsmotion.

Consideraparticleofmassm attachedtothe

end ofa lightinextensiblestring describing a

verticalcircleofradiusr.
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r

mg

h

Tθ

θ

B

A

O

u

v

Iftheparticleisgivenaninitialhorizontalspeedu

from thelowestpointA,andatBithasrotated

throughanangleθandhasspeedv.

TakingAasthereferencepoint;

AtA:Potentialenergy=0;Kineticenergy=
1

2
mu2

Mechanicalenergy=
1

2
mu2

AtB:Potentialenergy=mgh=mgr(1-cosθ);

Kineticenergy=
1

2
mv2

Mechanicalenergy=mgr(1-cosθ)+
1

2
mv2

From v2=u2+2as

v2=u2-2gr(1-cosθ)

Mechanicalenergy=

mgr(1-cosθ)+
1

2
m[u2-2gr(1-cosθ)]=

1

2
mu2

Hencemechanicalenergyisconserved.

Considerthemotionoftheparticle.

AtB:

Alongthetangent;

0-mgsinθ=ma⇒a=-gsinθ

Alongtheradius;

T-mgcosθ=
mv2

r
⇒T=mgcosθ+

mv2

r

From v2=u2-2gr(1-cosθ)

T=mgcosθ+
m

r
[u2-2gr(1-cosθ)]

T=
mu2

r
-mg(2-3cosθ)

Thisgivesthetensioninthestringatanyangleθ,

motionispossibleifthestringdoesnotbecome

slack.

HenceT≥0⇒
mu2

r
-mg(2-3cosθ)≥0

⇒u≥ rg(2-3cosθ)

Attheinstantwhenthestringfirstslackens,T=0.

16.2.1Motionofaparticleonasmooth
sphericalsurface

Consideraparticle,Pofmass,m freetomoveon

the inside of a smooth circular (spherical)

surfaceofradiusr.

mg

h

R
θ

θ

P

A

O

u

v

r

Alongthetangent:
0-mgsinθ=ma⇒a=-gsinθ

Alongtheradius:

R-mgcosθ=
mv2

r
……………………….(i)

Iftheparticleisprojectedfrom thelowestpointA

withhorizontalspeedu;

Byconservationofmechanicalenergy:

1

2
mu2=

1

2
mv2+mgr(1-cosθ)

⇒v2=u2-2gr(1-cosθ)……(ii)

From (i)and(ii)

R=mgcosθ+
m

r
[u2-2gr(1-cosθ)]



Page184

R=
mu2

r
-mg(2-3cosθ)

MotioncontinuesifR≥0⇒u≥ rg(2-3cosθ)
Notethatiftheparticleisontheoutsideofthe

sphere,thereactionisalongtheradiusbutaway

from thecentreofthesphere.

16.2.2 Analysisoftwomaintypesof
motioninaverticalcircle

1. Theparticlecannotleavethecircularpath,

forexampleabeadthreadedonavertical

wire.Theparticlecandooneofthethree

behaviorsbelow.

(i) Completethecircleifv>0atthetop

andu2>4rg.

(ii) Cometorestatthetopifv=0atthe

topandu2=4rg.

(iii) Oscillate if v=0 for 0<θ<π and

u2<4rg.

u

v>0

OO

v=0

u

r r

(i) (ii)

θ

O
v=0

u

r

(iii)

2. Theparticlecanleavethecircularpathand

becomeaprojectile,forexampleaparticle

attachedtoastring.Theparticlecandoone

ofthethreebehaviorsbelow.

(Tisthetensioninthestringoranormalreaction)

(i) CompletethecircleifT≥0forallvalues

ofθandu2≥5rg.

(ii) BecomeaprojectileifT=0and
π

2
<θ≤π

and2rg<u2<5rg.

(iii)Oscillateifv=0forθ≤
π

2
andu2≤rg.

u

OO

u

r r

(i) (ii)

θ

θ

O
v=0

u

r

(iii)

Example1

Aparticleisreleasedfrom restataheight
3

2
r

abovethelowestpointofasphere,itslidesdown

theoutsideofthesmooth sphereofradiusr.

Provethatitleavesthesphereataheight
1

3
r

abovethecentre.Showthatwhentheparticleis

atadistancer2from theverticaldiameterofthe

sphere,itisatadepth4rbelowthecentreofthe

sphere.

Solution

Sincetheparticleslidesontheoutsideofthe

sphere,thereactionRonthesphereisoutwards.

mg

R

θ B

A

O

C
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Inmovingfrom AtoB,theparticlefallsthrougha

verticalheight

h=
1

2
r-

1

3
r=

1

6
r

Sincetheparticlestartsfrom restatA,itsinitial

velocityiszero.

AtB:

From v2=u2+2as,u=0,s=h=
1

6
r.

v2=2g×
1

6
r⇒v=

1

3
rg

InclinationofOBtothevertical.

From cosθ=
(1

3
r)

r
=

1

3
⇒θ=cos-1(1

3)
Alongtheradius:

mgcosθ-R=
mv2

r

R=mgcosθ-
mv2

r
=mg×

1

3
-

m

r
×

1

3
rg

⇒R=0.

SincethereactioniszeroatB,theparticlewill

leavethespherewhenatadistance
1

3
raboveits

centre.

Theparticlemovesasaprojectile

CB2=r2-(1

3
r)

2

⇒CB=
2 2

3
r

Theparticleleavesatadistance
2 2

3
rfrom the

verticaldiameter.

θ

B

O

C

v=
1

3
rg

θ
r

1

3
r

2 2

3
r

r2

Theparticleleavesatatangenttotheradius.

x=(vcosθ)t

y=(vsinθ)t+
1

2
gt2

Whentheparticleisatadistancer2from the

verticaldiameter

x=r2-
2 2

3
r= 2

3
r

∴ 2
3

r=
1

3
×(1

3
rg)t⇒t=

6r

g

y=
1

3
rg×

2 2

3
×

6r

g
+

1

2
g×

6r

g

y=
4

3
r+3r=

13

3
r

ThisisthedistanceoftheparticlebelowB.

VerticaldistancebelowO=
13

3
r-

r

3
=4r

Example2

A particleisplacedonthelowestpointofthe
inside ofa smooth sphericalshellofinternal
radius3am andisgivenahorizontalvelocityof

13ag m s-1.How high above the point of
projectiondoestheparticlerise?
Solution

mg

R
θ

θ

P

A

O

u

v

r

Alongtheradius:

R-mgcosθ=
mv2

r
……………………….(i)

Iftheparticleisprojectedfrom thelowestpointA

withhorizontalspeedu;

Byconservationofmechanicalenergy:
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1

2
mu2=

1

2
mv2+mgr(1-cosθ)

⇒v2=u2-2gr(1-cosθ)……(ii)

From (i)and(ii)

R=mgcosθ+
m

r
[u2-2gr(1-cosθ)]

R=
mu2

r
-mg(2-3cosθ)

Whentheparticlestopsrising,R=0.

0=
mu2

r
-mg(2-3cosθ)

⇒u2=rg(2-3cosθ)
13ag=3ag(2-3cosθ)

cosθ=
-7

9
⇒θ=π-cos-17

9

Letα=cos-17

9

y R

θ

α

P

A

O

u= 13ag

r=3a

cosα=
y

3a
⇒y=3acosα=3a×

7

9

y=
7

3
a

h=3a+
7

3
a=

16

3
am

Example3

Aninelasticstringoflengthametersisfixedat
oneendPandcarriesaparticleofmass3kgat
its otherend Q.The particle is describing a
horizontalcircleofradius0∙8m withanangular
speedof5rads-1.Determinethe:
(a)(i)anglethestringmakeswiththehorizontal.

(ii)tensioninthestring.

(b)valueofa.

(c)linearspeedoftheparticle.

Solution

a

3gN

T

Q

P

θ
O 0∙8m

(a)

(→):Tcosθ=3×52×0∙8

Tcosθ=60…………………………….(i)

(↑):Tsinθ=3g

Tsinθ=3×9∙8

Tsinθ=29∙4…………………………...(ii)

Dividing(ii)by(i):

(i) tanθ=
29∙4

60

θ=26∙1°

(ii) From (i):Tcos26∙1=60

T=66∙816N

(b) cosθ=
0∙8

a

a=
0∙8

cos26∙1
=0∙8908m

(c) v=ωr

=5×0∙8

=4m s-1

Example4

Alightinextensiblestringoflength5ametreshas
oneendattachedtoapointAandtheothertoa
pointBwhichisverticallybelowAand3ametres
from it.AparticlePofmassm kgisfastenedto
themidpointofthestringandmoveswithspeed
uinacirclewhosecentreisthemidpointofAB.
Show thatthetensionsintheupperandlower
stringsare

(15mu2+40mga

48a ) and (15mu2-40mga

48a )
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respectively.

Hencededucethatthemotionispossibleif
3u2≥8ga.

Solution

P

A

T
2

θ

θ r
C

mg
T

1

B

3

2
a

3

2
a

5

2
a

5

2
a

Bypythogorastheorem:

r2=(5

2
a)

2

–(3

2
a)

2

⇒r=2a

Resolvinghorizontally:

(T
1
+T

2)cosθ=
mu2

2a

(T
1
+T

2)×
2a

(5

2
a)

=
mu2

2a

T
1

+T
2

=
5mu2

8a
………………………(i)

Resolvingvertically:

(T
2
-T

1)sinθ=mg

(T
2
-T

1)×
(3

2
a)

(5

2
a)

=mg

T
2
-T

1
=

5

3
mg………………………(ii)

Adding(i)and(ii):

2T
2

=
5mu2

8a
+

5

3
mg

T
2

=(15mu2+40mga

48a )
From (i)T

1
=

5mu2

8a
-(15mu2+40mga

48a )

T
1

=(15mu2-40mga

48a )
Motionispossibleifbothstringsaretaut,thatis,

T
1

≥0⇒(15mu2-40mga

48a )≥0

Hence3u2≥8ga.

Example5
Oneendofalightinextensiblestringoflength
0∙5m isattachedtoafixedpointOonasmooth
horizontalsurfaceandaparticleofmass2kgis
attachedtoitsotherend.Iftheparticlemovesin
a horizontalcircle,centre O,with a speed of
5m s-1,find the tension in the string and the
reactionoftheparticleonthesurface.
Solution:

R

2g
N

T O

r=0∙5m

Horizontally:T=
mv2

r

T=
2×52

0∙5
⇒T=100N

Vertically:R=2g

R=2×9∙8⇒R=19∙6N

Example6
A particleofmass2kgisattachedbyalight
inextensiblestringoflength1m toafixedpoint
O.Theparticleismadetomoveinahorizontal
circlewhosecentreis80cm verticallybelow O.
Findthetensioninthestringandthespeedofthe
particle.
Solution:

O

1m
θ

T

2gN

0∙8m
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r= 12-0∙82⇒r=0∙6m

Resolvingvertically:

Tcosθ=2g

T×(0∙8

1)=2×9∙8

T=24∙5N

Resolvinghorizontally:

Tsinθ=
mv2

r

24∙5×(0∙6

1)=
2v2

0∙6

v=2∙1m s-1

Exercises

Exercise:16A

1.Aparticleissuspendedfrom apointAbya
stringoflength1m.Theparticleisthenmade
todescribeahorizontalcirclewithangular
velocity ωrads-1 in a conicalpendulum.
Showthattheanglemadebythestringtothe

verticalisθ=cos-1(g

ω2).

2.TwolightinextensiblestringsABandBCeach
oflengthl,areattachedtoaparticleofmass
m,atB,theotherendsAandCarefixedto
twopointsinaverticalline,suchthatAisa
distancelaboveC.Theparticledescribesa
horizontal circle with constant angular
velocityω.Findthe:

(a) tensionsinABandBC.

(b) leastvalue ofω so thatboth
stringsshallbetaut.

3.A pendulum oflength l,is whirled in a
horizontalcirclesuchthatitsstringmakesan
angleof30°withthevertical.Show thatthe
angular velocity of the bob is given by

ω2=
2g

l3
.

4.A particle ofmass 5 kg is whirled in a
horizontalcircleofradius2m withaconstant
speedof3m s-1.Findthetensioninthestring.

5.Oneendofalightinextensiblestringoflength

1∙6m isattachedtoafixedpointO ona
smoothhorizontalsurfaceandaparticleof
mass4kgisattachedtotheotherend.Ifthe
string willbreak when the tension in it
exceeds90N,findthemaximum speedat
whichtheparticlecanmoveinahorizontal
circlewithcentreO.

6.Aparticleofmass5kgisattachedbyalight
inextensiblestringoflength3∙25m toafixed
point.The particle moves in a horizontal
circlewithaconstantangularvelocityof2.8
rads-1.Findthetensioninthestringandthe
radiusofthecircle.

7.Aparticleofmassm isprojectedfrom thetop
ofasmoothsphereofradiusa.Itslidesdown
theoutsidesurfaceofthesphereandleaves

thesurfaceofthespherewithspeed
4

5
ag.

Findthe:
(a)verticaldistancetravelledbytheparticle

whileitisincontactwiththesphere.

(b)speedofprojection.

(c)speedoftheparticlewhenitislevelwith

thehorizontaldiameterofthesphere.

8.AsmallbeadP,ofmassm,isthreadedona
smooththinwireofradiusrandcentreO
whichisfixedinaverticalplane.Thebeadis
projectedalongthewirewithspeedufrom
the lowestpointA.The bead comes to
instantaneous rest at a point where
〈POA=120°.Show thatu= 3rg.Find in
termsofr,theheightofP aboveA atthe
instantwhenthereactionofthebeadonthe
wireiszero.

Exercise:16B
1.Aparticleofmass2kgissuspendedfrom a

fixedpointbyalightelasticstringofnatural
length1m andmodulus19∙6N.Theparticle
ismovinginahorizontalcirclewithconstant
speedvm s-1.Giventhatthelengthofthe
stringis2∙25m,findthevalueofv.

2.Two light strings AB and BC are each
attachedatBtoaparticleofmassm.The
stringABiselasticofnaturallength2aand
modulus3mg.ThestringBCisinextensibleof
length3a.TheendsAandCarefixedwithC
verticallybelow A andAC=5a.Theparticle
moveswithconstantspeedinahorizontal
circlewithbothstringstautandAB=4aas
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shown.

A

5a

C

3a

4a

B

(a)FindthetensioninstringAB.

(b)FindthetensioninstringBC.
(c)Showthatthespeedoftheparticleis

(44ga

5 ).

3.

ω

O
l B

2l
30°

C

AparticleCofmassm isattachedbymeans
ofalightinextensiblestringoflength2ltoa
particleB fixed attheedgeofahorizontal
rotating discofradiusland centreO.The
system rotateswithconstantangularspeedω
aboutaverticalaxisthroughO.TheplaneOBC
remains verticaland the string makes an
angleof30°withtheverticalasshowninthe

diagram above.Showthatω2=
g

2l3
.

4.Alightinextensiblestringoflength0.72m is
attached to points A and B where A is
vertically above B and AB=0∙48 m.Ifa
smooth ring P ofmass 50 grammes is
threadedonthestringandismadetomovein
ahorizontalcircleaboutB,findthe:
(a)tensioninthestring.

(b)angularspeedofthering.

5.Aparticleissuspendedattheendofalight
inextensiblestringoflengthrfrom a point
O.Whenthestringisvertical,theparticleis
projectedhorizontallywith speed u.
When the particle has turned through an
angleθ in a verticalplane,provethatthe
tension in the string is given by

m(3gcosθ+
u2

r
-2g).Giventhatu=

7

2
rg,show

furtherthatwhenthestringfirstslackens,the

particleisat a height
3

2
r above the

lowestpointandthatatthatinstantthestring
makesan angle of 60° with the upward
vertical.

6.Aparticleissuspendedfrom afixedpointby
astringoflengthl.Itisthen projected
horizontallysoastodescribepartofacircle
inaverticalplane.Show thatiftheparabolic
pathoftheparticleafterthestringbecomes
slackpasses through the originalpoint

ofprojection,thespeedofprojectionis
7gl

2
.

7.Aparticleisreleasedfrom restonthesurface
ofasolidhemisphereatapointA such

thatOA makes an angle cos-17

8
with the

upwardverticalasshownbelow.

A
B

v

rr O

Theparticleslidesfreelyuntilitleavesthe
surfaceofthehemisphereatpointBwith
speedv.GiventhatOBmakesanangleθwith
theupwardvertical,provethat:

(a) cosθ=
7

12

(b) v2=
7

12
rg

8.(a)(i)Show thatthecentripetalacceleration
ofabodymovinginacircularpathofradiusr

isgivenbya=
v2

r
.

(ii) Derivetheexpressionfortheangle
inclinationtothehorizontalnecessary
foraridermovingaroundacircular
trackofradiusrwithoutskiddingata
speedv,intermsofg,randv.

(b)Astoneofmass0∙5kgistiedtooneend
ofastring1m long.Thepointof
suspensionofthestringis2m abovethe
ground.Thestoneiswhirledinahorizontal
circlewithincreasingangularvelocityas
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showninthediagram.

G

Ground

Stone

θ

2m

Thestringwillbreakwhenthetensioninitis
12∙5Nandsemi-verticalangleθ

max
.

(i) Calculatethevalueofθ
max

.

(ii) Howfarfrom pointGwillthestonehit
theground?

(iii)Whatwillbethevelocityofthestone
whenithitstheground?

AnswerstoExercises

Exercise:16A

1.2.(a)
1

2
m(ω2l+2g);

1

2
m(ω2l-2g)(b)

2g

l
3.

4. 22∙5N

5. 6m s-1 6. 127∙4N ;3m 7. (a)
a

5

(b)
2

5
ag (c) 2

3

5
ag

8.
4

3
r

Exercise:16B

1.3∙15m s-1 2. (a)3mg (b)
7

3
mg (c)

3.4.(a) 0∙5308N (b)8∙5732rads-1 5.
6. 7. (a) (b)

8.(a) (i) (ii) tanθ=
rg

v2 (b)(i)

θ
max

=66.9° (ii) 2∙8m (iii) 7∙26m s-1at

50∙7°belowthehorizontal
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17.SIMPLEHARMONICMOTION(S.H.M)
Simpleharmonicmotion isa kind ofperiodic
motion in which the acceleration is directed
towardsafixedpointcalledequilibrium position
anditisdirectlyproportionaltothedisplacement
from thispoint.

17.1 Equationsforsimple
harmonicmotion

Considertheparticleshown below performing
S.H.M aboutequilibrium positionOwithextreme
pointsPandP'.Thedisplacementoftheparticle

from Oattimet,isx,andv=
̇
xisthevelocityat

thistime.

P'

x

O ̈
x

̇
x P

r r

Where
̈
x is the acceleration and r is the

amplitude.

Velocity reduces as the particle moves away
from the equilibrium position and the particle
comesto instantaneousrestatP and P'and
accelerates towards O.The amplitude OP or
OP'=ris the maximum displacementofthe
particlefrom theequilibrium position.

Duringsimpleharmonicmotion:

̈
x∝x

̈
x=-ω2x……………………(i)

Whereω isapositiveconstantcalledangular

velocity.

But
̈
x=

dv

dx
×

dx

dt
=v

dv

dx

v
dv

dx
=-ω

2
x

∫vdv=-ω
2
∫xdx

1

2
v

2
=-

1

2
ω

2
x

2
+c

Whenx=±r,v=0,wherev=
̇
x

O=-
1

2
ω2r2+c⇒c=

1

2
ω2r2

Hencev2=ω2(r2–x2)

⇒v=±ω r2-x2…………………………(ii)

v
max

=ωr,whenx=0

Takingthepositiverootin(ii)

dx

dt
=ω r2-x2

∫dx

r2-x2
=∫ωdt⇒sin-1(x

r)=ωt+Ø

x=rsin(ωt+∅)………………….(iii)

Alternativelytakingthenegativerootin(ii)

dx

dt
=-ω r2-x2

∫
dx

-r2-x2
=∫ωdt

⇒cos-1(x

r)=ωt+E

x=rcos(ωt+E)…………….(iv)

∅andEareconstantswhichcanbeobtained
usingtheinitialconditions.

Considerx=rsin(ωt+Ø)

Ifx=0att=0

0=rsinØ⇒∅=0

∴x=rsinωt

x

-r

O

r

2π

ω
4π

ω

t

Ifx=ratt=0

r=rsin∅⇒∅=
π

2

∴x=rsin(ωt+
π

2)⇒x=rcosωt
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x

-r

O

r

2π

ω
4π

ω

t

Notethataftertime
2π

ω
themotionrepeatsitself.

T=
2π

ω
iscalledtheperiodictimeofthemotion.

Thisisthetimetakentocompleteonecycle.

Summaryofequationsforaparticleexecuting

S.H.M:

1.
̈
x=-ω2x

2.
̈
xmax=ω2r

3.v2=ω2(r2-x2)

4.v
max

=ωr

5.x=rsinωt,ifx=0att=0

6.x=rcosωt,ifx=ratt=0

7.T=
2π

ω

Example1

A particle executing simple harmonic motion
startsfrom restandwhileatapoint3m from the
equilibrium positionitistravellingat8m s-1with
anaccelerationof12m s-2.Findthe:
(i) angularvelocityandamplitudeofthemotion.
(ii)shortestpossibletimetheparticletakesto

comebacktothegivenpoint.
Solution

Whenx=3m,v=8m s-1,a=12m s-2

(i) a=-ω2x

12=-ω2(-3)

ω=2rads-1

v=ω r2-x2

8=2 r2-32

r=5m

O

P

2m 3m

P'
(ii)

x=rcosωt

3=5cos2t

t=
1

2
cos-1(3

5)
t

1
=

1

2
cos-1(3

5)
t

1
=0∙464s

t
2

=
1

2(2π-cos-13

5)
t

2
=2∙678s

Timetaken=t
2
–t

1

=2∙678–0∙464

=2∙214s

Example2

A particlemovesinastraightlinewithsimple
harmonicmotionofamplitude2∙5m andperiod
2π seconds.Find the maximum speed and
maximum accelerationoftheparticle.
Solution

r=2∙5m,T=2πs

v
max

=ωr,T=
2π

ω
⇒2π=

2π

ω
⇒ω=1rads-1

v
max

=1×2∙5

=2∙5m s-1

a
max

=ω2r⇒a
max

=12×2∙5

=2∙5m s-2

Example3

Aparticlemovingwithsimpleharmonicmotion
instraightlinehasamaximum speedof6m s-1

andamaximum accelerationof18m s-2.Findthe:
(a) amplitudeofthemotion.

(b) periodofthemotion.

(c) speedoftheparticlewhenitis1m from
theequilibrium position.

Solution:

v
max

=6m s-1
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̈
xmax=18m s-2

v
max

=ωr

ωr=6……………………………..(i)

̈
xmax=ω2r

ω2r=18…………………………(ii)

Dividing(ii)and(i)

ω=3rads-1

(a) From (i):3r=6⇒r=2m

(b) T=
2π

ω

=
2π

3
s

(c) Whenx=1m

v=ω r2-x2

=3 22-12

=3 3m s
-1

Example4
A particle ofmass 3 kg moves with simple
harmonicmotioninastraightlinebetweenpoints
AandA'15m apart.Giventhatwhentheparticle
is3m from Aitsspeedis2m s-1,findtheperiod
ofthe motion.Find also the greatestforce
exertedontheparticleduringthemotion.
Solution

From v2=ω2(r2–x2)

22=ω2(7∙52-(7∙5-3)2)

ω=
1

3
rads

-1

T=
2π

ω
⇒T=2π÷

1

3

T=6πs

F
max

=mω2r

=3×(1

3)
2

×7∙5

=2∙5N

Example5

A particleperforming simpleharmonicmotion

startsfrom restandpassesthroughpointsP
1

andP
2

whichare2m,6m respectivelyfrom the

starting pointwithequalspeeds.Given that1
secondafterpassingP

2
theparticlenextcomes

torest,findthe:
(i) periodandamplitudeofthemotion.

(ii)timetakentomovefrom P
1

directlytoP
2
.

Solution

P
1

O P
2

6m
2m

r
m

(i)

From v2=ω2(r2-x2)

ω2[r2-(r-2)2]=ω2[r2-(6-r)2]

r2-(r-2)2=r2-(6-r)2

r=4m

P
1

O P
2

6m
2m

4
m

Sincetheparticlestartsfrom rest,motionbegins

attheamplitude

From x=rcosωt

x=4cosωt

AtP
2
;x=-2

-2=4cosωt
2

t
2

=
1

ω
cos-1(-1

2)
t

2
=

1

ω[π-cos-1(1

2)]=
1

ω(π-
π

3)
t

2
=

2π

3ω

Whenparticlecomestorest,x=-4,t=t
3

-4=4cosωt
3

t
3

=
1

ω
(π-cos-11)

t
3

=
π

ω

t
3
–t

2
=1s
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π

ω
-

2π

3ω
=1

π

3ω
=1⇒ω=

π

3
rads-1

T=2π÷
π

3

T=6s

(ii) AtP
2
,t

2
=

2π

3ω
=

2π

3
÷

π

3
=2s

AtP
1
,x=2

2=4cos(π

3
t

1)
t

1
=

3

π
cos-1(1

2)=
3

π
×

π

3

t
1

=1s

Timetakentomovefrom P
1

directlytoP
2

ist
2
-t

1
=2–1=1s

Example6

Aparticleisreleasedfrom restatapointA,1m
from asecondpointO.Theparticleaccelerates
towards O and moves with simple harmonic
motionoftimeperiod12sandO ascentreof
oscillation.Findhow fartheparticleisfrom O
onesecond afterrelease.How manyseconds
afterreleaseistheparticleatthemidpointofOA
forthe:
(a) firsttime.

(b) secondtime.
Solution:

A 1
m

O

Theamplitude,r=1m,T =12s⇒12=
2π

ω

⇒ω=
π

6
rads-1

Sincex=r,att=0

x=rcosωt

x=1cos(π

6
t)

Whent=1s

x=cos
π

6
⇒x= 3

2
m

Whenx=
1

2
m

1

2
=cos(π

6
t)

t=
6

π
cos-1(1

2)
(a) t

1
=

6

π
cos-1(1

2)
t

1
=2s

(b) t
2

=
6

π[2π-cos-1(1

2)]
t

2
=

6

π[2π-
π

3]
t

2
=10s

Example7

Aparticlestartsfrom restandperformssimple
harmonicmotiononastraightline.Tseconds
later,when its speed is halfofits maximum
speed,thedistancecoveredisametres.Prove
thatthe:

(a)amplitudeofthemotionis2a(2+ 3)m.
(b)periodofthemotionis12Tseconds.
(c)distancecoveredinthenextTsecondsis

a(3+1)m.

Solution

O
A'

(r–a) B a A

ristheamplitude.

(a) v
max

=ωr

v
B

=
1

2
ωrwhent=Tandx=r–a

From v2=ω2(r2-x2)

(ωr

2)
2

=ω2[r2-(r-a)2]

r2–8ar+4a2=0

r=
8a±64a2-4×1×4a2

2

r=2a(2± 3)

Hencer=2a(2+ 3)asrequired
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(b) From x=rcosωt

(r–a)=rcos
2πT

tp

,wheret
P

istheperiodic

time

2a(2+ 3)-a=2a(2+ 3)cos
2πT

tp

2 3+3

2(3+2)
=cos(2πT

tp
)

3
2

=cos(2πT

tp
)

π

6
=

2πT

tp

t
P

=12Tasrequired

(c) From x=rcosωt

x=2a(3+2)cos(2πt

tp
)

Whent=2T

x=2a(3+2)cos(2π×2T

12T )
=2a(3+2)cos(π

3)
=a(3+2)m

DistancecoveredinnextTseconds:

=a(3+2)-a

=a(3+1)m

17.2 Forcesproducingsimple
harmonicmotion

Toshow thatagivensetofforcesactingona
particle produce simple harmonic motion,we
mustprovethattheequationofmotionofthe

particlecanbeexpressedintheform
̈
x=-ω2x.

1. Verticalstring:

Consideralightelasticstringofnaturallengthl
andmodulusofelasticityλ,havingoneendfixed
atapointOandaparticleofmassm,attachedto
theotherend.

O

l

T

A

e

E

mg

IfTisthetensioninthestringwhentheparticle

hangsatEinequilibrium;

From Hooke’slaw:T=
λe

l

Inequilibrium:T=mg

Hence
λe

l
=mg

Iftheparticleisgivenadownwarddisplacement

xfrom Eandreleased.

mg–T'=ma

mg–
λ(x+e)

l
=m

̈
x

̈
x =

-λ

ml
x whichisoftheform

̈
x=-ω2x

henceS.H.M inwhich

ω=
λ

ml

TheperiodT=
2π

ω
=2π

ml

λ

Theamplituderofthemotionisthemaximum

displacementoftheparticlefrom E.

Note:Forcomplete S.H.M,the string should
remain taut throughout the motion.This is
possiblewith r<e.Forthecaseofa particle
suspendedfrom aspring,S.H.M istheoretically
possible even when r>e since a spring
undergoesbothcompressionandextension.The
samederivationisusedforthecaseofaspring.

2. Horizontalspring:

Consideraparticleofmassm,attheendofa
horizontalspringofmodulusofelasticityλand
naturallengthl,restingonasmoothhorizontal
surface.
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T
P

O

x

When the particle is given a smallhorizontal

displacementxfrom Oandreleased:

From Hooke’slawT=
λx

l

Equationofmotion;

O–T=m
̈
x

-λx

l
=m

̈
x

̈
x =-(λ

ml)x

HenceS.H.M inwhichω=
λ

ml

T=
2π

ω
=2π

ml

λ

3. Particlebetweentwohorizontalstrings:

Considera particle ofmass m,between two
horizontalstringsasshownbelow.

x

A
T

1

x
T

2 B

O

P

Inequilibrium T
1

=T
2

…………………..(i)

Thisconditionisusedinlocatingtheequilibrium

position.

IftheparticleisgivenadisplacementxtowardsB.

T'

2
–T'

1
=m

̈
x…………………………(ii)

Thisequationisusedtoprovethatthemotionis

simpleharmonic.

Note:Ifstring AP has naturallength l
1

and

modulusofelasticityλ
1

andstringPBhas

naturallengthl
2

andmodulusofelasticity

λ
2

then:

T
1

=
λ

1
e

1

l
1

andT
2

=
λ

2
e

2

l
2

wheree
1

ande
2

are

respectiveextensionsinAPandPBwhen

thesystem isinequilibrium.Usingequation

(i)whenthesystem isinequilibrium:

λ
1
e

1

l
1

=
λ

2
e

2

l
2

WhenPisgivenasmallhorizontaldisplacement

xtowardsB:

T'

1
=

λ
1(e

1
+x)

l
1

andT'

2
=

λ
2(e

2
-x)

l
2

Usingequation(ii)above:

λ
2(e

2
-x)

l
2

-
λ

1(e
1
+x)

l
1

=m
̈
x

Onsimplifying:

m
̈
x=-(λ

1
l
2
+λ

2
l
1

l
1
l
2

)x⇒
̈
x=-(λ

1
l
2
+λ

2
l
1

ml
1
l
2

)x

Hencesimpleharmonicmotioninwhich:

ω=
λ

1
l
2
+λ

2
l
1

ml
1
l
2

andT=2π
ml

1
l
2

λ
1
l
2
+λ

2
l
1

.

Example8

An elastic string of naturallength 2a and
modulusλhasitsendsattachedtotwopointsA
andBonasmoothhorizontaltable.Thedistance
ABis4aandCisthemidpointofAB.Aparticleof
massm,isattachedtothemidpointofthestring.
Theparticleisthenreleasedfrom restatD,the
midpointofCB.Denotingxthedisplacementof
theparticlefrom C,show thattheequationof

motionoftheparticleis
̈
x +

2λ

ma
x=0.

Find the maximum speed ofthe particle and
showthatthetimetakenfortheparticletomove

from D,directlytothemidpointofCDis
π

3

ma

2λ
.

Solution:

A

2a

T
1

C x
T

2
B

a

2a

D

Inequilibrium T
1

=T
2

T
1

=
λe

1

a
and T

2
=

λe
2

a
where e

1
and e

2
are

respectiveextensionsin AC and CB when the
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system isinequilibrium.

λe
1

a
=

λe
2

a
⇒e

1
=e

2

Alsoe
1

+e
2

=2a

Hencee
1

=e
2

=a

Whenthemassisgivenadisplacementxfrom C

towardsB.

T'

2
–T'

1
=m

̈
x

λ(a-x)

a
-

λ(a+x)

a
=m

̈
x

λ

a
(a-x-a-x)=m

̈
x

m
̈
x=

-2λ

a
x

̈
x+

2λ

ma
x=0

The motion is simple harmonic with angular

velocityω=
2λ

am

From v
max

=ωr,r=a

v
max

=( 2λ

am)r=( 2λ

am)a

v
max

=
2aλ

m

Sincex=ratt=0;x=rcosωt,ω=
2λ

am

x=acos[( 2λ

am)t]
Whenx=

1

2
a(atthemidpointofCD):

1

2
a=acos[( 2λ

am)t]
t=

ma

2λ
cos-11

2

t=
π

3

ma

2λ

Example9

Aparticleisattachedtooneendofalightelastic
string,theotherendofwhichisfastenedtoa
fixedpointAonasmoothplaneinclinedatan

anglearcsin
1

4
to thehorizontal.Theparticle

restsinequilibrium atapointOontheplanewith
thestringstretchedalongalineofgreatestslope

andextendedbyanamountc.Iftheparticleis
releasedfrom restatapointPonAOproduced,
showthataslongasthestringremainstautthe
particle will oscillate with simple harmonic
motionaboutOasacentreandstatetheperiodic
time.
Solution

e=c

mgsinθ

θ=sin-1 1

4mg

mgcosθ

x

R

O

A
T

1

θ

Alongplane;

Inequilibrium:T
1

=mgsinθ

T
1

=mg×
1

4
=

1

4
mg

From Hooke’slaw:T
1

=
λc

l
0

Hence:
1

4
mg=

λc

l
0

⇒λ=
mgl

0

4c

WhentheparticleisgivenadisplacementOP=x

andreleased:

mgsinθ–T
2

=ma

ma=
1

4
mg-

λ(c+x)

l
0

ma=
1

4
mg-

λc

l
0

-
λx

l
0

a=-
λ

ml
0

x=-
mgl

0

4c
×

1

ml
0

×x

a=-
g

4c
x

HenceS.H.M inwhichω=
g

4c
=

1

2

g

c

Theperiod,Tofthemotionisgivenby:T=
2π

ω

T=4π
c

g
.

Example10
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Abodyofmass500gisattachedtoendBofa
lightelasticstringAB ofnaturallength50cm.
Thesystem restsinequilibrium withthestring
verticalandendAfixed.Thebodyisthenpulled
vertically downwards through a small
displacementandreleased.Iftheensuingmotion

is simple harmonic ofperiod
π

5
s,find the

modulusofthestring.
Solution

l
0

=0∙5m

A

T

B
O

x

0∙5gN

Inequilibrium, T=0∙5g

From Hooke’slaw;T=
λe

l
0

=
λe

0∙5
=2λe

∴0∙5g=2λe⇒e=
g

4λ
When the body is given a downward
displacementxfrom equilibrium andreleased:

0∙5g-T'=m
̈
x

0∙5g-
λ(x+e)

l
0

=0∙5
̈
x

0∙5g-
λx

0∙5
-λ×

g

4λ×0∙5
=0∙5

̈
x

-2λx=0∙5
̈
x

̈
x=-4λx,HenceS.H.M

ω= 4λ=2 λrads-1

T=
2π

2 λ
⇒

π

λ
=

π

5

λ=25N

Exercises

Exercise:17A
1.Findtheperiodictimeofthesimpleharmonic

motiongovernedbythefollowingequations:

(a)
̈
x=-x (b)

̈
x=-4x (c)

̈
x=-9x

2.Amassof10kgmoveswithsimpleharmonic
motioninastraightline.Whenitis2m from
the centre ofoscillation,the velocity and
acceleration ofthe body are 12m s-1 and
162m s-2respectively.Calculatethe:
(a)period.

(b)amplitude.

(c) greatestforce exerted on the particle

duringitsmotion.

3.3.A particlemovesinastraightlinewith
simpleharmonicmotionofperiod5seconds
andhasamaximum speedof4m s-1.Find
the:

(i) amplitude.

(ii) speedwhenitis
6

π
m from the

centre.
4.A particle is performing simple harmonic

motion with centre O,amplitude 6 m and
period 2π seconds.Points B and C lie
betweenO andA withOB=1m,OC=3m
and OA=6 m.Find the leasttime when
travellingfrom:

(a) AtoB (b) AtoC

5.Aparticledescribingsimpleharmonicmotion
inastraightlinedirectedtoafixedpointO
hasavelocityof25m s-1andanacceleration
of75m s-2 whenitis3m from O.Determine
the:
(i) periodandamplitudeofoscillation.

(ii)timetakenbytheparticletoreachO.

(iii)velocity ofthe particle as itpasses

throughO.

6. (a)A particle performing simple harmonic

motion satisfies the equation
̈
x+ω2x=0,

where ω isa positiveconstantand xthe
distancefrom thecentreofmotion.Showthat
x=rcos(ωt+Φ)whereΦisaconstantand
ristheamplitude.

(b)A particle moving with simple harmonic
motionofamplitudeametrestravels from
a pointP,x

1
metresfrom the centre of

motiondirectlytoa pointQ,x
2

metres
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from thecentreofmotion in tseconds.
Show thatthe period T ofthe motion
satisfiestheequation;

a2cos
2πt

T
=x

1
x

2
+ (a2-x2

1)(a2-x2

2).

7.A particleismoving with simpleharmonic
aboutafixedpointO onaline.Theparticle
hasvelocityv

1
whenitsdisplacementfrom O

is x and its velocity is v
2

when its

displacementisy.Show thattheperiodof
oscillation satisfies the equation

T=2π (x2-y2

v2

2
-v2

1
).

8.A particle oscillates vertically in simple
harmonicofamplitude3cm andfrequency5
Hz.Findtheaccelerationoftheparticleat:
(a)thecentreofmotion.

(b)maximum displacement.

(c)apositionhalfwaybetweenthecentre

andmaximum displacement.

9.A particleismoving with simpleharmonic
motion along the x-axis with centre of
oscillationatO,atx=4m thespeedis6m s-1

andatx=3m thespeedis8m s-1.Findthe:
(a)amplitude.

(b)maximum velocity.

10.A particle moves with simple harmonic
motionaboutameanpositionO.Itisinitially
projectedfrom Owithspeed6m s-1 andjust
reachesapointAat2m from O.Findthe:

(a) distancefrom Oafter3s.

(b) speedoftheparticleafter9s.

(c) timetakenfortheparticletobeat
adistanceof1m from O forthe
thirdtime.

11.A particle P executes simple harmonic
motionwithamplitude3m andperiod2s.If
P is initially moving atmaximum speed,
determinethe:
(i) distancemovedbyPuntilitsspeedis

halfthemaximum value.
(ii)timetakenbyPtotravelthedistancein

(i)above.

Exercise:17B
1.A particle is performing simple harmonic

motionwithperiod12s.Itsspeedwhen8m

from the centre ofoscillation is
3

5
ofits

maximum speed.Ifthe particle is initially
movingwithmaximum speed,findthe:
(i) amplitudeofmotion.

(ii)timewhichelapsesbeforethespeedof
theparticlereducestohalfitsmaximum
value.

2.A particle moves with simple harmonic
motion between two pointsA and B,4 m
apart.Thegreatestspeedoftheparticleis
2πm s-1.Findthe:
(i) leasttimetakenbytheparticletotravel

from Atoapoint1m from B.
(ii) acceleration of the particle when at

1∙848m from B.
3.Aparticleexecutingsimpleharmonicmotion

starts from restatpointO and passes
throughpointsA andBinthatorder,given
thatOA=0∙1m,OB=0∙2m,andtheparticle
passesthroughAandBwithvelocities6m s-1

and8m s-1respectively.Calculatethe:
(a)amplitudeandangularvelocityofmotion.

(b)timetheparticletakestomovefrom A

directlytoB.

4.A bodyofmass100 g moveshorizontally
withsimpleharmonicmotionaboutamean
positionO.Whenthebodyis0∙5m from O
thehorizontalforceonthebodyis5N.Find
theperiodictimeofthemotion.

5.A particle moves with simple harmonic
motionaboutameanpositionO.Theparticle
haszerovelocityatapointwhichis50cm
from Oandaspeedof3m s-1atO.Findthe:

(a) maximum speedoftheparticle.

(b) amplitudeofthemotion.

(c) periodictimeofthemotion.

6.A particle moves with simple harmonic
motionaboutameanpositionO.Whenthe
particleis60cm from Oitsspeedis1∙6m s-1

and when itis 80 cm from O its speed
1∙2m s-1.Findtheamplitudeandperiodofthe
motion.

7.Aparticleisprojectedfrom apointAattime
t=0andperformssimpleharmonicmotion
with A as the centre ofoscillation.The
amplitudeofthemotionis50cm andperiodic
timeis3s.Findthe:
(a)speedofprojection.

(b)speedoftheparticlewhent=1s.

(c) speedoftheparticlewhent=2s.

(d)distance ofthe particle from A when

t=2s.
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8.Aparticleperformssimpleharmonicmotion
ofperiod 3 s and amplitude 6 cm about
centreO.Findthetimeittakestheparticleto
travelfrom OtoapointPadistanceof3cm
from O.

9.ThepointsA,O,B,C lieinthatorderona
straightlinewithAO=OC=4cm andOB=2
cm.A particle performs simple harmonic
motion ofperiod 6 sand amplitude4 cm
betweenAandC.Findthetimetakenforthe
particletotravelfrom AtoB.

10.ThepointsA,O,B,C lieinthatorderona
straightlinewithAO=OC=6cm andOB=5
cm.A particle performs simple harmonic
motion ofperiod 3 sand amplitude6 cm
betweenAandC.Findthetimetakenforthe
particletotravelfrom AtoB.

11.Aparticleexecutingsimpleharmonicmotion

aboutapointOhasspeedsof3 3m s-1and
3m s-1 whenatdistancesof1m and0∙268
m respectivelyfrom theendpoint.Findthe
amplitudeofthemotion.

12.A particle moving with simple harmonic
motionpassesthroughthreepointsA,Band
Cinthatorderwithvelocities0m s-1,2m s-1

and-1m s-1 respectively.Findtheperiodand
amplitudeofthemotionifAB=2metresand
AC=8metres.

Exercise:17C
1.A lightelasticstringofnaturallengthlhas

oneendfixedtoapointO.Theotherendis
attachedtoaparticleofmassm.Whenthe
particlehangsinequilibrium thelengthofthe

stringis
7

4
l.Theparticleisdisplacedfrom

equilibrium sothatitmovesverticallywhen
the string is taut.Show thatthe ensuing

motionissimpleharmonicwithperiodπ
3l

g
.

Attimet=0theparticleisreleasedfrom rest

atapointAatadistance
3

2
lverticallybelowO.

Findthe:
(i) depthbelowOofthelowestpointLof

themotion.

(ii) timetakentomovefrom AtoL.

(iii) depthbelow O oftheparticleattime

t=
1

3
π

3l

g
.

2.A lightelasticstringofnaturallengthlhas
oneendfixedandtothefreeendisattached
aparticleofmassm andthesystem hangs
vertically.Ifthemassisgivenadownward
verticaldisplacement,showthattheresulting
motionissimpleharmonic.Ifthisparticleis
nowreplacedbyanotherparticleofmassβm
anditisfoundthattheperiodofoscillationis
doubled.Findthevalueofβ.

3.A lightelastic string PQ ofmodulus of
elasticityλandnaturallengthahasoneend
Pfixed.Amassm hanginginequilibrium at
theotherendQstretchesthestringthrougha
distancel.Showthatwhenthemassispulled
downafurthersmalldistanceandreleased
from rest,the resulting motion is simple

harmonicofperiodT=2π
l

g
.Themassm is

detachedandreplacedbyamassm'which
also similarlymoveswith simpleharmonic

motionofperiodT'.Show that
m

m'=(T

T')
2

and

findtheperiodintermsofTandT'ifboth
masseshangaretogetherattheendofthe
string.

4.Whenaparticleofmassm kgissupportedby
an elasticstring ofnaturallength lm the
extensioninthestringise

0
.Theparticleis

displaced through a distance
3

4
e

0
from

equilibrium and allowed to make vertical
oscillations.
(a)Show that the motion is simple

harmonicwithperiodT=2π
e

0

g
.

(b)Provethatthetimetheparticletakesto

movefrom itslowestpointtoapoint
1

2
e

0

above the equilibrium position is

[π-cos-1(2

3)]
e

0

g
.

(c) Find an expression forthe time the

particletakestomovebetweenpointsat

which the speeds are half of the

particle’smaximum speed.

5.Amassof5kgissuspendedfrom astring
causinganextensionof25cm.Ifthemassin
pulleddownafurtherdistanceof25cm and
thenreleased,itperformssimpleharmonic
motion.Findthe:
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(a)frequencyofthemotion.

(b)velocity when the mass is 1∙25 cm

abovethelowestpoint.

6.Aparticleofmass1kgisattachedtooneend
ofalightelasticstringABofmodulus25N
andnaturallength0∙5m.TheotherendBof
thestringisfixedandAisheldatadistance
of 0∙75 m vertically below B and then
released.Calculatetheinitialaccelerationof
A.

7.Alightelasticstringisofnaturallength60cm
and modulus 3mg N.The string hangs
verticallywithitstopendfixedandabodyof
massm kgfastenedtotheotherend.Findthe
extensioninthestringwhenthebodyhangs
in equilibrium.Ifthe body is then pulled
verticallydownwardsadistanceof10cm and
released,show thattheensuingmotionwill
besimpleharmonicandfindthetimeperiod
ofthemotionandthemaximum speedofthe
body.

8.Aparticleofmassm isattachedtooneend
ofalightelasticstringofnaturallengthland
modulus2mgN.Theotherendofthestringis
fixedatapointA.Theparticlerestsona

supportB verticallybelow A,with AB=
5

4
l.

Findthetensioninthestringandthereaction
exerted on the particle bysupportB.The
supportBissuddenlyremoved.Showthatthe
particlewillexecutesimpleharmonicmotion
andfindthe:
(i) depthbelowAofthecentreofoscillation.

(ii) periodofthemotion.

Exercise:17D
1. A particleP ofmassm liesonasmooth

horizontaltableandisattachedtotwofixed
pointsA,Bonthetablebytwolightstringsof
naturallengths2l,3landmoduli2mg,mg
respectively.IfAB=7lshow thatwhenPis

inequilibrium,AP=
5

2
l.TheparticlePisheld

atrestata pointC in thelineAB,when
AC=3landCliesbetweenAandB,andis
thenreleased.Showthattheensuingmotion

ofPissimpleharmonicofperiodπ
3l

g
.Find

themaximum speedoftheparticleinthe
ensuingmotion.

2. (a)A massoscillateswithsimpleharmonic
motionofperiodonesecond.The
amplitudeofoscillationis5cm.Giventhat
theparticlebeginsfrom the centreofthe
motion,statetherelationship between the
displacementxof themassandtimet.
Hencefindthefirsttimeswhenthemassis3
cm from itsendposition.

(b)Aparticleofmassm isattachedbymeans
oflightstrings AP and PB ofthe same
naturallengtham andmoduliofelasticity
mgNand2mgNrespectivelytothepointsA
andBonasmoothhorizontaltable.The
particleisreleasedfrom themidpointofAB,
whereAB=3am.Show thatthemotionof
theparticleissimpleharmonicwithperiod

T=(4π2a

3g)
1

2

.

3. A particleP ofmassm liesonasmooth
horizontaltableandisattachedtotwolight
elasticstringsfixedtothetableatpointsA
andB.Thenaturallengthsofthestringsare
AP=4l,PB=5landtheirmoduliofelasticity

aremgand
5

2
mgrespectively.GivenAB=12l,

ShowthatwhenPisinequilibrium,AP=6l,P
isnow heldatCinthelineABwithAC=5l
andthenreleased.Show thattheresulting
motion is simple harmonic with period

4π
l

3g
.Find the maximum speed ofthe

particle.

4. Alightelasticstringofnaturallength2∙4m
andmodulusofelasticity15N isstretched
betweentwopointsAandB,3m apartona
smooth horizontalsurface.A particle of
mass4kgisattachedatthemidpointofthe
stringandpulled10cm towardsBandthen
released.
(a)Showthattheresultingmotionissimple

harmonic.

(b)Findtheperiod.

(c)Findthemaximum speed.

5. (a)Aparticleofmass2kgisattachedtoone
endofanelasticstringofnaturallength1m
and modulus 8 N lying on a smooth
horizontalplane.Theother endofthe
stringisfixedtoapointAontheplaneand
whenthestringisjusttauttheparticleisata
pointB.Theparticleispulledawayfrom A
untilitreachesapointC,whereAC=1∙5m
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andthenreleased.
(i) Find the velocity of the particle

whenitpassesthroughB.
(ii)Whatisitsvelocitywhenitreaches

A.
(b)Aparticleisperformingsimpleharmonic

motioninastraightline.Itsspeedwhenat
3m from thecentreofmotionis12m s-1

anditsaccelerationis27m s-2.Findthe:
(i) periodic time and amplitude of

motion.

(ii)leasttimetakentoreachthecentreof

motion.

(iii)velocityoftheparticleasitpasses

throughthecentreofmotion.

6. Aparticleofmass1∙5kgliesonasmooth
horizontaltableandisattachedtotwolight
elasticstringsfixedatpointsPandQ,12m
apart.Thestringsareofnaturallength4m
and5m andtheirmoduliareλand2∙5λ
respectively.
(a)Show that the particle stays in

equilibrium atapointRmidwaybetween
PandQ.

(b)IftheparticleisheldatsomepointSin
thelinePQ withPS=4∙8m andthen
released,showthattheparticleperforms
simpleharmonicmotionandfindthe:
(i) periodofoscillation.

(ii) velocitywhentheparticleis5∙5m

from P.

7. Aparticleofmass2kgisattachedtoone
endofanelasticspringofnaturallength1m
whoseotherendAisfixedtoapointona
smooth horizontalplane.The particle is
pulledacrosstheplanefrom BtoC,where
AC=1∙5 m and is then released.Ifthe
modulusofelasticityofthespringis10N,
showthat:
(a)from CtoBtheparticleperformssimple

harmonicmotionwithBasthecentre.
(b)thetimetakentotravelfrom BtoCis

π 5

10
seconds.

(c)thespeedatBis 5
2

m s-1.

8. A lightspringisofnaturallength1m and
modulus 2 N.One end ofthe spring is
attached to a fixed pointA on a smooth
horizontalsurfaceandtotheotherendis
attachedabodyofmass0∙5kg.Thebodyis
heldatrestonthesurfaceatadistanceof

1∙25m from A.Show thatonreleasethe
bodywillmovewithsimpleharmonicmotion
and find the amplitude and period ofthe
motion.

9. Two pointsA and B are1 m aparton a
smooth horizontaltable.A lightspring of
naturallength75cm andmodulus54Nhas
oneendfastenedtothetableatAandthe
otherendtoabodyofmass8kgwhichis
heldatrestatB.Showthatwhenthebodyis
released itmoves with simple harmonic
motionandfindthemaximum speedofthe
bodyduringthemotion.

10.Abodyofmass2kgisfixedtothemidpoint
ofalightelasticstringofnaturallength1m
andmodulus18N.Theendsofthestringare
attachedtotwopointsAandB,2m aparton
a smooth horizontalsurface.Thebodyis
pulledadistancertowardsA(r<0∙5m)and
released.Show thatthesubsequentmotion
issimpleharmonicandfindtheperiodofthe
motion.Ifthemaximum speedofthebodyis
1.5ms-1,findthevalueofr.

11.Alightelasticstringofnaturallength1∙5m
andmodulus12Nisstretchedbetweentwo
points A and B,2 m aparton a smooth
horizontalsurface.Abodyofmass2kgis
attachedtothemidpointofthestring,pulled
20cm towardsA andreleased.Show that
thesubsequentmotionissimpleharmonic
andfindthespeedofthebodywhenitis88
cm from A.

12.Two fixed points A and B on a smooth
horizontaltableareatadistance10aapart.
AparticlePofmassm liesbetweenAandB.
ItisattachedtoAbymeansofalightelastic
stringofmodulusλandnaturallength2a
andtoBbymeansofanotherlightelastic
stringofmodulus2λandnaturallength5a.
LetAP=x,iftheparticleisgivenaslight
displacementtowardsB:

(i) Showthat
̈
x+( 9λ

10am)x=
3λ

m
.

(ii)Determine x when the particle is in

equilibrium.

(iii)Iftheparticleisreleasedfrom restwhen
string AP is justtaut,show thatthe
particle moves with simple harmonic

motionofamplituder=
4

3
aandperiod
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T=
2π

3

10am

λ
.

AnswerstoExercises
Exercise:17A

1.(a) 2πs (b) πs (c)
2π

3
s 2. (a)

2π

9
s (b) 2∙404m (c)1947N

3.(i)
10

π
m (ii) 3∙2m s-1

4. (a) 0∙45πs (b)
π

3
s5.(i)

2π

5
s; 34m

(ii)0∙108s(iii)5 34m s-1

6.(a) (b) 7. 8.(a) 0m s-2

(b)29∙61m s-2 (c)14∙804m s-2

9.(a) 5m (b) 10m s-1

10. (a)0∙824m (b)1.7528m s-1 (c)
7π

18
s

11. (i)
3 3

2
m (ii)

1

3
s

Exercise:17B

1.(i)10m (ii)2s 2.(i)
2

3
s(ii)1.5ms-2

3.(a)0∙5m;20rads-1 (b)0∙0142s 4.
π

5
s

5. (a) 3m s-1 (b)0∙5m (c)
π

3
s 6.1m;

πs 7.(a)
π

3
m s-1 (b)

π

6
m s-1(c)

π

6
m s-1

(d) 3
4

m 8.0.25s 9. 2s 10. 1∙22s

11.2∙0m 12. 11∙24s;4∙2m

Exercise:17C

1.(i) 2l (ii)
π

2

3l

g
(iii)

15

8
l 2. β=4 3.

T''= T2+(T')2

4.(a) (b) (c)
2π

3

e
0

g
5. (a) 0∙9965

Hz (b) 0∙4887m s-1

6.2∙7m s-2(upwards) 7. 20cm ;
2π

7
s ;

0∙7m s-1

8.
1

2
mg;

1

2
mg (i)

3

2
l (ii) π

2l

g

Exercise:17D

1.
gl

3
2. (a) x=0∙05sin2πt;0∙0655s;

0∙5655s (b)

3.
1

2
3gl 4. (a) (b)

4π

5
s (c)

1

4
m s-1

5.(a) (i) 1m s-1 (ii) 1m s-1 (b) (i)
2π

3

s;5m (ii) 0∙2145s(iii)15m s-1

6.(a) (b)(i)2π
2

λ
s (ii)

1

10

119λ

2
m s

-1

7.(a)(b)(c)8. 25cm ;πs 9. 0∙75m s-1

10.
π

3
s ;25cm 11.0.64m s-1 12. (i)

(ii)
10

3
a (iii)
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18.RESULTANTANDRELATIVEMOTION

18.1ResultantVelocity
Theresultantofgivenvelocitieswhentheyare

giveninvectorialnotationissimplythevector

sum ofthevelocities.

Ifv
1

=ai+bjandv
2

=ci+djthentheirresultant

vistheirvectorsum:

v=v
1

+v
2

v=(ai+bj)+(ci+dj)=(a+c)i+(b+d)j

Howeverifvelocities are given in terms of

magnitudeandtheirdirectionsbyanglesthen:

 Wecanexpressthevelocitiesinvectorform

thereafter we find the magnitude and

directionoftheresultant.

 Iftheyaretwovelocities,wecanusethe

parallelogram ofvectors.

Example1

Aboattravellingat5m s-1inthedirection030°in

stillwaterisblownbywindmovingat8m s-1

from the bearing of150°.Calculate the true

speedandcoursetheboatwillbesteered.

Solution

8m s-1

N

30°
5m s-1

150°
60°

60°N

θ

v
R

Letv
R

bethetrueorresultantspeedoftheboat

v2

R
=82+52–2×8×5×cos120

v
R

= 129=11∙3578m s-1

v
R

sin120
=

8

sinθ
⇒ 129

sin120
=

8

sinθ

θ=sin-1(8sin120

129 )
θ=37∙6°

Courseset=360–(37∙6–30)=352∙4°

Hencethecoursesetisonabearingof

352∙4°.

Example2

TwoairfieldsAandBare500km apartwithBon

abearingof060°from A.Anaircraftwhichcan

travelat200km h-1instillairistobeflownfrom

A toB.Ifthereisawindof40km h-1 blowing

from thewest,findthecoursethatthepilotmust

setin orderto reach B and also find to the

nearestminute,thetimetaken.

Solution

40km h-1

α

30°
θ

30°

v
R

500km

60o

A

B

N

N

200km h-1

200

sin30
=

40

sinθ
⇒θ=5∙7°

Coursesetisonbearingof60–5∙7=054∙3°

α=180–(30+5∙7)=144∙3°

v
R

sin144∙3
=

200

sin30

v
R

=233∙4165km h-1

t=
500

233∙4165
=2∙142hours

t=2hours8minutes

18.2Crossingariverbyboat
Weconsidercrossingariverflowingbetweentwo
parallelbanks.Takingv

C
asvelocityofcurrent

(velocitywithwhichtheriverflows),v
B

asvelocity

ofboatin stillwaterand v
R

as the resultant

velocity(actualvelocity with which the boat
moves).
Therearemainlyfourpossiblecases:
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1.Crossingtoapointupstream from starting
point.

O

α

v
B

α
v

C

v
R

A

P

2.Crossing to a pointexactly opposing the
startingpoint.

O

α

v
B

α

v
C

v
R

P

d

Thecourseset:

cosα=
v

C

v
B

⇒α=cos-1(v
C

v
B

)
Resultantvelocity:

v2

R
=v2

B
–v2

C
⇒v

R
= v2

B
-v2

C

Timetakenforthecrossing:

t=
d

v
R

⇒t=
d

v2

B
-v2

C

Note:Thisisonlypossibleifv
B

>v
C
.

3.Crossingtoapointdownstream from starting
point.

O

α

v
B α

v
C

v
R

B

P

β

θ

β

β

Thesolutiontotheproblem canbeobtained

usingthesineruleandthecosinerule.

4.Crossingtheriverintheshortesttime.

O

α

v
B α

v
C

v
R

B

P

β

θ

β

d

β

t=
OP

v
B
sinα

=
d

v
B
sinα

t
min

=
d

(v
B
sinα)

max

But(sinα)
max

=1,whenα=90°

Hencet
min

=
d

v
B

Hence to cross the river in shortest

possibletime,thecourseissetdirectly

acrosstheriverornormaltothebank.

Example3
Amancanrowaboatinstillwaterat6km h-1.He
wishestocrossarivertoapointdirectlyopposite
hisstartingpoint.Theriverflowsat4km h-1and
hasawidthof250m.Findthetimetheman
wouldtaketocrosstheriver.
Solution:

A

6km h-1

4km h-1

P

250m

v
R

v
R

= 62-42= 20=2 5km h-1

t=
0∙25

2 5

=0∙0559hours

=201∙25seconds.

Example4
A riverflows ata constantspeed of4m s-1

betweenstraightparallelbankswhichare225m

 The course setis atan
angleαtothebank.

 The resultantvelocity is
along the line from
startingpointtothetarget
point.
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apart.A boatwhichhasamaximum speedof
2∙6m s-1 instillwaterleavesapointP onone
bankandsailsinastraightlinetotheopposite
bank.Findthetimetheboatcantaketoreacha
pointQontheoppositebankwherePQ=375m
andQisdownstream from P.Findalsotheleast
timetheboatcantaketocrosstheriver.Findthe
timetakentosailfrom PandQ bytheslowest
boatcapableofsailingdirectlyfrom PtoQ.

Solution

225

P
θ

α

β
v

R

θ

β375

Q

v
C

=4m s-1

v B
=

2
∙ 6

m
s

-1

β

sinβ=
225

375
⇒β=36∙9°

2∙6

sinβ
=

4

sinα
⇒

2.6

sin36∙9
=

4

sinα
⇒α=67∙4

°

v
R

sinθ
=

2∙6

sin36∙9
⇒

v
R

sin75∙7
=

2∙6

sin36∙9

⇒v
R

=4∙196m s-1

t=
375

4∙196
=89∙4s

Tocrossinleasttime,thecourseissetnormalto

thebank,thatis,θ=90°.

225m

P
Ø

v
R

v
C

=4m s-1

v
B

=2∙6m s-1

t
min

=
225

v
B

=
225

2∙6
=86∙5s

Note:Tofindthetimetakenbytheslowestboat,

βremainsthesamesinceitiscalculated

from thetriangleofdistancesbutθandα

dependonthenewspeedoftheboat.

225m

P

θ
α

β
v

R

θ

β375m

Q

v
C

=4m s-1

v
B

β

sinβ=
225

375
⇒sinβ=0∙6

v
B

sinβ
=

4

sinα
⇒

v
B

0∙6
=

4

sinα

v
B

=
2∙4

sinα

v
B

min

=
2∙4

(sinα)
max

(sinα)
max

=1,whenα=90°

v
B

min

=
2∙4

1
=2∙4m s-1

v
R

= 42-2∙42

v
R

=3∙2m s-1

t=
375

3∙2
=117∙2s

18.3Relativeandtruevelocity

18.3.1RelativeVelocity
FortwobodiesAandBmovingwithvelocitiesv

A

andv
B

respectively,thevelocityofArelativetoB

isthevelocityofAasmeasuredbyanobserver

on B and is denoted by Av
B

and given by

Av
B

=v
A

-v
B
.
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18.3.2TrueVelocity
Ifv

B
thetruevelocityofBisknownand Av

B
is

alsoknown,thetruevelocityofA,v
A

canbe

calculatedfrom:Av
B

=v
A

-v
B
⇒v

A
= Av

B
+v

B
.

Example5

Toanobserveronalinermovingwithvelocity

(18i–17j)km h-1,a yatch appears to have a

velocity (-8i+29j)km h-1.To someone on the

yatchthewindappearstohaveavelocity(-5i–5j)
km h-1.Findthetruevelocityofthewind.

Solution
v

L
=(18i–17j)km h-1

Tv
L

=(-8i+29j)km h-1

Yv
L

=v
Y

-v
L

v
Y

= Yv
L

+v
L

=(-8i+29j)+(18i–17j)

=(10i+12j)km h-1

Wv
Y

=(-5i–5j)km h-1

Wv
Y

=v
W

-v
Y

v
W

= Wv
Y

+v
Y

=(-5i–5j)+(10i+12j)
=(5i+7j)km h-1

Example6

Whenamancyclesduenorthat10km h-1 the

windappearstocomefrom theeast.Whenhe

cyclesinadirectionN60°W at8km h-1itappears

tocomefrom thesouth.Findthevelocityofthe

wind.

Solution:

1stCase:

|vM|=10km h-1 |Wv
M|

Man Wind

v
M

=(0
10)km h-1 Letv

W
=(a

b)km h-1

Wv
M

=v
W

-v
M

=(a

b)-(0
10)=(a

b-10)
SinceWv

M
isduewest;b–10=0⇒b=10

2nd Case:Note thatthe velocity ofthe man

changesbutthevelocityofthewind

remainsthe same.

Wind

|Wv
M|

Man

|vM|=8km h-1 60°

N

v
M

=(-8sin60

8cos60)=(-4 3

4 )
Wv

M
=v

W
-v

M
=(a

10)-(-4 3

4 )=(a+4 3

6 )
Since.

W
v

M
isduenortha+4 3=0⇒a=-4 3

v
W

=(-4 3

10)

4 3

|vW|
10

θ

θ

N

tanθ=
4 3

10
⇒θ=34∙7°

|vW|= (43)2
+10

2
=12.166km h-1

Velocityofwind12.166km h-1from S34∙7°E

Example7

(a) ShipAissailingwithspeedukm h-1 ina

directionN30°E.AsecondshipBis sailingwith

speedvkm h-1inadirectionNθ°E.Thevelocityof

shipA relativetoBisdue North East. Show

thatu=v(3+1)(cosθ–sinθ).

(b) ShipAchangesitscoursetoN60°E,while

itcontinueswiththesamespeed.ShipB

continueswiththesamevelocity.Thevelocityof

shipArelativetoBisnowdue East, find

tanθ.(Leaveyouranswerinsurdform).

Solution:
(a)

N

ukm h
-1

ShipA
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v
A

=(usin30

ucos30)=(
1

2
u

3
2

u)
v

B
=(vsinθ

vcosθ)

Av
B

=v
A

-v
B

=(
1

2
u

3
2

u)-(vsinθ

vcosθ)=

(
1

2
u-vsinθ

3
2

u-vcosθ)
SinceAv

B
isduenortheast:

|Av
B|

45°
1

2
u-vsinθ

3
2

u-vcosθ

tan45=
(3

2
u-vcosθ)

(1

2
u-vsinθ)

⇒
1

2
u-vsinθ= 3

2
u-vcosθ

2v(cosθ–sinθ)=u(3-1)

u=v(3+1)(cosθ–sinθ)

N N

ukm h-1 vkm h-1

θ60°

ShipA
ShipB

(b)

v
A

=(usin60

ucos60)=(
3

2
u

1

2
u)

v
B

=(vsinθ

vcosθ)

Av
B

=v
A

-v
B

=(
3

2
u

1

2
u)-(vsinθ

vcosθ)

=(
3

2
u-vsinθ

1

2
u-vcosθ)

SinceAv
B

isdueeast:

1

2
u–vcosθ=0⇒u=2vcosθ

Butu=v(3+1)(cosθ–sinθ)

Hence2vcosθ=v(3+1)(cosθ–sinθ)

2

(3+1)
=1–tanθ⇒tanθ=1-

2(3-1)
2

tanθ=(2-3)

Example8
To thedriverofa cartravelling duenorth at

40km h-1 the wind appears to be blowing at

50km h-1 from the direction N60°E.The wind

velocityremainsconstantbutthespeedofthe

carisincreasing.Finditsspeedwhenthewind

appearstobeblowingfrom the

directionN30°E.

Solution

Car



Page209

v
C

=(0
40)km h-140km h-1

Wv
C

=50km h-1from N60°E

N

60°

30°

50km h-1

Wv
C

=(-50cos30

-50sin30)=(-25 3

-25 )
v

W
= Wv

C
+v

C
=(-25 3

-25 )+(0
40)

=(-25 3

15 )
Whenwindappearstoblowfrom N30°E:

N

30°

60°

|Wv
C|

.
W

v
C

=v
W

–v
C

Letv
C

=(0
y)

Wv
C

=(-25 3

15 )-(0
y)=(-25 3

15-y)

25 3

60°

(y-15)

|Wv
C|

Note:Foranyrealnumbers
a,bandc:

 Ifa-b<0⇒|a-b|=b-a

 Ifa-b>0⇒|a-b|=a-b
 Ifc<0⇒|c|=-c

tan60=
y-15

25 3
⇒y=90

v
C

=(0
90)⇒|vC|= 02+902=90km h-1

Example9

Amancyclingataspeedvobservesthatwhen

heismovingduenorth,thevelocityofthewind

appears to be
1

2
u

1
(i-3j).On changing his

velocityto
1

2
v(-3i+j),thewindvelocityappears

tobeu
2

dueEast.Provethatthetruevelocityof

thewindis 3
6

v(i+ 3j).

Solution

Whenv
M

=(0
v)=vj;Wv

M
=

1

2
u

1
(i-3j)

Wv
M

=v
W

–v
M
⇒v

W
=vj+

1

2
u

1
(i-3j)=

1

2
u

1
i+

(v-3
2

u
1)j………(i)

Whenv
M

=
1

2
v(-3i+j);Wv

M
=u

2
i

From Wv
M

=v
W

–v
M
⇒v

W
=u

2
i+

1

2
v(-3i+j)

v
W

=(u
2
-3

2
v)i+

1

2
vj……………(ii)

From(i)and(ii)

1

2
u

1
i+(v-3

2
u

1)j=(u
2
-3

2
v)i+

1

2
vj

i:
1

2
u

1
=u

2
-3

2
v…………………….(iii)

j:v-3
2

u
1

=
1

2
v⇒u

1
= 3

3
v

From (iii): 3
6

v=u
2

-3
2

v⇒u
2

=
2 3

3
v

From (i):v
W

=(1

2
× 3

3
v)i+(v-3

3
v× 3

2)j

v
W

= 3
6

v(i+ 3j)
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18.4 InterceptionandCollision
Considertwo bodies A and B moving with

uniform velocitiesv
A

andv
B

initiallyatpointsP

andQrespectively.

v
A

R

P α

v
B

β

Q

ForcollisiontrianglePQRisclosed.

Thatis;
|⃗QR|
sinα

=
|⃗PR|
sinβ

and
v

A

sinβ
=

v
B

sinα

Alternatively,ifBisassumedtobeatrest,then

AmoveswithvelocityAv
B

givenby

Av
B

=v
A

-v
B
.

Forcollision Av
B

isalongtheline
⃗
PQ.Henceif

velocitiesandlocationsaregiveninvectorform,

for a collision Av
B

is parallel to
⃗
PQ hence

Av
B

=h
⃗
PQ,wherehisaconstant.

Thetimetakenforthecollisionist=
|
⃗
PQ|

|Av
B
|
.

Example10
Abattleshipissteamingnorthwardsat16km h-1

and is southwestofa submarine.Find two
possiblecourseswhichthesubmarinecouldtake
inordertointerceptthebattleshipifitsmaximum
speedis12km h-1.
Solution

12km h-1

R

N

16km h-1

B

N 45°
45°

θ
α S

45°

Foracollision:

12

sin45
=

16

sinα
⇒α=70∙5°,109∙5°

Whenα=70∙5°

θ=180–(70∙5+45)=64∙5°

Whenα=109∙5°

θ=180–(109∙5+45)=25∙5°

Possiblecourses:N64∙5°W andN25∙5°W

Example11

Particles P and Q are moving with constant
velocities3i–2jand–i+4jrespectively.InitiallyP
has position vectori+5jand Q has position
vector3i+2j.FindthevelocityofQrelativetoP
andthedisplacementofQrelativetoPattimet.
Show thatthe particles collide and state the
valueoftwhenthecollisionoccurs.
Solution

r
P
(0)=i+5j v

P
=3i–2j

r
Q
(0)=3i+2j v

Q
=-i+4j

r
P
(t)=r

P
(0)+v

P
t=(i+5j)+(3i–2j)t

=(1+3t)i+(5–2t)j
r

Q
(t)=r

Q
(0)+v

Q
t

=(3i+2j)+(-i+4j)t=(3–t)i+(2+4t)j

Qr
P(t)

=r
Q
(t)-r

P
(t)=[(3–t)i+(2+4t)j]-[(1+3t)i+(5–

2t)j]

Qr
P
(t)=(2–4t)i+(6t–3)j

Qv
P

=(-i+4j)–(3i–2j)=(-4i+6j)

WhenPandQcollide;Qr
P
(t)=0

(2–4t)i+(6t–3)j=0i+0j

i:2-4t=0⇒t=
1

2

j:6t-3=0⇒t=
1

2

Henceacollisionoccurswhent=
1

2
Alternatively,foracollisionbetweenPandQ:

Qv
P

=hQr
P
(0),wherehisaconstant.

Qv
P

= (-4i+6j)=2 (-2i+3j) and
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Qr
P
(0)=-2i+3j

HenceQv
P

=2Qr
P
(0)implyingthatPandQcollide.

Timeforcollision,t=
|Qr

P
(0)|

|Qv
P|
⇒t=

(-2)2+32

(-4)2+62

⇒t=
1

2
Example12

Two aircraftsP andQ areflying atthesame
height.Pisflyingnorthat500km h-1 whileQis
flyingduewestat600km h-1.Whentheaircrafts
are100km apart,thepilotsrealisethattheyare
aboutto collide.ThepilotofP then changes
course to 345°and maintains the speed of
500km h-1.ThepilotofQ maintainshiscourse
butincreasesthespeed.Determinethe:
(a) distance each aircraft would have

travelledifthepilotshadnotrealisedthat
theywereabouttocollide.

(b) new speedbeyondwhichtheaircraftQ
mustflytoavoidcollision.

Solution
P Q

500km h-1

600km h-1

(a)

v
P

=(0
500)km h-1

v
Q

=(-600
0 )km h-1

Pv
Q

=(0
500)-(-600

0 )=(600
500)

500

|Pv
Q|

600

θ

|Pv
Q|= 6002+5002=781∙025km h-1

tanθ=
500

600
⇒θ=39∙8°

t=
100

781∙025
=0∙128hours

s
P

=500×0∙128=64km

s
Q

=600×0∙128=76∙8km

100km

R v'

Q

N

Q
39∙8°

500km h-1

N

50∙2°
39∙8°

P

15°

(b

Forcollision,trianglePQRshouldbeclosed.

vq
'

sin65∙2
=

500

sin39∙8

v'

Q
=709∙08km h-1

Hencetoavoidcollisionv'

Q
>709∙08km h-1

18.5 Closestapproach
Considertwo bodies A and B moving with
velocitiesv

A
andv

B
respectively.IfBisassumed

tobeatrestthenA moveswithvelocity Av
B

whereAv
B

=v
A
–v

B
.

C

|Av
B|

d

θ

A B

ThedistancebetweenAandBisclosestwhen
⃗
BCisperpendicularto Av

B
.Theclosestdistance

canbeobtainedfrom:

sinθ=
d

|
⃗
AB|

d=|
⃗
AB|sinθ………………………....(i)

Thetimetakenforsuchasituationtooccuris

t=
|
⃗
AC|

|Av
B
|

=
|
⃗
AB|cosθ

|Av
B
|

………..(ii)

From (i):d=|
⃗
AB|sinθ

From
⃗
AB×Av

B
=|⃗AB||Av

B
|sinθ

̂
u,where

̂
u isa
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unitvectorperpendiculartoboth
⃗
ABandAv

B
.

|
⃗
AB×Av

B
|=|
⃗
AB||Av

B
|sinθ

hencesinθ=
|
⃗
AB×Av

B
|

|⃗AB||Av
B
|

.

Thisimpliesthatd=
|⃗AB||⃗AB×Av

B
|

|⃗AB||Av
B
|

Henced=
|⃗AB×Av

B
|

|Av
B|

…………………………………..(iii)

From (ii):t=
|⃗AB|cosθ

|Av
B|

From
⃗
AB⦁

A
v

B
=|⃗AB||Av

B|cosθ⇒cosθ=

⃗
AB⦁

A
v

B

|⃗AB||Av
B|

t=
|⃗AB|
|Av

B|
×

⃗
AB⦁

A
v

B

|⃗AB||Av
B|

Hencet=

⃗
AB⦁

A
v

B

|Av
B|2 ………………………………..(iv)

Equations (i)and (ii)can be applied ifthe
questionisgeometricalwhile(iii)and(iv)canbe
used when the question requires a vectorial
approach.

ConsiderbodiesAandBinitiallyatpointswith
positionvectorsr

A
(0)andr

B
(0)andaremoving

withconstantvelocitiesv
A

andv
B

respectively.

v
A

r
A
(0)

A

v
B

B
r

B
(0)

O

Aftertimet:

r
A
(t)=r

A
(0)+v

A
×t

r
B
(t)=r

B
(0)+v

B
×t

Ar
B
(t)=r

A
(t)–r

B
(t)

Atclosestdistance:

d

dt|Ar
B
(t)|2=0………………………….(v)

Equation (v)can be used to obtain thetime
takenforthebodiestogetclosestandhencethe
closestdistance|Ar

B
(t)|

t
canalsobefound.

AlsosincewhenAandBareclosest,therelative
displacement and relative velocity are
perpendicular.Atclosestdistance:

Av
B
⦁

A
r

B
(t)=0…………………………………(vi)

From (vi)the time taken forA and B to be
closest can be found and hence closest
distancesbetweenAandBcalculated.

Compleletingofsquarestechniquecanalsobe

usedtofindtheclosestdistancebetweentwo

movingbodiesandthetimetakentoattainit.If

thedisplacementbetweentwomovingbodiesA

and B isgiven by Ar
B
(t)then thedistanced

betweenthebodiesisgivenbyd=|Ar
B
(t)|.Since

thisdistanceisafunction oftime,itcan be

expressedintheform

d2=h[(t-t
0)2+d

0]

⇒d= h[(t-t
0)2+d

0]……………(vii)

whereh,t
0

andd
0

areconstants.

Since(t– t0)2 ≥0⇒d
min

= hd
0

when (t– t0)2

=0⇒t-t
0

=0⇒t=t
0
.

Henceusingequation(vii)theclosestdistance

betweenthebodiesinthesubsequentmotionis

d
min

= hd
0

andthetimetakenforthissituation

tooccurist=t
0
.

Example13
Particles A and B are moving with constant
velocities5i+2jand2i+jrespectively.Initially
thepositionvectorsofA andBare3i+4jand
5i+8jrespectively.Writedownexpressionsforr

A

andr
B
,thepositionvectorsoftheparticlesat
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timet.Findthevector
⃗
ABattimet.Hencefind

theminimum distancebetweentheparticles.
r

A
(0)=(3i+4j) v

A
=5i+2j

r
B
(0)=(5i+8j) v

B
=2i+j

Solution
r

A
=r

A
(0)+v

A
×t

r
A

=(3i+4j)+(5i+2j)t

=(3+5t)i+(4+2t)j
r

B
=r

B
(0)+v

B
×t

r
B

=(5i+8j)+(2i+j)t

=(5+2t)i+(8+t)j

⃗
AB=r

B
-r

A
=[(5+2t)i+(8+t)j]–[(3+5t)i+(4+2t)

j]
⃗
AB=(2–3t)i+(4–t)j

Atclosestdistance;
d

dt
|⃗AB|2

=0

|⃗AB|2

=(2-3t)2+(4-t)2

d

dt
|⃗AB|2

=2(2–3t)×-3+2(4–t)×-1=20(t-1)

Atclosestdistance,
d

dt
|⃗AB|2

=0

20t–20=0⇒t=1
Whent=1s

|⃗AB|= (2-3)2+(4-1)2= 10

Alternatively,usingcompletingofsquares
technique:
From

Br
A
(t)=

⃗
AB=(2–3t)i+(4–t)j⇒d2=|Br

A
(t)|2=

(2–3t)2+(4–t)2

d2=4-12t+9t2+16-8t+t2⇒d2=10t2-20t+20
Oncompletingsquares:
d2=10[t2-2t+2]⇒d2=10[(t-1)2-12+2]
d= 10[(t-1)2+1]
d

min
= 10×1⇒d

min
= 10whent-1=0⇒t=1

Example14
Two particles A and B move with constant
velocitiesim s-1and(5i–3k)m s-1respectively.At
timet=0,thepositionvectorsofA andB are
(ai+bj+ck)m and(i+4j–7k)m respectively.Show
thatiftheparticlesareclosesttogetheratt>0
then4a–3c>25.Giventheparticlesareclosest
togetherwhen t=2 and atthis instantthe

positionvectorofA is(32i+7j+15k)m,findthe
valuesofa,bandc.
Solution

v
A

=im s-1,v
B

=(5i–3k)m s-1

Att=0

r
A
(0)=(ai+bj+ck)m,r

B
(0)=(i+4j-7k)m

Aftertimet:

r
A
(t)=(ai+bj+ck)+i×t=(a+t)i+bj+ck

r
B
(t)=(i+4j–7k)+(5i–3k)t

=(1+5t)i+4j–(7+3t)k

Br
A
(t)=(4t+1–a)i+(4–b)j–(3t+7+c)k

Bv
A

=(5i–3k)–i=4i–3k

Atclosestdistance.
B
r

A
(t)⦁

B
v

A
=0

[(4t+1–a)i+(4–b)j–(3t+7+c)k]⦁(4i–3k)=0

16t+4–4a+9t+21+3c=0

t=
4a-3c-25

25

Sincet>0⇒
4a-3c-25

25
>0

4a–3c–25>0⇒4a–3c>25

Ifparticlesareclosestatt=2when

r
A

=(32i+7j+15k)m;

Butwhent=2,r
A

=(a+2)i+bj+ck

Hence(a+2)i+bj+ck=32i+7j+15k

i:a+2=32⇒a=30

j:b=7

k:c=15

Example15
A carA istravelling with constantvelocityof
20km h-1 duewestand carB hasaconstant
velocityof16km h-1inthedirectionofthevector
(-4i+3j).Atnoon,Ais1⋅2km duenorthofB.
TakethepositionofAatnoonastheoriginand
obtainexpressionsforthepositionvectorsofA
andBattimethoursafternoon,andhenceshow
thatthepositionvectorofArelativetoBisrkm,
where 5r=6{-6ti+(1–8t)j}. Deduce that the
distancebetweenAandBisdkm,where25d2=
36(100t2–16t+1).Henceshowthattheminimum
separationbetweenAandBis720m andfind
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thetimeatwhichthisoccurs.
Solution

CarA:
20kmh-1

v
A

=-20ikm h-1

CarB:

|vB|=16km h-1

v
B

=h(-4i+3j)

v
B
|=h (-4)2+32

16=5h⇒h=
16

5

v
B

=
16

5
(-4i+3j)

v
B

=
-64

5
i+

48

5
j

v
A A(Origin)

1∙2km

B

v
B

r
A
(t)=(-20i)t= -20ti

r
B
(t)=

-6

5
j+(-64

5
i+

48

5
j)t=

-64

5
ti+(48t-6

5 )j

Ar
B
(t)=-20ti-[-64

5
ti+(48t-6

5 )j]
r=(64

5
-20)ti+(6-48t

5 )j

5r=6{-6ti+(1–8t)j}

DistancebetweenAandB,d=|r|

5|r|=6 36t2+(1-8t)2

25d2=36(100t2–16t+1)

Atminimum separation
d

dt
|r|2=0

|r|2=
36

25
(100t2-16t+1)

d

dt
|r|2=

36

25
(200t–16)

Atminimum separation

36

25
(200t–16)=0⇒t=

2

25
hours

Whent=
2

25
hours

25d2=36[100×(2

25)
2

-16×
2

25
+1]

d=0∙72km⇒d=720m

From t=
2

25
hours=(2

25
×60)minutes=4

minutesand48seconds

At12.04and48seconds

Example16
A shipA istravellingonacourseof060°ata

speedof30 3km h
-1

andshipBistravellingona
courseof030°at20km h-1.AtnoonBis260km
due eastofA.Calculate the leastdistance
betweenAandB,tothenearestkilometreandthe
timetakenforthistohappen.
Solution

ShipA ShipB

Vectordiagrams

N

60° 30 3km h
-1 30° 20km h-1

N

v
A

=(30 3sin60

30 3cos60) v
B

=(20sin30

20cos30)
v

A
=(45

15 3)km h-1 v
B

=(10

10 3)km h-1

Av
B

=(45

15 3)-(10

10 3)=(35

5 3)km h-1

|Av
B|= 352+(5 3)2

=10 13km h-1

|Av
B|

5 3

θ

35

tanθ=(5 3

35)⇒θ=13∙9°
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|Av
B|

C

A 13∙9°

260km

d

B

sin13∙9=
d

260

d=62∙45km

d=62km (tonearestkm)

t=
|⃗AC|
|Av

B|
=

2602-622

10 13

t=7∙0hours

Example17

TwoparticlesPandQinitiallyatpositionvectors

(3i+2j)m and (13i+2j)m respectively begin

moving.ParticlesP andQ movewithconstant

velocities(2i+6j)m s-1and5jm s-1respectively.

(a)Findthe:

(i) timetakenforPandQtobeclosest.

(ii)bearing ofP from Q when they are

closesttogether.

(b)Given that after half the time the two

particlesaremovingclosesttoeachother,

particle P reduces its speed to halfits

originalspeedinthedirectiontoapproach

particle Q and the velocity ofQ remains

unchanged,findthedirectionofparticleP.

Solution

(a)r
P
(0)=(3i+2j)m ,v

P
=(2i+6j)m s-1

r
Q
(0)=(13i+2j)m,v

Q
=5jm s-1

(i)

r
P
(t)=(3i+2j)+(2i+6j)t=(3+2t)i+(2+

6t)j

r
Q
(t)=(13i+2j)+(5j)t=13i+(2+5t)j

Pr
Q
(t)=[(3+2t)i+(2+6t)j]–[13i+(2+5t)j]

Pr
Q
(t)=(2t–10)i+tj

Pv
Q

=(2i+6j)–5j=(2i+j)

Atclosestdistance:.
P
r

Q
⦁

P
v

Q
=0

[(2t–10)i+tj]⦁(2i+j)=0

4t–20+t=0⇒t=4s

(ii) Whent=4s

Pr
Q

=(2×4–10)i+4j=(-2i+4j)

N

P

4 N

Qθ

2

tanθ=
4

2
⇒θ=63∙4°

BearingofPfrom Q=270+63∙4=333∙4°

(b)Whent=
1

2
×4=2s;from

Pr
Q
(t)=(2t–10)i+tj

Pr
Q
(2)=(2×2-10)i+2j=-6i+2j

Letv'

P
=ai+bj

Pv'

Q
=ai+(b–5)j

ForP togetascloseaspossibletoQ,the

directionofPshouldbeperpendiculartothe

relativepath,thatisv'
pisperpendiculartoPv'

Q
.

(ai+bj)⦁[ai+(b–5)j]=0

a2+b2–5b=0……………….(i)

|v'

P|=
1

2
22+62= 10

Implyingthat:a2+b2=10……………(ii)

From (i)and(ii)

10–5b=0⇒b=2

a2+4=10⇒a=±6

Henceeitherv'

P
=(-6i+2j)or

v'

P
=(6i+2j)

Notethatwhent=2, Qr
P

=(6i-2j)

Whenv'

P
=(-6i+2j), Pv'

Q
=-6i-3j

From .
Q
r

P
(2)⦁

P
v'

Q
=|Pr

Q
(2)||Pv'

Q|cosα

(6i-2j)⦁(-6i-3j)= (36+4)×(6+9)cosα

cosα=
6(1-6)

10 6
⇒α=110∙8°

Whenv'

P
=(6i+2j);Pv'

Q
= 6i-3j

From Qr
P
(2)⦁

P
v'

Q
=|Pr

Q
(2)||Pv'

Q|cosβ

(6i-2j)⦁(6i-3j)= (36+4)×(6+9)cosβ
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cosβ=
6(1+ 6)

10 6
⇒β=32∙3°

When v'

P
=(-6i+2j)m s-1 Pmovesfurtherfrom Q

hencev'

P
=(6i+2j)m s-1

From:(6i+2j)⦁i= ((6)2
+22)×1×cosØ

cosØ= 6
10
⇒Ø=39∙2°

Hence P makes an angle of39∙2°with the

horizontal.

Example18

AcarAismovingduenorthatukm h-1whilecar

Bismovingatvkm h-1N60°W.InitiallyBisdkm

dueEastofA.IfBpassestothesouthofA,show

thatthe:

(i) shortestdistancebetweenthecarsinthe

subsequentmotionis
d(2u-v)

2 (u2+v2-uv)
.

(ii) cars are closest to each other after

dv3

2(u2+v2-uv)
.

Solution
(i)CarA CarB

N

ukm h-1

N

vkm h-1

60°

v
A

=(0
u)km h-1; v

B
=(-vsin60

vcos60)=(
-3

2
v

1

2
v)

Bv
A

=(
-3

2
v

1

2
v)-(0

u)=(
-3

2
v

1

2
v-u)

|Bv
A|= (-3

2
v)

2

+(1

2
v-u)

2

= u2+v2-uv

(u-
1

2
v)

3
2

v

|Bv
A|

θ

A

d
min

d Bθ

|Bv
A|

C

sinθ=
d

min

d
⇒d

min
=d×

(u-
1

2
v)

u2+v2-uv

d
min

=
d(2u-v)

2 (u2+v2-uv)

(ii)

t=
|⃗BC|
|Bv

A|

|⃗BC|2

=d2–d2

min
⇒|⃗BC|=

dv3

2 (u2+v2-uv)

t=
dv3

2 (u2+v2-uv)
÷ u2+v2-uv

t=
dv3

2(u2+v2-uv)

Example19
AnaircraftcarrierAisatapointOat0700hours
and steaming south at30km h-1.An enemy
battleshipBat8km totheeastofAappearsto
an observer on the carrier to be moving

northwestat30 2km h
-1

.
(a)DeterminethetruevelocityofBandbearing

ofBwhentheyareclosesttogether.
(b)IfAisliabletobehitbyashotfiredfrom B,

whenthetwoshipsarenotmorethan5 2
km apart,provethatAiswithinrangefrom
0702hoursuntil0714hours.

Solution
(a)
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AircraftcarrierA:

v
A

=(0
-30)km h-1

30km h
-1

EnemybattleshipB:

Bv
A

=30 2km h-1N45°W

N

30 2km h-1

45°

Bv
A

=(-30 2sin45

30 2cos45)=(-30
30)km h-1

From Bv
A

=v
B

-v
A
⇒v

B
= Bv

A
+v

A

v
B

=(-30
30)+(0

-30)=(-30
0)km h-1

Velocityofbattleshipis30km h-1duewest

N

d

45°
O 8km

45°

|Bv
A|

B

sin45=
d

8

d=4 2km

B isonabearingofN45°Efrom A atclosest

distance

N

x

4 2km

5 2km

5 2km

8km

45°

|Bv
A|

x

M

BO

(b)

x2=(5 2)2
–(4 2)2

x=3 2km

|⃗BM|=4 2-3 2

= 2km

Timetomovefrom BtoM

t= 2
30 2

=
1

30
hours

t=
1

30
×60=2minutes

Timetakenfrom M toN

t=
2×3 2

30 2
=

1

5
hours

t=
1

5
×60=12minutes

BisatM at0702hoursandatNat0714hours

HenceAiswithinrangeofnotmorethan5 2km
from 0702hoursto0714hours

Alternatively:

(b)Br
A

= Br
A
(0)+ Bv

A
×t

=(8
0)+(-30

30)t=(8-30t
30t)

When|.
B
r

A
|≤5 2

(8-30t)2+(30t)2≤5 2

(8-30t)2+(30t)2≤50

t2-
4

15
t+

7

900
≤0

(t-
2

15)
2

≤
1

100

-1

10
≤t-

2

15
≤

1

10

1

30
≤t≤

7

30
hours

2≤t≤14minutes

HenceAiswithinrangefrom 0702hoursto0714

hours

18.6 Courseforclosestapproach
ConsiderabodyAmovingwithconstantspeed

|vA|inthedirectionNα°E.IfthebearingofAfrom

BisNβ°W andBmoveswithconstantspeed|vB|,
wecanfindthecourseBmustsetinordertoget
ascloseaspossibletoA,theclosestdistanceof
approachandthetimetakenforsuchasituation
tooccur.
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-v
A

A
α

v
A

d

C

M
β

θ
L

B

-v
A

v
B Bv

A

γ

N

N

N

α

Draw adiagram showingtheinitialpositionsof
AandBandconsiderthemotionofBrelativeto
A.TopassascloseaspossibletoA,Bmust
travelrelativetoAalonglineBCwhichmakesas
smallanangleaspossiblewithBA.Inthevector
triangleBLM,LM mustbeperpendiculartoBC.
Theclosestdistancedisobtainedfrom triangle
ABC:

sinγ=
d

|⃗AB|
⇒d=|⃗AB|sinγ

Thetimeforclosestapproachtisobtainedfrom:

t=
|⃗BC|
|Bv

A|
.

ThecoursesetbyBtogetascloseaspossible

toAisobtainedusingtriangleBLM.Notefrom

thistrianglethat;cosθ=
|vB|
|vA|

.

Henceθ and theotherknown angleson the

sketchcanbeusedinfindingthedirectionofv
B
,

thatis,thecoursesetbyB.

Example20

ShipPissteamingonastraightcoursesouth-
eastatauniform speed of15km h-1.Another
shipQisatadistanceof12km northofPand

steamsataspeedof12km h-1.FindthecourseQ
muststeerin orderto getas close to P as
possibleandtheirminimum distanceapart.
Solution

θ

β

d
12km

N

N
45°

45°

45°

v
Q

=12km h
-1

-v
P

-v
P

|Qv
P|α

v
P

=15km h
-1

Q

P

sinα=
12

15
⇒α=53∙1°

θ=90–53∙1=36∙9°

CoursesetbyQ=90+45+36∙9=171∙9°

CoursesetbyQisonabearingof171∙9°

β=180–(45+53∙1)=81∙9°

sin81∙9=
d

12

d=11∙88km

Exercises

Exercise:18A
1.ThepositionvectorsofparticlesPandQare

r
P

=9t2i+(t3–3)jmetresand

r
Q

=2t3i+(4–t2)jmetresattimetseconds.

Calculatetherelativespeedoftheparticles
att=2seconds.

2.(a)To a motoristtravelling due north at
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40km h-1thewindappearstocome from
thedirectionN60°Eat50km h-1

.

(i) Findthetruevelocityofthewind.
(ii)Ifthewindvelocityremainsconstantbut

thespeedofthe motorist is
increasing,findhisspeedwhenthewind
appearstobeblowingfrom thedirection
N45°E.

(b)Acyclistobservesthatwhenhisvelocity
isui,thewindappearstocomefrom the
directioni+2jbutwhenhisvelocityisuj,
the wind appears to come from the
direction-i+ 2j.
(i) Prove thatthe true velocity ofthe

windis(3

4
i-

1

2
j)u

(ii)Findthespeedanddirectionofthe
cyclist when the wind velocity
appearstobeui.

3.(a)An aircraftis flying with a velocity of
320km h-1inadirection S20°W.Itis being
blown by wind which has a velocity of
35km h-1from thesouth.Find the velocity
oftheaircraftovertheground.

(b)Jinja is south-eastofKampala.To a
passengerinaKampala-Jinjaboundbus,
traveling at120km h-1 a steady wind
appearstobeblowingfrom theEast.On
reducing itsspeed to 90km h-1 without
changingdirection,thewindappearsto
blowfrom N30°E.Findthetruevelocityof
thewind.

4.An aircraft is flying with a velocity of
100km h-1 dueNorth.Itisbeing blown by
windwhichhasavelocityof40km h-1 from
the North west.Find the velocity ofthe
aircraftovertheground.

5.AshipYappearstoanobserverinshipXat
10 O’clock to be travelling ata speed of
20km h-1 duenorth.After30minutesshipX
which istravelling ataspeed of60km h-1

N60°EcollideswithshipY.Findthe:
(i) ActualvelocityofY.

(ii)Distanceand bearing ofship Y at10

O’clock.

6.Amaniswalkingduesouthat5km h-1.The
wind isblowing from thewestat8km h-1.
Find the magnitude and direction ofthe
velocityofthewindrelativetotheman.

7.Ashipissailingsouth-eastat20km h-1anda
secondshipissailingduewestat25km h-1.
Find the magnitude and direction ofthe
velocityofthefirstshiprelativetothesecond.

8.Ifparticles A and B have velocityvectors
7i–5j and -2i+7j respectively, find the
magnitudeofthevelocityofBrelativetoA
andtheangleitsdirectionmakeswiththe
directionofi.

9.ParticlesAandBhavevelocityvectors3i–11j
and5i+jrespectively.Thevelocityofparticle
CrelativetoAis-2i+7j.Findinvectorform
thevelocityofCandthevelocityofBrelative
toC.

10.A boatA travels due westata speed of
30km h-1.ThevelocityofaboatBrelativeto
Ais14km h-1 duesouth.Findthespeedof
boatBandthedirectioninwhichitismoving.

11.To an observeron a ship P steaming at
20km h-1 duewest,ashipQ appearstobe
steamingat20km h-1 N30°W.Findthetrue
velocityofQ.

12.Toacyclistridingdueeastat15km h-1 the
windappearstobeblowingfrom thenorth-
eastat12km h-1.Find the magnitude and
directionofthetruevelocityofwind.

Exercise:18B

1.Aboathastosailfrom AtoBwhereBisona
bearingof110°from A.Thereisacurrent
from a bearing of335°with a speed of
15km h-1.Instillwatertheboatwouldtravel
at30km h-1.Determinethedirectiontheboat
willhavetosteer(courseset)inordertosail
from AtoB.

2.Ariver100m wideflowsat4km h-1.Aboatis
toberowedat10km h-1relativetothestream
from apointononebanktoalandingsiteon
theoppositebank50m furtherdownstream.
Findthedirectioninwhichtheboatmustbe
steeredandtimetakentocross.

3.A riverflowsat5m s-1 from westto east
between parallel banks which are at a
distanceof300m apart.Amanrowsaboat
ataspeedof3m s-1instillwater.
(i) Statethedirectioninwhichtheboat

mustbesteeredinorder tocross
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theriverfrom thesouthernbanktothe
northernbankintheshortestpossible
time.Findthetimetakenandtheactual
distancecoveredbytheboatforthis
crossing.

(ii)Findthedirectioninwhichtheboatmust
besteeredtocrosstheriverfromthe
southernbanktothenorthernbankby
theshortestpossibleroute.Findthe
timetakenandtheactualdistance
coveredbytheboatforthiscrossing.

4.Ariverflowsataconstantspeedof5m s-1

betweenstraightparallelbankswhichare300
m apart.Aboatwhichhasamaximum speed
of3∙25m s-1instillwater,leavesapointAon
onebankandsailsinastraightlinetothe
oppositebank.Findtheleasttimetheboat
cantaketoreachapointBontheopposite
bankwhereAB=500m andBisdownstream
from A.Findalsotheleasttimetheboatcan
taketocrosstheriver.Findthetimetakento
sailfrom AtoBbytheslowestboatcapable
ofsailingdirectlyfrom AtoB.

5.A boycanswim instillwateratvm s-1.He
swims across a riverflowing at1∙2m s-1

whichis368m wide.Findthetimehetakesif
hetravelstheshortestpossibledistanceif:

(i) v=1
(ii) v=2

6.Amanwishestorowacrossarivertoreacha
pointonthefarbank,exactlyoppositehis
starting point.In stillwaterhecan row at
5m s-1.Theriveris100m wideandflowsat
3m s-1.Findatwhatangletothebankthe
manmuststeertheboatinordertocomplete
thecrossingandthetimeittakeshim.

7.Amanwishestorowacrossarivertoreacha
pointon thefarbankexactlyoppositehis
startingpoint.Theriveris125m wideand
flowsat1m s-1.Ifthemancanrowat3m s-1

instillwater,findthedirectionthemanmust
steertocompletethecrossingandthetimeit
takeshim.

8.Aboywishestoswim acrossariver100m
wideasquicklyaspossible.Theriverflowsat
3km h-1andtheboycanswim 4km h-1instill
water.Findthetimeittakestheboytocross
theriverandhowfardownstream hetravels.

9.Amanwishestorowaboatacrossariverto
reachapointonthefarbankthatis35m

downstream from hisstartingpoint.Theman
canrowthatboatat2∙5m s-1instillwater.If
theriveris50m wideandflowsat3m s-1,
findtwopossiblecoursesthemancouldset
andfindtherespectivecrossingtimes.

Exercise:18C

1.TwoplanesA andB arebothflyingatthe
samealtitude.PlaneAisflyingonacourseof
010°ata speed of300km h-1.Plane B is
flyingonacourseof340°at200km h-1.Ata
certaintime,planeBis40km from planeA.
PlaneBisthenonabearingof060°from A.
After what time willthey come closest
togetherandwhatwillbetheirleastdistance
apart.

2.Atnoon,aboatAis30km from boatBandits
directionfrom Bis286°.BoatAismovingin
theNorthEastdirectionat16km h-1andboat
Bismovinginnortherndirectionat10km h-1.
Findtheclosestdistancebetweentheboats
andthetimeatwhichtheyareclosest.

3.TwohelicoptersPandQareflyingatthe
samealtitudewithvelocities200ms-1N30°E
and300m s-1N50°W respectively.InitiallyP
andQare2km apartwithQonabearingof
S70°Efrom P.GiventhatPandQdonotalter
their velocities,findtheminimum
distanceofseparationbetweenthetwo
helicoptersin thesubsequentmotionand
thetimetakenforsuchasituationtooccur.

4.A roadrunningnorth-southcrossesaroad
running east-westata junction O.Initially
Isaacisontheeast-westroad1∙7km westof
Oandisrunning towardsOat15km h-1.At
thesameinstant,SerenaisatOrunningdue
northat 8km h-1.IfIsaacandSerenado
not alter their velocities,find their least
distance apartin the subsequentmotion
andthetimetakenforthatsituationtooccur.

5.RelativetoanobserveronshipA travelling
from north,asecondshipappearstotravelat
aspeedof5km h-1,showthatifBtravelsdue
westat3km h-1,thespeedofAis4km h-1.

6.Acommanderinaspacefighteristippedthat
thereisanhelicoptercarryingrebelsatthe
same altitude 10 km away from him due
north and is cruising in a straightcourse
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southeastatauniform speedof25km h-1.
Thegunsofthespacefightercanfireupto
within a range of2∙5 km.The maximum
speedofthefighteris12km h-1.Show that
whatevercourse the space fightersets,it
cannotgetthehelicopterwithintherangeof
itsguns.

7.TwostraightroadsintersectatOonerunning
north-southandtheotherwest-east.Avan,A
travelling ata constantspeed of32km h-1

duesouthononeroad,passesthroughOat
theinstantwhenamotorcyclistB moving
towardsO ataconstantspeedof40km h-1

dueeastalongthesecondroadis5km from
O.
(a)FindthedistancesAO andBO whenA

andBareclosesttogether.

(b)IfAchangescourse,findthetimefrom

theinstantofclosestapproachtakenby

AtointerceptB.

8.A motoristA andacyclistB aretravelling
along straightroads which cross atright
angles ata pointO.A is travelling ata
constantspeedof48km h-1towardstheeast,
andBat14km h-1 towardsthenorth.Atthe
momentthatBispassingthroughO,Ais400
m from OandhasnotyetpassedO.Calculate
the:
(i) velocityofBrelativetoAinmagnitude

anddirection.

(ii)leastdistancebetweenthecarandcycle.

(iii)distancesofthecarandcyclefrom O

whentheyarenearesttoeachother.

9.TwocarsAandBareproceedingoneoneach
roadtowardsthepointofintersectionofthe
tworoadswhichmeetatanangleof60°.If
thevelocitiesofA andB are20km h-1 due
eastand32km h-1S30°Eandare70m and40
m respectivelyfrom thecross-roads,findthe
relativespeedofAtoBanddistanceofthe
cars from the crossroads when they are
nearesttogether.

10.A ship is travelling due eastwith speed
36km h-1andatnoon,apatrolboatat250km
southeastoftheship,ismovingwithvelocity
of45km h-1 Nθ°W relativetotheship,where

θ=tan-1(4

3).

(a)Findtheshortestdistancebetweenthe

vesselsandthetimeatwhichitoccurs.
(b)Ifatnoon,theboatsetsoffwith the

samespeedtointercepttheship,find
thecourseitshouldtake.

11.ToashipPwhichstartstomoveat40km h-1

dueN60°E,ashipQwhichstartstomoveat
50km h-1appearstotravelsouthwards.Given
thattheshipscollideafter45minuteswhile
maintaining the given velocities,find the
initialpositionofQ.

12.InitiallytwoshipsAandBare65km apart
withBdueeastofA.Aismovingdueeastat
10km h-1 andBduesouthat24km h-1.The
two ships continue moving with these
velocities.Find theleastdistancebetween
theshipsinthesubsequentmotionandthe
timetakentothenearestminuteforsucha
situationtooccur.

Exercise:18D

1.A particleA moving with constantvelocity
2i+3j+8k,passes through a point with
position vector 6i–11j+4k.Atthe same
instant,particleBpassesthroughapointwith
position vector i–2j+5k, moving with
constantvelocity3i+4j-7k,findthe:
(a)positionandvelocityofBrelativetoAat

thatinstant.

(b)closestdistancebetweenAandBinthe

subsequentmotion.

(c)timethatelapsesbeforetheparticlesare

closesttogether.

2.AtnoonshipsAandBhavepositionvectors
10i+3jand12i–15jrespectively.Bothships
movewithconstantvelocity,thevelocityofA
being3i+8jandthevelocityofBrelativetoA
being -5i+4j.The units ofdistance being
kilometresandthoseoftimebeinghours,find

anexpressionforthevector
⃗
AB,thoursafter

noon.Hencetheshortestdistancebetween
theships.Findalsothepositionvectorsof
the ships A and B when theyare closest
together.

3.AtnoontwoshipsAandBhavethefollowing
positionandvelocityvectors:

Positionvector Velocityvector
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ShipA 10i+5j -2i+4j
ShipB 2i–j 2i+7j

Where the speeds are measured in
kilometres perhourand the distances in
kilometres.
(i) FindthepositionvectorsofAandBafter

timethours.

(ii)Showthatthetwoshipswillcollide,and

givethetimeofthecollision.

(iii)Determine how farship A willhave

travelledbetweennoonandthetimeof

collision.

4.AparticlePstartsfrom apointwithposition
vector2j+2kwith velocityj+k.A second
particleQ startsatthesametimefrom a
pointwhose position vectoris -11i–2j–7k
withvelocity2i+j+2k.Find;
(a)thetimewhentheparticlesareclosest

together.

(b)the shortest distance between the

particles.

(c)how fareachparticlehastravelledby

thistime.

5.An objectP passes through a pointwith
positionvector3i–2jwithconstantvelocity
i+j.AtthesameinstantanobjectQmoving
withconstantvelocity4i–2jpassesthrougha
pointwithpositionvectori+4j.Findthe:
(a)displacementofP relative to Q aftert

seconds.
(b)timewhenPandQ areclosesttogether

andtheirclosestdistance.

6.ApointR(0,1,-2)isatashoreoftheIndian
ocean.At1.00p.m twoshipsP andQ are
sightedatpoints(5,-3,4)and(7,5,-2)moving
withconstantvelocities(2i+5j+3k)km h-1and
(-3i–15j+18k)km h-1respectively.

(a) FindtherelativevelocitiesofshipQ

toP.

(b) Ifthevelocitiesoftheshipsremain
constant,show thatthe ships will
collide.

(c) Findthedistancefrom pointRtothe
pointwherethecollisionoccurs.

7.TwoparticlesAandBareinitiallyat(1,1,2)
and (4,5,1)respectively.Theystartmoving

simultaneously with constant velocities
2i+j+2kand-4j+3krespectively.Findthe:
(i) positionvectorofBrelativetoAatany

time.

(ii)minimum distancebetweentheparticles
andthepositionvectorofArelativetoB
atthisinstant.

8.A destroyersights a ship travelling with
constantvelocity5j,whosepositionvectorat
thetimeofsightingis2000(3i+j)relativeto
the destroyer,distances being in m and
speedsinm s-1.Thedestroyerimmediately
beginstomovewithvelocityk(4i+3j),where
kisaconstant,inordertointercepttheship.
Findkandthetimetointerception.Findalso
thedistancebetweenthevesselswhenhalf
thetimeofinterceptionhaselapsed.

9.At11.30a.m,aircraftAhasapositionvector
(-100i+220j) km and a velocity of
(300i+400j)km h-1.At11.45a.m,aircraftBhas
a position vector (-60i+355j) km and a
velocity(400i+300j)km h-1.Showthatifthese
velocitiesaremaintained,theaircraftscrash
intoeachother.Findthepositionvectorof
thecrash.

10.Two ships A and B have the following
positionvectorsrandvelocityvectorsvat
timesstated.

r
A

=(-2i+3j)km

v
A

=(12i–4j)km h-1at11.45a.m

r
B

=(8i+7j)km

v
B

=(2i–14j)km h-1at12noon.

Assuming the ships do not alter their
velocities, find their least distance of
separation.IfshipBhasgunswitharangeof
upto2km,findforwhatlengthoftimeAis
withinrange.

11.Attimet=0,thepositionvectorsandvelocity
vectors oftwo particles A and B are as

follows:r
A

=(
1
2
3

)m,v
A

=(
-6
0
1

)m s-1,

r
B

=(
4

-14
1

)m,v
B

=(
-5
1
7

)m s-1.

Findthe:
(a)positionofBrelativetoAattimet.

(b)valueoftwhenA andB areclosest
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together.

(c)leastdistancebetweenAandB.

Exercise:18E

1.AshipAwhosefullspeedis40km h-1 is20
km duewestofship B which istravelling
uniformlywithspeed30km h-1duenorth.The
ship A travels atfullspeed on a course
chosen so as to interceptB as soon as
possible.Findthedirectionofthiscourseand
calculatetothenearestminutethetimeA
wouldtaketoreachB.Whenhalfofthistime
haselapsedtheshipAhasenginefailureand
thereafterproceedsathalfspeed.Findthe
course which A should set in order to
approach as close as possible to B and
calculatethedistanceofclosestapproach.

2.A,B andC moveinaplanewithconstant
velocities and attime t=0,the position
vectorsofA,BandCrelativetooriginOare
i+3j,9i+9jand 6i+13jrespectively.The
velocityofCrelativetoAis7i–10jandthatof
CrelativetoBis9i–12j.
(a)FindthevelocityofBrelativetoA.

(b)Show thatA andB donotcollideand
find theirshortestdistance apartand
time when A and B arethisdistance
apart.

3.MotorboatBistravellingataconstantspeed
of10m s-1 due eastand motorboatA is
travelling ata constantspeed of8m s-1.
InitiallyAandBare600m apartwithAdue
southofB.FindthecoursethatAshouldset
inordertogetascloseaspossibletoB.Find
thisclosestdistanceandtimetakenforthe
situationtooccur.

4.At8.00a.m twoboatsAandBare5∙2km
apartwithAduewestofB,andBtravelling
duenorthatasteadyspeedof13km h-1.IfA
travels with constantspeed of12km h-1,
showthatforAtogetascloseaspossibleto
B, A should set a course Nθ°E where

sinθ=
5

13
.Find this closestdistance and

timeatwhichitoccurs.

5.A battleship commanderis informed that
thereisalonecruiserpositioned40km away
from him onabearingN70°W.Thegunsona

battleshiphavearangeofupto8km andthe
topspeedofthebattleshipis30km h-1.The
cruisermaintainsaconstantvelocityof50
km h-1N60°E.Showthatwhatevercoursethe
battleship sets,itcannotgetthe cruiser
withinrangeoftheguns.

Exercise:18F

1.Anaircraftisflyingat400km h-1 instillair
from townA 750km dueeastoftownB.If
the wind is blowing from north-west at
50km h-1,determine the course and time
takenfortheflight.

2.ToacyclistmovinginthedirectionS50°W at
30km h-1,wind appears to come from the
direction S60°E at60km h-1.Find the true
speedofthewind.

3.GiventhatAv
B

=(4
10)m s-1and Bv

C
=(5

2)m s-1,

find:
(i) Av

C

(ii) |Av
C|

(iii) θifthedirectionofAv
C

isNθ°E.

4.If the resultant of (ai+bj)m s-1 and
(bi–aj)m s-1 is(10i–4j)m s-1,findthevalues
ofaandb.

5.Theresultantoftwovelocitiesisavelocityof
10km h-1 N30°W.Ifoneofthevelocitiesis
10km h-1 duewest,findthemagnitudeand
directionoftheother.

6.Apilothastoflyhisaircraftfrom airportAto
airportB,100km dueeastofA.Instillairthe
aircraftfliesat125km h-1.Ifthereiswindof
35km h-1 blowing from the north,find the
course thatthe pilotmustsetin orderto
reachBandthetimethejourneytakes.

7.Whenswimminginariveramanfindsthathe
has a maximum speed vwhen swimming
downstream anduwhenswimmingupstream.
(a)Find an expression forhis maximum

speedwhenswimminginstillwater.
(b)Iftheriverisofwidths,show thatthe

shortesttime in which the man can

swim across is
2s

u+v
and thatsuch a
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crossingwouldtakehim adistanceof
s(v-u)

u+v
downstream from his starting

point.
(c)Ifhe wishes to swim as quickly as

possiblefrom apointonone bank
toapointexactlyoppositeontheother
bank,show thathe mustswim in a
direction that makes an angle

cos-1(v-u

u+v) withthebankandthatthe

crossingwilltakeatime
s
uv

.

8.(a)ThevelocitiesoftwoshipsPandQ are
(i+6j)km h-1 and(-i+3j)km h-1respectively.At
a certain instant the displacement of P
relativetoQis(7i+4j)km.Findthe:

(i) relativevelocityofshipPtoQ.

(ii)magnitude ofdisplacementbetween
shipsPandQafter2hours.

(b)Thepositionvectorsoftwoparticlesare:
r

1
=(4t+3t2)i+(t2–2t)jand

r
2

=(10+5t)i+(4–2t)jrespectively.Show

thatthetwoparticleswillcollideandfind
theirvelocitiesatthetimeofcollision.

9.(a)Kampala is south ofGulu town.To a
passengerin a Gulu-Kampala bound bus
travellingat110km h-1,thewindappearsto
beblowinginthedirection240°.Whenthe
bus reduces speed to 90km h-1 without
changingdirection,thewindappearstobe
blowinginthedirection210°.Findthetrue
speed and direction in which the wind is
blowing.

(b)TwoparticlesAandBstartatthesame
time from the points with position
vectorsλi+3j+2kand7i–2j+4kwith
constantvelocitiesi-j+kand-2i+j+4k.
IfthedistancebetweenAandBisleast
whent=2,findthevalueofλ.

10.A motorboatsetoutat11.00a.m from a
position-6i–2jrelativetoamarkerbuoyand

travelsatasteadyspeedof 53onadirect
coursetointerceptaship.Theshipmaintains
asteadyvelocityof3i+4jandat12noonitis
ataposition3i–jfrom thebuoy.Findthe:

(i) velocityofthemotorboat.
(ii)timeofinterceptionandpositionvectorof

pointofinterceptionfrom the
markerbuoy.

11.(a)Thepositionvectorofoneparticlerelative
to another after t seconds is given by
[(2t–5)i+(10-t)j]m.Determinetherespective
relativevelocity,henceorotherwisecalculate
theshortestdistancebetweentheparticles.
(b)A ship travelling at40km h-1 S80°E is

initiallyatapoint25km northwestofa
patrolvessel.The patrolis capable of
reachingamaximum speedof30km h-1.
Show thatthepatrolvesselcantaketwo
courses to intercept the ship and
determine the difference in times of
interception.

12.Abattleshipandacruiserareinitially16km
apartwiththebattleshiponabearingN35°E
from the cruiser.The battleship travels at
14km h-1 onabearingS29°Eandthecruiser
at17km h-1onabearingofN50°E.Theguns
onthebattleshiphavearangeofupto6km.
Findthe;
(a)leastdistancebetweenthecruiserand

battleshipinthesubsequentmotion.
(b)lengthoftimeforwhichthebattleship

hasacruiserwithinrangeofitsguns.

13.TwoparticlesP andQ movewithconstant
velocitiesof(4i+j–2k)m s-1 and(6i+3k)m s-1

respectively.InitiallyP isatapointwitha
positionvectorgivenby (-i+20j+21k)m and
Qisatapointwithpositionvector(i+3k)m.
Findthe:
(a)timeforwhichthedistancebetweenP

andQisleast.

(b)distanceofPfrom theoriginatthetime

whenthedistancebetweenPandQ is

least.

(c)leastdistancebetweenPandQ.

Answerstoexercises
Exercise:18A

1.20ms-12.(a)(i)45.82kmhr-1 N70.9°W (ii)

58∙3013km h-1 (b)(i)(ii)
u 5

4
from i+2j

3.(a)287.36km-1S22.4°W (b)99.2026km h-1

S31.2°E 4. 77∙0918km h-1N21∙5°E 5.(i)

72.111km-1indirectionN46∙1°E(ii)10km ;Yis

initiallyduesouthofX 6. 9∙434km h-1

N58∙0°E
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7.41∙62km h-1 ;S70∙1°E 8.15;126∙9° 9.

i-4j;4i+5j

10.33∙106km h-1;S65.0°W 11.20 3km h
-1

N60°W 12.10∙698km h-1;S37∙5°E

Exercise:18B

1.089∙3° 2. 95∙6°tothebank;36s 3. (i)

duenorth;100s;583m (ii)N36∙9°W;125s;

500m 4. 95∙2s;92∙3s;125s

5.(i) 665∙7s (ii) 230s 6.53.1°;25s 7.

70.5°tothebank;44∙2s

8.90s ;75m 9. Upstream at45∙6°tothe

bankorupstream at24∙4°tothebank;28s ;

48∙4s

Exercise:18C

1.0∙2425hours;8.14km 2.11∙54km;2.26

p.m 3. 571m ;5∙8seconds

4.800m ;5min.18sec 5. 6.2.8km;>2.5km

7.(a)2∙439km ;1∙952km (b) 0∙0975

hours

8.(i) 50km h-1towardsN73∙7°W (ii) 112m

(iii) 31∙36m ;107∙52m

9.28km h-1;40∙41m ;7∙35m 10.(a) 35∙355

km at5.30p.m (b)N25∙5°E

11. 42∙042km northofP 12. 60km ;58

minutes

Exercise:18D

1. (a) -5i+9j+k;i+j-15k (b) 10∙318 (c)

11

227
2.(2-5t)i+(4t-18)j ; 2 41 km ;

(16i+19j)km ;(8i+9j)km

3. (i)[(10-2t)i+(5+4t)j];[(2+2t)i+(7t-1)j] (ii)

r
A

=r
B

att=2hours (iii) 4 5km 4.

(a) 6∙2 (b) 5∙0794 (c) |sP|=8∙768;

|sQ|=18∙6 5. (a) (2-3t)i+(3t-6)j (b)

4

3
s;2 2m

6.(a) (-5i-20j+15k)km h-1 (b) r
P

=r
Q

at

t=
2

5
hours (c) 9∙46km

7. (i) (3-2t)i+(4-5t)j+(t-1)k (ii) 1∙3038 ;

-1∙2i+0∙5j+0∙1k

8. 3;500s;1000 10m 9. r
A

=r
B

att=
7

20

hours;(80i+460j)km

10. 2km ;12minutes 11. (a) (
3+t

-16+t
-2+6t

) (b)

t=
25

38
s (c) 15∙892m

Exercise:18E

1. N41∙4°E;45minutes;N48∙2°E;7∙45

km 2.(a)-2i+2j(b)7 2;t=
1

2

3. N53∙1°E ;360m ;80s 4. 2km at

8.57a.m and36seconds

5. d
min

=9∙066km >8km

Exercise:18F

1. N84∙9°W ;2 hours 4 minutes 2.

75∙7km h-1 3.(i)(9
12)m s-1 (ii)15m s-1

(iii) 36∙9° 4. 7 ;3 5. 10km h-1

N30°E 6. N73∙7°E;50minutes

7. (a)
u+v

2
(b) (c) 8. (a) (i)

(2i+3j)km h-1 (ii) 14∙866km

(b)r
1

=r
2

att=2;v
1

=16i+2j;v
2

=5i-2j

9. (a) 121∙244km h-1 inthedirection188∙2°

(b)-
19

3
10.(i)(7i+2j)m s-1
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(ii)12.30p.m ;(9

2
i+j)m

11.(a) (2i-j)m s-1 ;3 5m (b) N4∙9°E ;

N85∙1°E;1∙38hours

12.(a)5.46km (b)12minutesand27seconds

13.(a)2.2s (b) 24∙141m (c) 28∙7965

m

19MISCELLANEOUSEXERCISES

Exercise1

1.Giventhata=(4
-3),b=(2

4)andc=(22
-11),

find:
(i) aunitvectorperpendiculartoaandb.

(ii)thevalueofconstantsm andnfor
whichma+nb=c.

(iii)thescalarproductofaandb,hence
findtheanglebetweenthedirectionof
a andthedirectionofb.

2.TwopointsAandBlieonahorizontalsurface.
Aparticleisprojectedverticallyupwardsfrom
Awithaninitialspeedof20ms-1.Onesecond
lateranotherparticleisprojectedvertically
upwardsfrom Bwithaninitialspeedof
17.5ms-1Calculateattheinstantatwhichthe
twoparticlesareatthesameverticalheight
abovethesurfacethe:
(a)timewhichhaselapsedsincethefirst

particlewasprojectedfrom A.
(b)speedsofthetwoparticles.

3.Atraintravelsbetweentwostations3∙9km
apartin6minutes,startingandfinishingat

rest.Duringthefirst
3

4
minutesthe

accelerationisuniform,forthenext3
3

4
minutesthespeedisconstantandforthe
remainderofthejourneythetrainisretarded
uniformly.Sketchaspeed-timegraphofthe
journeyandhenceorotherwisecalculatethe:
(i)maximum speedin km h-1attainedbythe

train.

(ii)accelerationofthetrainduringthefirst
3

4
minutestatingtheunits.

4.Amotoriststartingfrom restaccelerates
uniformlytoaspeedofvm s-1in9s.He

maintainsthisspeedforanother50sand
thenappliesthebrakesanddecelerates
uniformlytorest.Hisuniform decelerationis
numericallyequaltothreetimeshisprevious
acceleration.
(i) Sketchthevelocity-timegraph.
(ii)Calculate the time during which

decelerationtakesplace.
(iii)Giventhatthetotaldistanceis840m,

calculatethevalueofv.
(iv)Calculatetheinitialacceleration.

5.Toacyclistridingduenorthat3m s-1the
windappearstobeblowingfrom theeast.If
thecyclistdoubleshisspeedbutdoesnot
changehisdirection,thewindappearstobe
blowingfrom N60°E.Findthetruewindspeed
anddirection.Thecyclistnowturnsaround
andcyclesduesouthat3m s-1.Calculatethe
apparentwinddirection.

6.Aconstantforceof35N,alwaysactinginthe
samehorizontaldirectioncausesaparticleof
mass2kgtomovealongaroughhorizontal
plane.TheparticlepassestwopointsAandB,
4m apart,withspeedsof6m s-1and10m s-1

respectively.Thefrictionalresistanceto
motionisconstant.Calculatethe:
(i) accelerationoftheparticle.
(ii)magnitudeofthefrictionalresistance.
(iii)distanceoftheparticlefrom A,4safter

ithaspassedA.

7.Abreakdowntruckofmass2000kgistowing
acarofmass1000kgbymeansofaropeup
aninclineof1in20.Theresistancesdueto
frictiononeachvehicleareproportionalto
themassesofthevehicles.Theengineofthe
truckexertsatractiveforceof3600Nwhen
movingupthehillatasteadyspeedof
18km h-1.Showthatthetensionintheropeis
1200N.Theropebreaksandthetwovehicles
continuetomoveupthehill.Calculate:
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(i)how much timeelapsesbeforethecar
comesmomentarilytorest.

(ii)howfarthecartravelsinthistime.

8.Massesof1kgand2kgareattachedtothe
endsofalonglightstringwhichpassesover
alightpulleysupportedbyafrictionless
horizontalaxis.IfthetensioninthestringisT,
writedowntheequationofmotionofeach
mass,andhencefindthe:

(i) tensioninthestring.

(ii) timetakenfortheheaviermassto
fallfrom restadistanceof1∙5m.

9.Anelasticstringofnaturallengthland
modulusofelasticityλ,isstretchedtolength
l+x.Asaresult,thetensioninthestringis
mgandtheenergystoredinitisE.Findxand
λintermsofE,g,landm.

10.Theengineofacarisworkingataconstant
rateof6kW indrivingthecaralongastraight
horizontalroadataconstantspeedof
54km h-1.Findtheresistancetomotionofthe
car.

Exercise2

1.Acarofmass800kgistowingatrailerof
mass300kgalongastraighthorizontalroad,
resistanceswhichareconstantare600Nfor
thecarand240Nforthetrailer.Calculatethe
tractiveforceexertedbythecarandthe
tensioninthecouplingbetweenthecarand
thetrailerineachofthefollowingcases:

(a) when both are travelling at
constantvelocity.

(b) when both are accelerating at
2∙5m s-2,calculatethepowerdeveloped
by the car when travelling at a
constantvelocityof15m s-1.

2.Acarofmass1000kgmoveswithitsengine
shutoffdownaslopeofinclinationθ,where

sinθ=
1

20
atasteadyspeedof15m s-1.Find

theresistancetothemotionofthecar.
Calculatethepowerdeliveredbytheengine
whenthecarascendsthesameinclinationat
thesamesteadyspeed,assumingthat
resistancetomotionisunchanged.[Take

g=10m s-2]

3.Thefrictionalresistancetomotionofacarof
mass1000kgiskvnewtons,wherevm s-1is
itsspeedandkisaconstant.Thecar

ascendsahillofinclinationarcsin(1

10)ata

steadyspeedof8m s-1,thepowerexertedby
theenginebeing9∙76kW.Provethatthe
numericalvalueofkis30.Findthesteady
speedatwhichthecarascendsthehillifthe
powerdevelopedbytheengineis12∙8kW.
Whenthecaristravellingatthisspeed,the
powerexertedbytheengineisincreasedby2
kW.Findtheimmediateaccelerationofthe
car.

4.Abodyisprojectedupwardsfrom apointon
ahorizontalplanewithaspeedof40m s-1at
anangleof60°tothehorizontal.Thepointof
projectionisatahorizontaldistanceof40m
from thefootofaverticalwallwhichis10m
highandmotiontakesplaceinaplane
perpendiculartothewall.Calculatethe:
(a)verticalheightbywhichthebodyclears

thewall.
(b)greatest height above the horizontal

planereachedbythebody.
(c)timeofflightofthebody.
(d)horizontaldistancebeyondthewallat

whichthebodystrikestheplane.

5.Showthattheaccelerationofanobject
movingalongastraightlinemaybewritten

asv
dv

ds
.Avehicleofmass2500kgmoving

onastraightcourseissubjectedtoasingle
resistingforceinthelineofmotionof
magnitudekvnewtons,wherevm s-1isthe
velocityandkisaconstant.At100km h-1

thisforceis2000N,thevehicleisslowed
downfrom 100km h-1to50km h-1.Findthe:

(i) valueofk.
(ii) distancetravelled.
(iii) timetaken.

6.(a)Aparticleofmassm,movesina
horizontalstraightlineundertheactionofa
resistingforceofmagnitudemkv2,wherevis
thevelocityandkisapositiveconstant.
Whent=0,v=uandx=a,wherexisthe
displacementfrom theoriginattimet,find
theexpressionsfor:

(i) vintermsofx
(ii) vintermsoft
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(iii) xintermsoft.
(b)Abodyofmass12kgispropelledalonga

horizontal surface by a constant

horizontalforce of 480 N against a

variableresistanceof30v2 N,wherevis

thespeedofthebody.Thebodystarts

from rest at an origin O. Find an

expression for v in terms of s,the

displacementofthe body from O and

sketchthevelocity-timegraph.

7.AparticlePofmass8kgdescribessimple
harmonicmotionwithOasthecentreand
hasaspeedof6m s-1atadistanceof1m
from Oandaspeedof2m s-1atadistanceof
3m from O.
(a)Findthe:

(i) amplitudeofthemotion.

(ii)periodofthemotion.

(iii)maximum speedofP.

(iv)timetakentotraveldirectlyfrom O
to one extreme pointB ofthe
motion.

(b)Determinethemagnitudeof:
(i) acceleration of P when at a

distanceof2m from O.
(ii) theforceactingonP whenata

distanceof2m from O.
(c)Write down an expression for the

displacementofPfrom Oatanytimet,
giventhatP isatO att=0.Henceor
otherwise,findthetimetakentotravel
directlyfrom O toapointCbetweenO
andBandatadistanceof1m from O.
Findalsothetimetakentogodirectly
from CtothepointDbetweenOandB
andatadistance2m from O.[Answers
maybeleftinaform involvinginverse
trigonometricfunctions].

8.Aparticleisinitiallyatrestatthepoint(2,2)

hasacceleration(t
3)m s-2aftertseconds.

Findvectorexpressionsforitsvelocityand
positionvectoraftertseconds.Afterhow
manysecondsisitmovinginadirection
inclinedat45°tothex-axis?

9.(a)Anelasticstringofnaturallengthl
0

and

modulus16gNhasoneendfastenedtoa
fixedpointO.Theotherendofthestringis
attachedtoaparticleofmass4kg.Ifthe

particleisreleasedfrom restatO,findthe
distanceitfallsbeforecoming
instantaneouslytorestatpointA.Findits

speedwhenitisremainingwithdistance
1

4
l
0

toreachA.
(b)A particleofmass2kgisreleasedfrom

restatapointAontheoutersurfaceofa
smoothfixedsphereofcentreOandradius
0.6m.GiventhatOAmakesanangleθwith
theupwardvertical,findanexpressionfor
thespeedatwhichtheparticleistravelling
whenitleavesthesurfaceofthesphere.

10.AforceF
1

=(4i+2j)N,statethemagnitudeof

F
1
.AsecondforceF

2
hasmagnitude8 5N

andactsinadirectiongivenbyi+2j,state
theforcevectorF

2
.Hencecalculatethe

resultantforceF
R

ofthesetwoforces.Find

theaccelerationthatthisresultantwould
produceonamassof3kg.Themasswas
initiallyatrestatthepointwithposition
vector2i-4j.Ifthetwoforcescontinuetoact
onthemass,showthatthepointwith
positionvector18i+20jliesonthepath
tracedoutbythemass.

Exercise3
1.(a)Attimet,thepositionvectorrofthepointP

with respectto theorigin O isgiven by
r=a(sinpti+j),whereaandpareconstants.

Show thatthevector
̈
r+p2risconstant

duringthemotion.

(b)Aparticlemovesalongastraightlinewith
its acceleration atany instantgiven by
a=α+βv2,wherevisthevelocityofthe
particle atthatinstantand α and β are
constants.Initiallytheparticleisatrestata
pointOontheline.Ifthedisplacementof
theparticlefrom Oduringthemotionisx,

provethatv2=
α

β
(e

2βx
-1).

2.(a)The following horizontal forces pass
throughpointO;5Ninthe direction
000°,1 N in a direction 090°,4 N in a
direction225°and6Nina direction
315°.Findthemagnitudeanddirectionof
their resultant. Two further horizontal
forcesareintroducedtoactatO;PNina
direction135°andQNinadirection225°.If
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the complete setof forces is now in
equilibrium,calculatethevaluesofPandQ.

(b)Asetofhorizontalforcesofmagnitude20
N,12Nand30Nactona particle in
the directions due south,due eastand
N40°Erespectively.Find the
magnitudeanddirectionofafourthforce
whichholdstheparticlein equilibrium.

3.Theresultantofaforce2PN inadirection
060°andaforceof10Ninadirection180°is

aforceofP 3N.CalculatethevalueofPand
thedirectionoftheresultant.Athirdforceof
25Nconcurrentwiththeothertwoandinthe
sameplaneisaddedsothattheresultantof
thesystem isinthedirection180°.Findthe
directioninwhichthethirdforceisapplied
andfindthemagnitudeoftheresultant.

4.(a)Findtheresultantofthesystem ofcoplanar
forcesshownbelowandtheangleitmakes
withthe400Nforce.

300

200

60

400

(b)TwoforcesPandQ,inclinedatanangleof
120°havearesultantofmagnitudeP 7.
CalculatethemagnitudeofQintermsofP.

5.Three forces actthrough the pointwith
positionvector3i+2j.F

1
hasmagnitude15N

and acts in the direction 3i+4j.F
2

has

magnitude3 2Nandactsinthedirectioni–j.

F
3

has magnitude 4 5 N and acts in the

direction 2i+j.Expressthethreeforcesin
termsoftheunitvectorsiandj.Hencefind
theresultantF

R
ofthethreeforcesintermsof

theunitvectors.Ifiandjareunitvectorsin
thedirectionsofthexandy-axes,theunitof
the length being the metre,illustrate the
resultantF

R
graphically.Using the graph,

calculatethemagnitudeofthemomentofF
R

abouttheorigin.

6.TwoforcesF
1

andF
2

ofmagnitude3 5Nand

5 N actthrough the pointwith position

vector 2i+jin directions i+2jand i–2j
respectively.CalculateF

1
andF

2
andhence

findF
R

theresultantoftheseforces.Draw a

diagram toillustrateF
R

incomponentform

hence calculate the magnitude of the
momentofF

R
abouta pointwith position

vectori.Whatdoyoudeducefrom thisresult?

7.AparticleP ofmassm isreleasedfrom rest
atapointAonthesurfaceofafixedsmooth
sphereofcentreO.TheradiusOAisinclined
atanangleof30°tothevertical.Show that
whiletheparticleremainsincontactwiththe
surface,the reaction on the particle is

mg(3cosθ-3),whereθistheanglebetween
OPandtheupwardvertical.Showthattothe
nearestdegree,the value ofθ when the
particleleavesthesurfaceofthesphereis
55°.

8.Auniform rodABofmass10kgrestsina
verticalplanewithendA incontactwitha
smoothverticalwall.TheendBisbelow A.
Therodisinclinedat60°totheverticalandis
heldinequilibrium byalightstringattached
toBandtoapointConthewallvertically
aboveA,showinadiagram theforcesacting
ontherodandhencethatthedistanceCAis
halfthelengthoftherod.Findthe:

(i) inclinationofthestringtothevertical.

(ii)tensioninthestring.

9.AparticlePofmass7m isplacedonarough
horizontaltable,the coefficientoffriction
between P and the table is μ.A force of
magnitude2mgactingupwardsatanacute
angleθtothehorizontalisappliedtoPand
equilibrium isonthepointofbeingbrokenby
theparticleslidingonthetable.Giventhat

tanθ=
5

12
findthevalueofμ.

10.A uniform rigid rod AB oflength 2a and
weightW is smoothly jointed atA to a

uniform rodACoflength2a3andweightW'.
TherodsrestinaverticalplanewithBandC
on a smooth horizontalplane,equilibrium
beingmaintainedbyalightinextensiblestring
oflength4ajoiningBandC.Provethatthe

tension in the string is 3
8

(W+W').Prove

furtherthatthereactionatAontherodAC
makesanangleof
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tan-1( 3W -́W

(W+W )́3)withthehorizontal.

Exercise4

1.(a)Forcesof5Nand3Nactalongthesides
⃗
AB,

⃗
ACrespectivelyofan equilateral

triangleABCofside12m.Findthemagnitude
anddirectionof theirresultant.Thelineof
action oftheresultantintersectsBC atD.
FindthedistanceBD.

(b)Twoforceshavemagnitudes5NandPN.
Iftheresultantforcehasa magnitude6
Nandactsatanangleof40°tothe5N
force,findvalueofP.

2.ArectangleisdefinedbyfourpointsA(0,0),
B(5,0),C(5,3) and D(0,3),distances
measuredinmetres.Forcesofmagnitude6N,
8N,4Nand2NactalongAB,BC,CDandDA
respectivelyinthedirectionsindicatedbythe
orderoftheletters.Calculatethe:
(a)magnitudeoftheresultantofthesystem

offorces.
(b)anglethelineofactionoftheresultant

makeswiththex-axis.
(c)lineofactionoftheresultantcutsthe

x-axisat(a,0)findthevalueofa.

3.ThesquareABCDhaseachsideoflength6m.

Forcesofmagnitude1,2,8,5,5 2and2 2N
acting along AB,BC,CD,DA,AC and DB
respectively,inthedirectionsindicatedbythe
orderoftheletters.Provethattheseforces
are equivalentto a couple.Calculate the
magnitudeandsenseofthecouple.

4.ArectangleABCDhasAB=3cm andBC=4
cm.Forces,allmeasuredinnewtonsandof
magnitudes2,4,6,8andkactalongAB,BC,
CD,DA andACrespectively,theirdirections
beingindicatedbytheorderofletters. The
resultantoftheforcesisparalleltoBD.Findk

andshowthattheresultanthasmagnitude
5

6
N.Findthedistancefrom A tothelineof
actionoftheresultant.

5.A uniform rectangularlamina ABCD is of
mass3M,AB=DC=4cm andBC=AD=6
cm.ParticleseachofmassM,areattachedto
the lamina atB,C and D.Calculate the
distanceofthecentreofmassoftheloaded

laminafrom:

(a) AB (b) AD

6.Thediagram showsasquareOABCofsidea.
The midpointofBC is D.Show thatwith
respect to OA and OC as axes, the
coordinatesofthecentroidFofthetriangular

regionABDare(5

6
a,

2

3
a).Findthecoordinates

ofthecentreofmassofauniform laminain
theform ofthefigureOADC.

C D B

A

•F

O

Ifthe figure OADC is suspended from C,
show thatthe angle CD makes with the

horizontalis90°-tan-1(10

7).

7.Thefigurebelow showsalaminaformedby
weldingtogetherarectangularmetalsheetof
length20cm andwidth4cm andasemi-
circularmetalsheetofthe same material
whichhasadiameterof10cm.

AO

B

CD 4cm

20cm

10cm

10cm

B

(a)Findthedistanceofthecentreofgravity

ofthelaminafrom ODandOA.

(b)Thelaminaisfreelysuspendedfrom B,

findtheangleBCmakeswiththevertical

inequilibrium.

8.Auniform laminaABCD hastheshapeofa
trapezium with DC parallel to AB and
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B
̂
AD=90°, AB=3a,CD=2aandAD=2b.

Findthedistanceofitscentreofgravityfrom
ABandAD.Thelaminaisfreelysuspended
from Bandhangsinequilibrium.Ifa=7cm,
b=13cm,findtheinclinationofAB tothe
vertical.

9.AparticlemovesalongastraightlineABC.It
startsfrom restatAandmoveswithconstant
accelerationof2m s-2 untilitreachesB.It
then moves from B to C with constant
acceleration of1m s-2.The time taken to
travelfrom AtoBandfrom BtoCareeach
equalto T seconds.Show that5AB=2BC.
GiventhatthedistanceACis56m,calculate
T.

10.Acarstartsfrom restattime,t=0seconds
and moves with uniform acceleration of
magnitude 2.3m s-2 along a straight
horizontalroad.AfterT seconds when its
speed is v m s-1, it immediately stops
acceleratingandmaintainsthissteadyspeed
untilithitsabrickwalltocomeinstantlyto
rest.The carhas travelled a distance of
776.25m in30s.
(a)Sketch a speed-time graph for the

motion.
(b)WriteanexpressionforvintermsofT.
(c)ShowthatT2-60T+675=0.
(d)HencefindthevalueofTandthevalue

ofv.

Exercise5

1.(a)Anaircraftfliesinastraightlinefrom Ato
B,whereAB = 500km andBisduenorthof
A.The speed ofthe aircraftin stillairis
250km h-1 and the wind is blowing in the
direction290°at30km h-1.Findthe:
(i) coursesetbythepilotoftheaircraft.

(ii)timetakentothenearestminuteforthe
journeyfrom AtoB.

(b)A wind isblowing at24km h-1 from the
direction 270°.Find the magnitude and
directionofthewind’svelocityrelativetoa
cyclist travelling at 16km h-1 in the
direction030°.

2.Acarofmass900kgtravellingonastraight
levelstretch of a motorway accelerates
uniformlyfrom 36km h-1 to108km h-1 in10
seconds.The engine provides a constant

driving force F newtons and the total
resistancetomotionofthecarisconstant
andequalto Rnewtons.Giventhatwhenthe
caristravellingat50km h-1 thepowerbeing
usedtoprovidethedrivingforceis40kW,
findthevalueofF.Hencecalculatethevalue
ofR.

3.A golfballis projected with a speed of
49m s-1 atan angleofelevation α from a
pointA on thefirstfloorofagolfdriving

range.PointAisataheightof
49

15
m abovea

horizontalground.Theballfirststrikesthe
groundatapointQwhichisatahorizontal
distanceof98m from pointAasshownin
thediagram below.

Q

49m s-1

A α

49

15
m

98m

(a)Showthat6tan2α-30tanα+5=0.
(b)Hencefindtothenearestdegreethetwo

possibleanglesofprojection.
(c)Findtothenearestsecondtheleasttime

ofdirectflightfrom AtoQ.

4.Aparticleofmass3kgmovesonasmooth
horizontaltableundertheactionofavariable
horizontal force whose value at time t
secondsis6costi-3e-tjnewtons.Whent=0
theparticlehasvelocityjm s-1 andisata
pointwithpositionvector(3i-j)m.Findthe:

(a)velocityoftheparticleattimet.
(b)positionvectorroftheparticlesattime

t,show thatforlarge values oft,
r=(5-2cost)i.

5.Thediagram showsauniform plankAB of
weightW andlength4awhoselowerendA
restsonaroughhorizontalground.Theplank
isinclinedat60°tothehorizontalandrestsin
equilibrium supportedbyasmoothpegatC,
whereAC=3a.
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B

C

60°A

FindintermsofW:
(a)theforceexertedontheplankbythepeg

atC.
(b)theverticalandhorizontalcomponents

oftheforceexertedontheplankbythe
groundatA.

(c)Giventhatequilibrium islimiting,findthe
coefficientoffrictionbetweentheplank
andtheground.

6.(a)A particleofmass10kg hangsfrom a
fixedpointObyalightinextensiblestring.It
ispulledasidebyahorizontalforceP and
restsinequilibrium atanangleof60°tothe
vertical.Findthe:

(i) horizontalforceP.

(ii)tensioninthestring.
(b)Particlesofmass4kg,6kgand8kgare

located atposition vectors(2i-j),(3i+2j)
and(i-2j)respectively.Findthelocationof
theircentreofgravity.

7.A uniform beam AB has length 6 m and
weight200N.Thebeam restsina
horizontalpositionontwosupportsatpoints
CandD,whereAC=DB=1m.Two
children,RoseandTom,eachofweight500N,
standonthebeam withRosestandingtwice
asfarfrom theendB asTom.Thebeam
remainshorizontalandin equilibrium
and themagnitudeofthereaction atD is
threetimesthemagnitudeofthereaction
atC.Findhow farTom isstandingfrom the
endB.

8.AandBaretwopointsonlevelground60m
apart.Aparticleisprojectedfrom Atowards
Bwithaninitialspeedof30m s-1at45°tothe
horizontal.Atthe same time a particle is
projected from B towardsA with an initial
speedof50m s-1.Iftheycollide,findthe:
(i) angle of projection of the second

particle.

(ii)timeofcollision.

(iii)heightatwhichthecollisionoccurs.

9.Two particlesofmass2 kg and 3 kg are
connected by a light inextensible string
passingoverafixedsmoothpulley.Initially
thesystem isatrestwiththestringstautand
verticalwithbothparticlesataheightof2m
above the ground.When the system is
released,findthetimewhichelapsesbefore
the 3 kg mass hits the ground and the
maximum heightreachedbythe2kgmass
abovetheground.

10.Alightelasticstringofnaturallength1m is
fixedatoneendandaparticleofweight4N
is attached to the other end.When the
particlehangsfreelyinequilibrium thelength
ofthestringis1∙4m.Thestringisnowheld
atanangleαtotheverticalbyahorizontal
forceof3N actingontheparticle.Findthe
valueofαandthenewlengthofthestring.

Exercise6

1.(a)Aparticleisprojectedverticallyupwards
withspeedu,aftertimeTasecond
particleisprojectedverticallyupwardsfrom
thesamepointwithspeed3u. Given that
theparticlescollidewhenthefirstparticleis
atitsmaximum height, prove that

T=
2u

g
(2-1).

(b)Aparticleofmass4kgmovesunderthe
actionofaforceF.Attimetthemomentum
oftheparticleis8costi-12sintj.

(i) FindFintermsoft.

(ii) Writedownthevelocityof
theparticleattimetand
find the smallestpositive
value oftforwhich the
particle is moving in the
directionofthevectorj.

(iii)Given that when t=0 the
positionvectoroftheparticle
is(i-j),findits distance from

theoriginwhent=
π

2
.

2.A carofmass600kgistravellingrounda
circularbendofradius30m.Giventhatthe
coefficientoffrictionbetweenthecarandthe
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road is0∙3,determinethe maximum safe
speedforthecariftheroadis:

(i) unbanked.
(ii) bankedat20°tothehorizontal.

3.

20kg

A
30°

B
C4kg

(a)PlaneABC ismadeoftwo surfaces,a
roughhorizontalsurfaceBC (coefficient
offriction0∙215)andasmoothinclined
surfaceAB.Boxesofmasses20kgand4
kg are placed on the plane as shown
above.Ifthesystem isreleasedfrom rest,
determinetheaccelerationoftheboxes.

(b)Aparticleofmass2kgisprojectedwitha
speed of 10m s-1 up a rough plane
inclinedat30°tothehorizontalfrom point
A,3m from thebottom oftheplane.Ifthe
particlecomestorestatBandtheangle

offrictionalongtheplaneistan-1(1

4);

(i) Find the potential energy of the
particleatBandkineticenergyatA.
Hence calculate the work done
againstfriction.

(ii)Showthattheparticlewillnotremain
ontheplane.

4.(a)A uniform beam AB ofweight30 N is
suspendedbytwostringsatAandB. The
beam isinequilibrium at30°tothehorizontal
whenthestringsatAand B make
angles of 30° and 60° with the beam
respectivelyandAislowerthan B.
Findthetensionsinthestrings.

(b)A rectangularuniform lamina ABCD has
sidesAB=4aandAD=3a.ThecorneratD
isfolded so thatAD isalongsideAB.A
squareofsideaisremovedfrom thecorner
B.Findthedistanceofthecentreofgravity
oftheresultingbodyfrom B.

5.(a)A traincomesto restfrom aspeedof
20m s-1 in a distance of500 m.Ifthe
magnitude of retardation is directly
proportionaltothespeed,findthemagnitude
oftheretardationwhenthetrain’sspeedis
5m s-1.

(b) Vehicle A moves with constant
velocityof(400i+150j+250k)m s-1

while vehicle B moves with
constant velocity of
(100i+200j+50k)m s-1,whenAisat
point(-3∙3,1,0∙5)km andBatpoint
(2∙7,0,4∙5) km,the driver of A
notices thatthey are going to
collide and immediately reduces
speedandchangesdirection.Find
when and where the collision
wouldoccur.

6.(a)Thediagram below showsauniform rod
ABofmass8kgfreelyhingedatA. It
restsinequilibrium withendBonasmooth
fixedcylinder.

A 30°

B

If the rod is inclined at 30° to the
horizontal,calculate the magnitudes of
the normalreactionsatAandB.

(b)A smoothhemisphereofradius0∙6m is
fixed with its plane face on a rough
horizontalfloor.Auniform rodABoflength
1m andweight10Nrestsinequilibrium in
averticalplanewithendAonthefloorand
apointC ontherodincontactwiththe
hemisphere,whereAC=0∙8m.Giventhat
therodisonthepointofslipping,findthe
reactionatCandthecoefficientoffriction
betweentherodandthefloor.

7.AparticlePofmass2kgisattachedtoone
endofalightelasticstringofnaturallength2
m andmodulusofelasticity98N andthe
otherendofthestringisattachedtoafixed
pointA.IfPisraisedtothesamelevelasA
and allowed to fallverticallyundergravity,
calculatethe:
(i) maximum extensionofthestring.
(ii)velocityofPwhenitis2m below Afor

thefirsttime.

8.The figure below shows a uniform lamina
ABCD with a square ofside 3 cm and a
quadrantofradius4∙5cm cutoff.
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D 11cm C

3cm

9cm

4∙5cm

A B

Find thedistanceofthecentreofgravity
from thesidesADandAB.

9.Thediagram below showsparticlesA,Band
Cofmasses10kg,8kgand2kgrespectively,
connected by light inelastic strings.The
string connecting B and C passes overa
smoothlightpulleyfixedatthetopofthe
plane.

A

B
C

30

Giventhatthecoefficientsoffrictionbetween
theplaneandA andB are0∙22and0∙25
respectively,calculatethe:

(i) accelerationofthesystem.

(ii)tensionsinthestrings.

10.(a)Aboywhoisonahuntingmissionaims
atamonkeywhichismovingupand down
atalltreesituated100m away.Iftheboyis

capableofthrowinga stone at (200g)

m s-1,showthatthemaximum heightatwhich
the monkeycanbehitis75m from
thebottom ofthetree.

(b)Twoparticlesareprojectedsimultaneously
from twopointsP

1
andP

2
onalevelground

and a distance of75 m apart,the first
particle is projected vertically upwards
from P

1
withaninitialspeedofum s-1and

a second particle is projected from P
2

towardsP
1

withanangleofprojectionθto

thehorizontal.Iftheparticlescollidewhen
theyareattheirgreatestheightabovethe

levelP
1
P

2
,provethattanθ=

u2

75g
.

Exercise7

1.AparticlePleavestheoriginandmoveswith
avelocityof2i+6jwhileaparticleQ starts
from theoriginwithinitialvelocity4i-8jand
moveswithaccelerationi+j.
(i) FindthepositionvectorsofPandQafter

2seconds.

(ii)Calculatethetimeatwhichthevelocities
ofPandQareperpendicular.

2.One end ofa lightinextensible string is
attachedtoaceiling.Thestringpassesunder
asmoothlightpulleycarryingaweightCand
thenoverasmoothfixedlightpulley.Tothe
freeendofthestringisattachedalightscale
paninwhichtwoweightsAandBareplaced
withAontopofBasshownbelow.

B
A

C

Theportionsofthestringnotincontactwith
thepulleyarevertical.EachoftheweightsA
andB hasamassM andweightC hasa
masskM.Ifthesystem isreleasedfrom rest,
findtheaccelerationofthemovablepulley
andthescalepanandshow thatthescale
panwillascendifk>4.Whenthesystem is
movingfreely,findthe:

(i) tensioninthestring.

(ii) reaction between the weights A
andB.

3.(a)AparticlePofmass3kgmovessuchthat
thedisplacements,attimet seconds is

givenbys=(3+sin2t

cos2t)m.

(i) Calculate the value of t when P
crossesthex-axisforthefirsttime.

(ii)ShowthatthespeedofPisconstant.
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(iii)CalculatetheforceactingonPwhen

t=
π

2
.

(b)A bodystartsfrom restatoriginO when
t=0andmovesalongastraightlinewith

accelerationgivenbya=
7

36
t,wheretisthe

timein seconds. The acceleration
continuesuntilt=6,whereuponitceases
andthebodyisretardedtorest.Duringthis
retardationtheaccelerationisgiven by

a=-
t

4
.Findthevalueoftwhenthebody

comestorestandthedisplacementofthe
bodyfrom Oatthattime.

4.TwoforcesP andQ actonaparticle.The
forcePhasmagnitude7Nandactsduenorth.
Ifthe resultantofP and Q is a force of
magnitude10N actinginadirectionwitha
bearingof120°,findthe:

(i) magnitudeofQ.

(ii) directionofQ.

5.Aparticleofmass1∙5kgisattachedtoone
endofaspringofnaturallength1m and
modulusofelasticity6N.TheotherendO,of
thespringisattachedtoapointonasmooth
horizontalsurface.Iftheparticleisheldat
restonthesurfacewithdistancebetweenthe
particle and O being 125 cm and then
released from rest,show thatthe particle
performssimpleharmonicmotionandfind
themaximum acceleration.

6.Apigeonisreleasedfrom apointwhichisat
adistanceof80m onabearingof300°from
ashooter.Thepigeontravelswithaconstant
speedof40m s-1onabearingof050°.Given
thatassoonasthepigeonisreleased,the
gunisfiredandthebullethasaspeedof
200m s-1.Determine:
(a)thedirectioninwhichthegunmustbe

firedsoastohitthepigeon.
(b)howlongittakesthebullettohitthebird.

7.Asmoothbeadofmass0∙2kgisthreaded
onasmoothcircularwireofradiusrmetres
whichisheldinaverticalplane.Ifthebeadis
projectedfrom thelowestpointonthecircle

withspeed 3rg.Findthe:
(a)speed ofthe bead when ithas gone

one-sixthofthewayroundthecircle.
(b)forceexertedonthebeadbythewireat

thispoint.

8.Acarofmass1000kgacceleratesuniformly
from 0to20m s-1in10s.Calculatethepower
developedwhenithasbeenacceleratingfor5
s.

9.Auniform rodXYoflength2m andweightW
is hinged to a verticalpostatX.Itis
supportedinahorizontalpositionbyastring
attachedatYandtoapointZverticallyabove
X.Aweightwishungfrom Y.
(a)Ifthereactionatthehingeisnormalto

YZ,showthatthelengthofthestringYZ

is2
2(W+w)

W
.

(b)Findthetensioninthestring.

10.AshipPtravellingat40 2km h-1 duenorth-
eastis initially 50 km,N75°W ofa boat
travellingnorthwards.
(a)Ifthevesselscollide,findthespeedof

theboat.
(b)Calculatetheshortestdistancebetween

the vessels ifthe boattravels north
westwardsatthesamespeedasin(a)
above.

Exercise8

1.Fourforcesrepresentedbyi-4j,3i+6j,-9i+j
and5i-3jactatpointswithpositionvectors
3i-j,2i+2j,-i-jand-3i+4jrespectively.

(a) Show thattheforcesreducetoa
coupleandfinditsmagnitude.

(b) Ifthefourthforceisremovedand
thefirstforceismovedtothepoint
i-8j. Find the magnitude and
directionoftheresultantforce.

2.A particleinitiallyata pointO(0,0)moves
along the x-y plane such that its
displacementfrom O attimetisgivenby
r=3t2i+(4t-6)j.Findthe:
(a)distancefrom thepointO(0,0),

(b)speed,

(c)magnitudeofacceleration,attimet=4.

3.TwoparticlesAandBmoveinastraightline
Bbeing18m infrontofA,Bstartsfrom rest
withanaccelerationof3m s-2andAstartsin
pursuitwith a velocityof10 m s-1 and an
accelerationof2m s-2.
(a)ProvethatA willovertakeandpassB
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afteranintervalof2s.
(b)ShowthatBwillinturnovertakeAafter

afurtherintervalof16s.

4.A particle is projected with a speed of
36m s-1 atanangleof40°tothehorizontal
from apoint0∙5m abovelevelground.Itjust
clearsawallwhichis70m onthehorizontal
planefrom thepointofprojection.Findthe:
(a)(i) timetakenfortheparticletoreach

thewall.
(ii) heightofthewall.

(b)maximum heightreachedbytheparticle
abovethelevelofprojection.

5.Amassof12kgrestsonasmoothinclined
planewhichis6m longand1m high.The
mass is connected by a lightinextensible
string,which passesoverasmooth pulley
fixedatthetopoftheplane,toamassof4kg
whichishangingfreely1m abovetheground.
Withthestringtaut,thesystem isreleased
from rest.Determinethe:
(a)accelerationofthesystem.
(b)tensioninthestring.
(c)velocitywithwhichthe4kgmasshits

theground.
(d)time the 4 kg mass takes to hitthe

ground.

6.Abulletisfiredfrom apointP,50m above
thegroundwithaspeedof140m s-1 andit
hitsthegroundatpointQ,200m horizontally
from thepointofprojection.Findthe:
(a)twopossibleanglesofprojection.
(b)correspondingtimesofflight.
(c)angleatwhichthebullethitstheground

ineachcase.

7.ShipA istravellingonacourse060°ata

speedof30 3km h-1 andshipBistravelling
at20km h-1.Atnoon,Bis260km dueeastof
A.Findthe:
(a)courseBmusttaketocomeascloseas

possibletoA.

(b)timewhenAandBareclosesttogether
andtheshortest distance.

8.ABCD isasquareofside2m. Forcesof
magnitudes3N,5N,7Nand2Nactalong
the sides DA,AB,BC and CD respectively.
Calculatethe:
(a)magnitudeoftheresultantoftheforces

andtheangleitmakeswithAD.
(b)sum ofmomentsoftheforcesaboutA.

(c)equation ofthe line ofaction ofthe
resultant.

(d)distancefrom Atothepointwherethe
line ofaction ofthe resultantofthe
forcescutsDAproduced.

9.(a)Forcesofmagnitude4P,3P,2PandPact
alongAB,BC,CDandDA,where

ABCDisasquareofside2a;
(i) findtheresultantforce.

(ii)determinetheequationofthelineof

action of the resultant and the

distancefrom Bofthepointatwhich

itcutsABproduced.

(b)Itisrequiredtoreplacethegivensystem
in (a)abovewith a singleforceatthe
centre ofthe square togetherwith a
couple.Determinethesingleforceandthe
momentofthecouple.

(c)Ifinsteadacoupleisaddedtothesystem
in(a)aboveandthelineofactionofthe
enlargedsystem passesthroughB,find
themomentandsenseofthecouple.

10.Forcesof2P,4P,3P and6P actalongthe
sidesAB,BC,CD andDA respectivelyofa
squareofsidea.
(i) Findthemagnitudeanddirectionofthe

resultantforce.

(ii)Show thattheequation ofthelineof

action ofthe resultantin (i)aboveis

2x-y+7a=0.

(iii)Determine the momentofthe couple

thatwouldtransfertheresultanttothe

line2x-y+9a=0.

Exercise9

1.A circulartrackofradiusrisbankedatan
angleθtothehorizontal.Showthatavehicle
willhaveno tendencyto slip when driven

aroundthetrackwithspeedv= (rgtanθ).If

thecoefficientbetweenthetyresandtheroad
surfaceisμ,provethatthemaximum speed
possible on the track is

v
max

=
rg(sinθ+μcosθ)

cosθ-μsinθ
.

2.Twouniform rodsABandACeachoflength2
m aresmoothlyjointedatAandstandina
verticalplane.TheendsBandCoftherods
restonasmoothhorizontalsurface.Astring
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1m longjoinsthemidpointsofABandAC.If
eachrodweighs30Nandthesystem restsin
equilibrium,calculatethe:

(a) reactionsatBandC.

(b) tensioninthestring.

(c) reactionatA.

3.Twouniform rodsABandBCofequallength
andweightW and3W respectivelyarejointed
atB.Rod AB is smoothly hinged on a
horizontalgroundatAwhilerodBCrestson

the same ground,coefficientoffriction
1

5
betweentherodandtheground.IfrodBCis
inlimitingequilibrium,provethatitisinclined
attan-12tothehorizontal.

4.An engine ofa carofmass 60 tonnes,
workingat540kW ispullingatrainofmass

480tonnesupaninclinationofsin-1(1

140).

Frictionalresistancesamountto
1

100
ofthe

totalweightofthecarandthetrain.Findthe:
(a)accelerationofthetrainwhenitsspeed

is18km h-1.
(b)maximum speed.

5.(a)Aparticleofmass2kgmovesfrom rest
attheoriginundertheactionoftwoforces.
OneforcePhasmagnitude22Nandactsin
the direction ofthe vector2i–6j+9k.The
otherforceQhasmagnitude30Nandactsin
thedirection ofthevector4j–3k.Find the
accelerationoftheparticleandthedistanceit
travelsinthe first 3 seconds of its
motion.
(b)Aparticleofmass2kgisacteduponat

timetbyaforce
F=8i–(4cost)j+2tk.Whent=0,the
velocityoftheparticleis6i.Findthe
expressionforthevelocityoftheparticle
andthepoweratatimet.

6.Arifflefiredtwoshellswiththesamespeed
from apointOandtheylandedatapointAon
thesamehorizontallevelasO.Giventhatthe
greatestheightsoftheshellsareintheratio
4∶1;
(i) findtheanglesofprojection.

(ii)showthattheratioofOAtoR
max

is4∶5

(whereR
max

isthemaximum rangewith

thesamespeedofprojection).

7.(a)Particlesofmass4kg,7kg,5∙5kgand
4∙5kghavepositionvectors (3i-j),(2i+4j),
(-i-j)and (-3i+4j) respectively. Find the
positionvectorofthecentreofmassofthe
system.

(b)Thefigurebelowshowsauniform lamina

ABCDfrom whichABEDisformedwithC'

lyingalongABafterfoldingsectionDECto

DEC'.

24cm

5cm

13cm

13cm

5cmA B

C

E

C'

D

FindthecentreofgravityofthelaminaABED
from ADandAB.

8.Asportscarstartsfrom restandaccelerates
at3m s-2 for10 s and then travels ata
constantspeed.Fivesecondsafteritstarts,a
racingcarfollowsitstartingfrom restfrom
thesamepointandacceleratingat4m s-2for
10sandthentravellingataconstantspeed.
Findthe:

(i) time(measuredfrom themoment
thesportscarstarts)whichelapses
beforetheracingcarcatchesupwiththe
sportscar.

(ii) distancetheyhavebothtravelled
atthismoment.

9.(a)A particleofmass0∙2kgandvelocity
5i+7jcollideswithaparticleofmass0∙3kg
and velocity 2i–3j.Ifthe particles couple
together,findthe;

(i) commonvelocity.

(ii) lossinkineticenergy.
(b)AninelasticpileofweightW Nisdrivena

distanceofametresintothe groundbya
hammerofweightwNfallinghmetres
beforehittingthepile.Showthatthe
averageresistanceofthegroundis
(W+w)2a+w2h

(W+w)a
.

10.(a)Acirculartrackofradiusrisbankedatan
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angleofβtothehorizontal.Amotorcyclist
travelsaroundthetrackataspeedvwithout
slipping.Ifthe coefficient of friction
betweenthetyresandthetrackisµ,show
thatthe minimum valueofvisgiven by

v2

min
=

rg(sinβ-μcosβ)
(cosβ+μsinβ)

.

(b)Aparticleofmassm describescomplete
verticalcirclesontheendofalight
inextensiblestringoflengthr.Giventhat
thespeedoftheparticleatthelowestpoint
istwicethespeedatthehighestpoint,find
the:

(i) speedoftheparticleatthelowest
point.

(ii)tensioninthestringwhenthe
particleisatitshighestpoint.

Exercise10
1.Auniform ladderoflength2aandmassm kg

restswithoneendagainstasmoothvertical

wallandtheotherendonahorizontalground.

Theladderisinclinedatθ°tothevertical.The

bottom oftheladderisattachedtoa

horizontalstringandtheotherendofthe

stringattachedtothewall.

(a)Amanofmass4kgstandsontheladder

adistanceof
1

2
afrom thebottom ofthe

ladder.Findthe:

(i) tensioninthestring.

(ii)normalreactiononthegroundand

thewall.

(b)Ifthemaximum tensionwhichthestring

canbearwithoutbreakingis4mgtanθ,

findhowfaruptheladderthemancan

climbsafely.

2.Anelasticstringofnaturallength2m hasits

upperendfixedandabodyofmass1⋅2kg

attachedtoitsotherendQ.Ifthemodulusof

elasticityis24Nandthesystem rests

verticallyinequilibrium.

(i) Findtheextensioninthestring.

(ii)IftheendQispulledverticallydownwards

toR,whereQR=0∙2m,findtheinitial

accelerationofthebodywhenitis

releasedfrom thisposition.

3.AsquareABCDofside2m issubjectedto

forcesofmagnitude1,2,3,1,3 2andp 2

newtonsactingalongAB,BC,CD,AD,ACand

DBrespectivelyinthedirectionsindicatedby

theorderoftheletterswithABhorizontal.

Giventhatthedirectionoftheresultantis

paralleltoAC,findthe:

(a)valueofp.

(b)totalmomentaboutAoftheforcesacting
onthelamina.

(c) distancefrom AtoapointEwheretheline
ofactionoftheresultantcutsAB.

4.Aparticleofmass5kgisplacedonasmooth

planeinclinedattan-1(1

3)tothehorizontal.

Findthe:

(i) magnitudeoftheforceactinghorizontally
requiredtokeeptheparticleinequilibrium

(ii) normalreaction
5.Aparticleisexecutingsimpleharmonic

motionwithamplitude2metresandperiod12

seconds.

(a)Calculatethemaximum speedofthe
particle.

(b)Ifinitiallytheparticlewasmovingata
maximum speed,findthe:

(i) distancemovedbytheparticleuntil
itsspeedishalfthe maximum
value.

(ii)timetakenbytheparticletotravel
thisdistance.

6.At9.00a.m,afishingboatis10km ona

bearingof110°from aFerry,travellingwitha

speedof8km h-1onabearingof060°.Ifthe

fishingboathasatopspeedof6km h-1,find

the:

(a)coursesetbythefishingboatifitistoget

asclosetotheFerryaspossible.

(b)closesestdistancebetweenthetwo

vesselsandthetimeatwhichitoccurs.

7.Thefigurebelowshowsatriangularlamina

ABC.
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y

C

B9

4

4

A

xO

4kg

2kg

6kg

Theco-ordinatesofA,BandCare(0,4),(9,0)
and(0,-4)respectively.Iftheparticlesof
mass4kg,6kgand2kgareattachedatA,B
andCrespectively.
(i) Calculatetheco-ordinatesofthecentre

ofmassofthethreeparticles.

(ii) Thecentreofmassofthecombined

system consistingofthethreeparticles

andthelaminahascoordinates(4,λ).If

laminaABCisuniform andofmassm kg,

calculatethevalueofm andλ.

8. Thecombinedsystem isnowfreely

suspendedfrom Oandhangsatrest,

determinetheanglebetweenACandthe

vertical.Acardeceleratedfrom aspeedof

20m s-1torestin8seconds,fallingshortof

itsparkingslotby20m.Byhowmuchlonger

shouldthecarhavedeceleratedfrom the

samespeedsoastojustreachtheparking

slot?

9.

θ

A

AparticleAofmass5kgiskeptatrestona

roughinclinedplaneofangle,θ=tan-1(3

4),by

aninelasticstringparalleltothelineof
greatestslopeoftheplane.Giventhatthe
coefficientoffrictionbetweentheparticleand

theplaneis
1

2
,findtheminimum tensioninthe

string.

10.Initiallyaparticletravelswithaspeedof

20m s-1inthedirection-4i+3jand5sec

lateritsspeedis26m s-1inthedirection

12i–5j.Calculatetheaccelerationofthe

particle.

Exercise11
1.(a)A particle of mass 0∙8 kg executes

simpleharmonicmotionofamplitude0∙4m

aboutacentralpointO.Giventhattheparticle

isprojectedfrom Oandtheperiodofmotionis

6seconds,findthe:

(i) speedafter2seconds.

(ii) forceactingatt=1s.

(b)Anelasticstringofnaturallength0∙5m

andmodulusofelasticity9∙8Ncarriesa

particleofmass0∙5kg.Calculatethe:

(i)energystoredinthestringwhenthe
system isin equilibrium

(ii)themaximum speed,whentheparticle
isstretchedby0∙2m below its
equilibrium positionandthenallowed
tomakeverticaloscillations. A car
ofmass2000kgdevelopingaconstant
powerof20kW ascendsaslope1in
49withamaximum speedof10m s-1.
Thenon–gravitationalresistancetothe
motion of the car is directly
proportionaltothecar’sspeed.
(a) Calculatethe;

(i) non–gravitational resistance

atmaximum speed.

(ii)acceleration ofthe carata

speedof5m s-1

(b)Ifthecardescendsthisslopewhile

developingthesamepowerof20

kW, calculate the maximum

speedthecarattains.

2.
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Wall

Ground

Ceiling θ

B

C

AO

The diagram shows a uniform solid
hemisphereofmass2∙4kgbalancedbytwo
inelasticstrings.A horizontalstring OA is
attached to a verticalwalland a second
string BC making an angle θ with the
horizontalisattachedtoaceilingasshown
inthediagram.Thestringsandthelineof
actionoftheweightofthehemisphereliein
averticalplane,showthat:

(a)tanθ=
48

55
.

(b)thetensioninstringBCis35∙77N,

hencefindthetensioninthestringOA.

3.(a)TwoparticlesA andB aremovinginthe

samedirectiononparallelhorizontaltracks.

Atacertainpoint,theparticleA,travelling

with a speed of7ms-1 and accelerating

uniformlyat1.5ms-2overtakesBtravelling

at3 ms-1 and accelerates uniformly at

2∙5m s-2.

(i) Calculatethetimewhichelapses

beforeBovertakesA.

(ii)Ifafterthistime,Bthenceasesto

accelerateandcontinuestomoveat

constantspeed,calculatethetime

takenbyAtoovertakeBagain.

(b) Aparticleofmass5kgmovessothat

itspositionvectoraftertsecondsis

r=[(cos2t)i+(3+4sin2t)j]m.Findthe:

(i) speedoftheparticlewhent=
π

3
.

(ii)accelerationandforceactingon

theparticlewhent=
π

2
.

4.(a)Massesof8kg,3kg,7kg,10kgand12kg

arelocatedatpointswithpositionvectors

-i+3j,2i+4j,-2i-4j,-2i-3jand5i+3j

respectively.Findthepositionvectoroftheir

centreofgravity.

(b)Auniform rectangularlaminaoflength6a

andwidth2ahastriangleOAFcutand

fixedtoform acompositetriangleO'AF

andEisfoldedtoE'whileDisfoldedtoD'

asshowninthefigurebelow.

D'A

C

B

2a

O

GH

E'

H

F DO' E 2a 2aaa

aa

Findthecentreofgravityofthenewlamina
AE'D'BCDGHEO'F.TakingOFandOBas
referenceaxes.

5. ThepointsO,A,BandClieinastraightline

suchthatAB=28m andBC=72m.A

particlemovingwithconstantacceleration

startsfrom restatOandpassesthroughA,B

andC,itsvelocitiesatBandCbeing9m s-1

and15m s-1respectively.Findthevelocityof

theparticleatAandthetimeittakestotravel

from AtoC.

6.

30°

P

B

M

A

θ

AninextensiblestringconnectsparticlePof
mass8kgtoauniform rodABofmass 5kg.
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TherodissmoothlyhingedtoapointAonthe
groundandthestringisattachedatrightangles
totherodatitsmidpointM.GiventhatPisin
limitingequilibrium onaroughinclinedplane,

coefficientoffrictionis 3
12

whiletherodmakes

anangleθ withtheground.Calculatethe:
(a) minimum tensioninthestring,

(b) andthecorresponding

(i) valueofθ.

(ii) reactionatA.

7. Acarofmass300kgmovingat144km h-1

collideswithastationarytrailerofmass900

kgtherebylosing15%ofitsmomentum.If

thecardeceleratesat6m s-2aftercollision,

calculatethe:

(i) velocityofthetraileraftercollision.

(ii)distancethecarmovesbeforecomingto

rest.

(iii)decelerationforce.

8. (a)Aparticleisprojectedhorizontallyfrom a

point2∙5m aboveahorizontalsurface.The

particlehitsthesurfaceatapointwhichis

horizontally10m from thepointofprojection.

Findthespeedofprojection.

(b)AandBaretwopointssuchthatBis

verticallyhmetresaboveA.From A,a

particleisprojectedverticallyupwards

withvelocityu,atthesameinstant

anotherparticleisprojectedwithvelocity

vverticallyupwardsfrom B.Ifthe

particlescollideatapointCaboveB,

Provethat
̅
AC=

uh

u-v
-

gh2

2(u-v)2
.

9. (a)Findthecentreofgravityofthelamina

shownbelow.

DE

C

O A

16cm

9cm

3cm

14cm

B

(b)Ifthelaminaissuspendedfrom O,find

theangleOBmakeswiththevertical.

Exercise12
1.(a)Atraintravellinguniformlyonaleveltrack

at80km h-1beginstoascenda hillofslope

1 in 75.The tractive force exerted by the

engineisconstantandequalto
1

100
ofthe

weightofthetrain,thefrictionalresistanceis

constantandequalto
1

150
oftheweightof

thetrain.Howfarwillthetrainascendthehill

beforecomingtoahalt.

(b)Tooneendofalightinextensiblestring

passing overa smooth fixed pulley is

attachedaparticleofmass8kgandto

the otherend a lightpulley.Overthis

pulleypassesalightinextensiblestringto

theendsofwhichareattachedparticles

ofmasses5kgand3kg.Ifthesystem is

releasedfrom rest,findtheaccelerations

ofthemassesand thetensionsin the

strings.

2.The initialvelocity ofa body moving with

constantacceleration is(5i-2j)m s-1.After5

secondstheparticlehasaspeedof52m s-1in

thedirection5i+12j.Findtheaccelerationof

thebody.

3.Aboyofweight7W climbsauniform ladder

ABofweight2W whoseendA isincontact

with a rough horizontalsurface and B is
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restingagainstasmoothverticalwall.When

heis
1

5
ofthewayup,theladderisaboutto

slide.Ifthecoefficientoffrictionbetweenthe

ladder and the ground is
4

15
find the

inclinationoftheladdertothehorizontal.

4.A car of mass 750 kg moves along a

horizontalroadagainstatotalresistanceof

240 N.Ifthe carengine is working ata

constantrateof12kW,findthe:

(i) maximum speedofthecar.

(ii)accelerationofthecarwhenitsspeedis

30m s-1.

5.The speed ofa motorcycle reduced from

90km h-1 to18km h-1 inadistanceof120m.

Finditsspeedwhenithadcoveredadistance

of80m.

6.Forces of7 N and 4 N actaway from a

common pointand make an angle θ°with

eachother.Giventhatthemagnitudeoftheir

resultantis10∙75N,findthe:

(i) valueofθ.

(ii) directionoftheresultant.

7.A particleofmassm kgisreleasedatrest

from the highestpointofa smooth solid

sphericalobjectofradiusametres.Findthe

angle to the verticalatwhich the particle

leavesthesphere.

8.(a)Particlesofmasses5kg,2kg,3kgand2

kg act at points with position vectors

3i-j,2i+3j,-2i+5jand–i-2jrespectively.Find

thepositionvectoroftheircentreofgravity.

(b)ThefigureABCD below showsa metal

sheetofuniform materialcutinshapeof

atrapezium.
̅
AB=x,

̅
CD=y,

̅
AF=a,

̅
EB=b

andhistheverticaldistancebetweenAB

andCD.

x
A

D C

F E B

y

a

h h

b

Showthatthecentreofgravityofthe

sheetisatadistance
h

3[3y+a+b

x+y ]from

sideAB.
9.TwoballsAandBofmassesm

1
andm

2

respectivelylieonasmoothsurfaceina

straightline.Iftheballsareprojectedwith

velocitiesu
1

andu
2

respectivelyinthesame

direction,showthatoncollidingelastically,

thenAwillmovewithvelocityv
1

givenby

v
1

=
(m

1
-m

2)u
1
+2m

2
u

2

(m
1
+m

2)
.

10.Aparticleofmassm isfreetorotateatthe

endofalightinextensiblestringfixedatits

otherend,ifthelengthofthestringisrand

theparticleisprojectedhorizontallyfrom its

lowestpositionwithspeed 6rgtotraversea

verticalcircle.Findthe:

(a) leasttension.

(b) maximum tensioninthestring.

Answers
Exercise1

1.(i)k (ii)m =5;n=1 (iii)-4;100∙3° 2.(a)

3∙0685s(b)|vA|=10∙07m s-1

|vB|=2∙77 m s-1 3. (i) 48km h-1 (ii)

3840km h-2 4.(i) (ii)3s(iii)15m s-1

(iv)
5

3
m s-2 5.6m s-1;N60°W;
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N40⋅9°W 6.(i)8m s-2 (ii)19N (iii)88m

7.(i)4∙1667s (ii)10∙4167m 8.1kgmass:

T-g=a ;2kgmass:2g-T=2a

(i) 13∙0667N (ii) 0∙9583s 9. x=
2E

mg
;

λ=
m2g2l

2E
10. 400N

Exercise2

1. (a) 840N;240N (b) 3⋅59kN;990N;

12∙6kW 2.500N;15kW 3.10m s-1;0.2ms-

2 4.(a)39.682m (b) 61∙2245m (c)7.0696

s (d) 101∙392m 5.(i)k=72 (ii)

482.2531m (iii) 24.068s 6.(a)(i)v=ue
-k(x-a)

(ii) v=( u

1+kut) (iii)x=a+
1

k
ln(1+kut) (b)

v=4(1-e-5s)
1

2 7. (a) (i) 10

m (ii) πseconds (iii) 2 10m s-1 (iv)
π

4

seconds (b)(i)8m s-2 (ii) 64N (c)

x= 10sin2t ;
1

2
sin-1(10

10) ;

1

2[sin-1(10
5 )-sin-1(10

10)] 8. v=(
1

2
t2

3t
) ;

s=(
1

6
t3+2

3

2
t2+2);6seconds

9. (a) 2l
0

;
5gl

0

2
(b) 0⋅4gcosθ 10.

2 5N;(8i+16j)N;(12i+18j)N;

(4i+6j)m s-2

Exercise3

1.(a)(b)2.(a)8∙8318 N;316∙6°;P=8∙8284

N;Q=0∙2426N(b)31∙425N;S84∙6°W

3. P=10N ;090°;223∙9°;5 13N 4. (a)

302∙384N;41∙4° (b) Q=3P

5.

F
1

=(9i+12j)N;F
2

=(3i-3j)N;F
3

=(8i+4j)N;F
R

=

(20i+13j)N;1Nm Clockwise

6.F
1

=(3i+6j)N;F
2

=(i-2j)N;F
R

=(4i+4j)N;0Nm,

No turning effect produced

aboutthepoint 7. 8. (i) 40∙9°

(ii) 129∙64N 9.
8

27
10.

Exercise4

1. (a) 7N ;81∙8°belowBC ;4⋅5m

(b) 3⋅878

2. (a) 2 10N(b) 71∙6° (c)

8∙6667m

3. SinceX=0,Y=0andG≠0thesystem is

equivalenttoacouple;

48N m Anticlockwise. 4. k=
35

6
;

0∙432m 5.(a)
7

2
cm (b)

7

3
cm 6.(7

18
a,

4

9
a)

7. (a) 3∙3572cm ;11∙6463cm (b)

21∙3° 8.
14

15
b;

19

15
a;45° 9. 4s

10. (a) (b) v=2∙3T (c) (d)

T=15s;v=34∙5m s-1

Exercise5

1. (a) (i) 006∙5° (ii) 116∙0minutes (b)

21∙166km h-1indirection130∙9°

2. F=2880N ;R=1080N 3. (a)

(b)10° ;78° (c) 2s

4.(a) v=(2sinti+e-tj) (b) (5-2cost)i-e-tj

5. (a)
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1

3
W (b)

5

6
W ; 3

6
W (c) 3

5

6. (a) (i) 98 3N (ii) 196N (b)

1

9
(17i-4j) 7. 1∙2m 8. (i)25∙1°

(ii)0∙9024s (iii)15∙15m9.
10

7
s ;4∙4m

10. 36∙9°;1∙5m

Exercise6

1. (a) (b) (i) F=-8sinti-12costj (ii)

2costi-3sintj;t=
π

2
s(iii)|r|=5m

2. (i) 9∙3915m s-1 (ii) 14∙8032m s-1 3.

(a) 3∙732m s-1 (b)(i)99∙17J; 100J

; 30∙224J (ii) 4. (a) 15 3N;15N

(b)2∙1a 5. (a)
1

5
m s-2 (b) t=20s;

(4700i+4000j+5500k)m 6. (a) 49N;33∙948

N (b) 5N;
1

2

7.(i) 1∙7266m (ii) 6∙261m s-1

8.6.15cm;4∙87cm 9. (i) 1∙648m s-2

(ii)Tension in AB:13∙848 N ; Tension in

BC:22∙896N 10. (a) (b)

Exercise7

1.(i) r
P

=(4i+12j)m ;r
Q

=(10i-14j)m (ii) 5s

2. g(k-4

k+8)downwards; 2g(k-4

k+8)
upwards (i) (6kMg

k+8) (ii) (3kMg

k+4)

3. (a) (i)
π

4
s (ii) 2m s-1 (iii) (0

12)N (b)

8s;10∙6667m 4.(i) 14∙7986N

(ii) On a bearing of 144∙2° 5.

̈
x=-4x;1m s-2 6. (a) 310∙8° (b)

0∙38s

7. (a) 2rg (b) 4∙9N 8.20kW 9.

(a) (b) T=
(W+w)(W+2w)

2
10.

(a) 50∙718km h-1 (b) 15∙534km

Exercise8

1. (a) 26N m (b) 5∙831at149∙0°tothe

directionofi2.(a)49∙0306 (b)24∙331

(c)6 3. (a) (b) 4. (a) (i) 2∙5383

s (ii) 27∙67m (b) 27∙32m

5.(a) 1∙225m s-2 (b)34∙3N (c) 1.565m s-1

(d) 1∙278s

6(a) 87∙2° above horizontal;11∙2° below

horizontal (b) 28∙9s;1∙456s (c) 87∙3°

below horizontal;16∙8°below horizontal 7.

(a) 352∙6° (b) 5.23p.m ;33∙32km 8. (a)

5N;36∙9° (b) 18Nm insenseABCD (c)

4x-3y=18 (d) 6m 9. (a) (i) 2 2Pat45°

aboveAB(ii)y=x-5a;3a (b) 2 2Pthrough

centreandparalleltoresultant;10aPinsense

ABCD (c) 6aPinsenseDCBA

10.(i) 5Pat63∙4°belowBA (ii)(iii) 2aPin

senseABCD

Exercise9

1.2. (a) 30N;30N (b) 10 3N (c)

10 3Nhorizontally 3. 4.(a)0.032ms-2

(b) 5∙9524m s-1 5. (a) (2i+6j)m s-2 ;

9 10m (b)(6+4t)i-(2sint)j+
1

2
t2k;

t3+32t+4sin2t+48
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6.(i) 63∙4°;26∙6° (ii) 7. (a)
1

3
i+

73

42
j

(b) 10∙566cm ;2∙566cm

8.(i) 25s (ii) 600m 9. (a) (i) (3∙2i+j)

(ii) 6∙54J (b)

10.(a) (b) (i) 4
rg

3
(ii)

1

3
mg

Exercise10

1.(a) (i)
1

2
(m+2)gtanθ (ii) (m+4)g;

1

2
(m+2)gtanθ(b)

7

4
mafrom thebottom

2.(i) 0∙98m (ii) 2m s-2 3. (a)
5

2
(b)

5Nm insenseABCD (c)
10

7
m

4. (i)
49 3

3
N (ii)

98 3

3
N 5. (a)

π

3
m s-1 (b) (i) 3m (ii) 2s

6. (a) Onabearingof018∙6° (b)

0∙246km ;10.53a.m

7.(i) (9

2
,
2

3) (ii) 6kg ;
4

9
(iii) 6∙3°

8. 2s 9.9∙8N 10. (8i-4∙4j)m s-2

Exercise11

1.(a) (i)
π

15
m s-1 (ii) 0∙304N (b) (i)

0∙6125J (ii) 1∙252m s-1

2.(a) (i)1600N (ii) 1∙4m s-2 (b)

12∙5m s-1 3. (a) (b) 26∙95N

4.(a) (i) 8s (ii)
16

3
s (b) (i) 19m s-1

(ii)4im s-2;20iN 5.(a)
3

5
i+

7

20
j

(b)
109

36
a;

8

9
a 6. 5m s-1 ;10s 7. (a)

29∙4N (b) (i) 53∙1° (ii) 39.2Nalong

AB 8. (i) 2m s-1 (ii) 96∙333m (iii)

1800N

9.(a) 14m s-1 (b) 10.(a) 7.095cm from OE;

6∙582cm from OA (b) 5∙9°

Exercise12

1.(a) 2∙52km (b) 8kgmass:

0∙316m s-2(downwards);3kgmass:

2∙845m s-2(upwards);5kgmass:

2∙213m s-2(downwards);75∙87N ;37∙935N

2.(3i+10j)m s-2 3. 45° 4.(i) 50m s-1 (ii)

16

75
m s-2 5. 15m s-1

6. (i) 25∙5° (ii) 9∙2°tothe7Nforce 7.

41∙8° 8. (a) (11

12
i+j) (b)

9. 10. (a) mg (b) 7mg



MATH 2 
In numerical work, take g to be 9.8 ms-2 

 

SECTION A (40 MARKS) 

Answer all questions in this section. 

 
1. The numbers a,b,8,5,7 have mean and varience 2. Find the value of and b 

if a>2 (5 marks). 
 
 

2. A class performed an experiment to estimate the diameter of a circular 
object. A sample of five students had the following results in centimetres;  

3.12, 3.16, 2.94, 3.33 and 3.0 

(a) mean  

(b) standard deviation    

3.  Show that the root of the equation 2𝑥 − 3 cos(
௫

ଶ
) = 0 lies between 1 and 2 

   (5 marks)     
      

4. The table below shows the values of a function f(x). 

x 1.8 2.0 2.2 2.4 

f(x) 0.532 0.484 0.436 0.384 

Use linear interpolation to find the value of  

(a) f(2.08) 

(b) x corresponding to f(x) = 0.5                                      (5 marks) 

5. Agroup of 20 people played a game. The table below shows frequency 
distribution of their scores 

Scores 1 2 4 x 
Number of 
people 

2 5 7 6 

 
Given that the mean score is 5, find the: 
 a). value of x 



b). varience of the distribution.     (5 marks) 
 
 
 
 
 
 

SECTION B (60 Marks) 
6. The table below shows the marks obtained by students in a physical test. 

  
Marks (%) Frequency 

25 – 29 
30 – 34 
35 – 39 
40 – 44 
45 – 49 
50 – 54 
55 – 59 
60 – 64 
65 – 69 
70 – 74 

9 
12 
10 
17 
13 
25 
18 
14 
8 
8 

 
(a) Draw a histogram and use it to estimate the modal mark. (04 

marks) 
(b) Find the: 

(i) Mean mark,  (05 
marks) 

Standard deviation. (03 marks 

7.    The cumulative frequency table below shows the ages in years of 
employees of a certain company. 

Age (years) <15 <20 <30 <40 <50 <60 <65 

Cumulative 
frequency 

0 17 39 69 87 92 98 

(a)      (i)      Use the data in the table to draw a cumulative frequency curve 



(Ogive),  

(ii)     Use the curve to estimate the semi- interquartile range. 

(06 marks) 

(b)      Calculate the mean age of the employees. 

(06 marks) 

8. Show that the root of the equation 𝑓 (𝑥) =  𝑒௫ +  𝑥ଷ − 4𝑥 = 0 lies between 
1 and 2. By using linear interporation find the root of the equation to two 
decimal places.     
 
 

 
1. The table below shows the values of a continuous function f with respect to 

t. 
 
  

 Using linear interpolation find: 
(a) f (t) when t = 0.9,        
(b) t when f (t) = 4.48.        

 
 

     (12 marks) 
 
 
 

t 0 0.3 0.6 1.2 1.8 

F(t) 2.72 3.00 3.32 4.06 4.95 
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